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Abstract

The vibratory feeder is used to feed parts in manufacturing processes. This work
applied the multibody theory to describe the dynamic behavior of rectangular and
cylindrical parts. The analysis studied the following cases: insolated part, part on the
horizontal plane, and part on an inclined track. A new model was proposed to find the
average transportation velocity to feed rectangular parts. The Coulomb friction and the
Newtonian impact theories were used to describe the influence of the effects of the
friction and part elasticity into the analysis. The multibody theory is complemented with
the screw theory for the analysis of the cylindrical part on the horizontal plane. These
results are employed in the simulation of the dynamic part. The simulation shows the
importance of the friction coefficient in the dynamic of the part on the horizontal plane
and on inclined plane. The results were compared with real data of other works. The

results show correlation with this data.
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Resumen

El alimentador vibratorio es usado para alimentar piezas industrialmente. Este
trabajo uso la teoria de multicuerpos para describir el comportamiento dindmico de piezas
rectangulares y cilindricas. Para este andlisis se estudiaron los siguientes casos: piezas
aisladas, piezas sobre una superficie plana y piezas sobre un plano inclinado. Ademas se
incluye un analisis completo de piezas rectangulares sobre el carril incluyendo para ello
todos los pardmetros geométricos del mismo. Se propuso un nuevo modelo para calcular
la velocidad promedio de transporte de piezas. Las teorias de friccion de Coulomb y la de
impacto de Newton fueron usadas para describir la influencia de la friccion y la
elasticidad dentro del analisis. Se empleo la teoria del tornillo como complemento para el
andlisis de multicuerpos de la pieza cilindrica sobre un plano horizontal. Estos resultados
se simularon y se compararon con datos reales obtenidos en otros trabajos de
investigacion obteniéndose una buena correlacion. La simulacion muestra la importancia
del coeficiente de friccion en la dinamica de piezas sobre un plano horizontal y sobre un

plano inclinado.
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CHAPTER 1
Introduction

The vibratory bowl feeder is used to feed parts industrially. It is able to guide,
transport, store and orient the parts for their assembly. During this process the parts
collide with the feeder’s track and their walls. This collision can be studied under the
multibody pattern assuming zero deformation or a rigid body model. This work will be
based on this assumption for rectangular and cylindrical parts. The parts orientations are
analyzed based on theories such as the Solid Angle and the Energy Barrier Methods.
These theories are based in geometrical assumptions as areas and angles (Boothroyd,
1994). These theories are statically correct for simple part geometries but need to be
adjusted for applications in the dynamic cases. This study complements these theories
with a classic dynamic analysis.

The equations of motion for a multibody system can be derived using the
Newtonian theory or Energy principle. The Newtonian theory advantage over the Energy

principle is that it provides the accelerations and forces directly.



1.1 Justification

The multibody theory allows the development of kinematic and kinetic
relationships of the interaction of interconnected bodies to describe their behavior in a
combined and non-singular way. The multibody theory is a compact way to describe the
dynamic behavior of interconnected bodies. The collision of bodies occurs when the
interaction time of two or more bodies is short and the interaction forces are very large.
This collision affects each of to the parts that conform the group "multibody" differently.
The collision of interconnected bodies is the physical phenomenon of the parts and bowl
tracks, between parts and bowl walls or between parts. This theory will provide tools that
will improve the design process of devices and parameters within the bowl.

For the study of this phenomenon, the first thing that should be specified is the
frame or reference axes that describe the movement in an absolute or relative way. This
frame can be of zero movement, called Newtonian frame, or permanent or intermittent
movement, called relative movement frame. Newton’s law of impact establishes that the
relative speeds of the contact point determine the components of the impulsive force that
can describe the movement after the collision.

Friction is fundamental for transportation dynamics. Consequently, an analysis
will be done taking into account frictional effects. The main objective of this work is to
dynamically simulate the parts with the help of the multibody and screw theories. This
analysis is based in the dynamic behavior of the impact. It is convenient for the natural
rest study including the impact effect. The result of the analysis will be a new description
of physical phenomenon based in dynamic assumptions for the rectangular and

cylindrical parts.



The spatial geometry and mechanical properties of the parts, requires an
individual adaptation of the feeder parameters, such as orientating device geometries,
inclination angles and frictional properties. Due to the complex mechanics of the feeding
process the design of the feeders is currently performed by trial and error, Wolfsteiner
and Pfeiffer (2000). The current dynamic theories about feeding process, propose a two-
dimensional model, Boothroyd (1992). The two-dimensional model does not include the
centripetal effects caused by the wall curvature. A three-dimensional dynamic model for
rectangular and cylindrical parts allows a theoretical investigation and an improvement in

the properties of the feeder.

1.2 Objectives
The research objectives of this work are:
e To develop a numerical analysis of the dynamic behavior of rectangular and
cylindrical parts in the feeder based on the multibody theory.
e To make a kinematic study of cylindrical parts using the screw theory.
e To study the dynamics of the parts on the bowl track considering the combined

part - track as a multibody system.



CHAPTER 2
Literature Review

The multibody dynamics is studied from the impact and direct contact
perspective. The analysis can be made with force or energy methods. The formulation of
multibody dynamics with rigid contacts can be the theoretical basis to develop new
sophisticated models of contact-impact laws.

Andreaus and Casini (1999) modeled the case of three blocks assembled with
deformable contact. First, they described the pattern from the rigid perspective and with
the deformable formulation. They proposed a model of contact force that is appropriate
for the study of the multibody dynamics with restricted unilateral contact. In the second
part they showed the application of this proposed model for the trilith (the simplest
scheme of a colonnade to a temple) to half-sine-wave pulse and to horizontal harmonic
ground motion. According to this model they identified three motion areas: rest, stable

motion and collapse.



Chang and Huston (2001) presented a computational procedure for the analysis of
impact in multibody systems by combining the Newtonian theory of impact and dynamic
of the multibody. Their work is applicable to the design and analysis of couplers, latches,
docking mechanisms and grippers. They considered the collision between two multibody
system and the internal collisions for the same multibody system. They also provided a
method to find velocity changes during impact and to determine impulse at the point of
contact and the motion after the collision. The procedure is applicable to the collision
decoupled multibody system and for collisions of bodies within a single constrained
multibody system.

Gerstmayr and Schoberl (2002) combined the dynamics of multibody systems and
numerical analysis techniques to study the field of 3D deformable multibody dynamics.
Two analysis methods were used: (i) the finite element for small deformation and (ii) the
Lagrangian description of the deformation including large deformation, displacements
and rotations. The formulation is capable to treat small nonlinear effects like geometric
stiffening by introducing additional rotational degrees of freedom for every single body.
Small deformation means that its value is less or equal to the two percent of yield
deformation and large deformation is on the contrary.

Pennock and Meehan (2002) used the geometric relationships between the
velocity screw and momentum screw to describe the kinetic of rigid body. They defined
the centripetal screw, and they explained the significance of this screw in a study of the
dynamics of a rigid body. The method presented in this paper will prove useful in a
dynamic analysis of closed-loop spatial mechanism and multi-rigid body open-chain

system.



Huang and Wang (2003) utilized Dimentberg’s definition of pitch to demonstrate
that all possible screws for displacing a line from one position to another can indeed form
a screw system of the third order. Two different approaches are taken: one uses the
concept of a screw triangle, and the other is based on analytical geometry. They
demonstrated that, by using Dimentberg’s definition of pitch, the displacement screws
can indeed form a screw system of the third order. The screw system derived in this paper
can be useful in applications where only certain line elements of a rigid body are of
interest. These applications include the displacements of a cylindrical joint and light
source.

Pennock and Oncu (1992) applied screw theory to the dynamic analysis of a rigid
body in general spatial motion. This research placed emphasis upon the geometric
interpretation of the velocity, the momentum, and the force screw. The dynamic state of
motion of the rigid body is described by a dual vector equation, referred to as the dual
Euler equation. The geometric approach presented in this paper proves useful in the

graphical representation of the dynamics of a rigid body.

2.1 Multibody Theory
The parts motion is composed of translations and rotations around an axis. The
Kardan angles for three elementary rotations are given, Pfeiffer and Glocker (1996):
1 0 0 cos(B) 0 sin(p) cos(y) —sin(y) O
A, =10 cos(ax) =-sin(a)|; 4, = 0 1 0 ; A, =|sin(y) cos(y) O (2.1)
0 sin(a) cos(a) —-sin(f) 0 cos(p) 0 0 1
where the transformation from B to Ris 4, =4, 4,4,

A

. A A
The sequence is B—~— B, —X— B, ——R




The equation motion for rigid body systems without unilateral constraint is

(B[ o) (& ) )} -

i=1,...,n, (22)
with

p mE 0) (v, 0
.= S+
L o I, )\la) lana)
where pand L e R’ respectively
The subscript s denotes the center of mass of the rigid body under consideration,

Is is the inertial matrix, E is the identity matrix, Mp is moments vector, (2 is the angular

velocities vector, F is the force vector and 7 is the position vector.

2.1.1 Contact Kinematics
The characteristic vectors for the contact point of the two bodies are shown in

figure 2.1. The Vectors t and n are perpendicular vectors. Therefore, n, -t. =0.

(0}
Figure 2.1 General orientations of two bodies



The distance between bodies gy is

gn(q,t) =ryn, =—1;n
if (2.3)

n, =-n, t,=-t;; b =b,

2.1.2 Impact Newton’s theory
The impact theory formulated for Newton is a relation that describes the energy
loss factor of impact, Pfeiffer and Glocker (1996). The energy loss factor is called the

coefficient of restitution €. This coefficient is

gNE = _ENgNA
(2.4)

en = diag{e,;}
Where g, and g,, are the relative velocities before and after the impact respectively.

The range value for the restitution coefficient is 0 <& <1. The expression for the impact
force is:

Ay =-Gy(E+ &)y, (2.5)
The term Gy corresponds to the reduced mass of the multibody system, Ay is the
impulsive force in normal direction, and E is the identity matrix. The Coulomb friction
equation is a linear approximation of the relationship between the friction force and the

normal contact force. The Coulomb friction is given by

Ay = _luiﬂ“NiSing(gTi) ; Ay 20 (2.6)
Where | is the coefficient of friction of the ith sliding contact, Ay; is the corresponding

normal force which is assumed to act only as a compressive force (Ani>0), and the sing

function includes the opposite direction of relative velocity respect to the friction force.



2.2 Screw Theory

The Screw is associated with motion. However; it can be associated with other
physical quantities like the load on a body. The Screw was defined by Sir Robert Stawell
Ball in 1990 as follows: “A screw is a straight line with which a definite magnitude
termed the pitch is associated.” Screw is a geometrical element that has the parameter h
attached to it. This parameter h is called the pitch of the screw. The pitch measures linear
advancement along the axis per unit rotation about the axis.

Screw theory is based on two fundamental theorems, Lipkin and Duffy (2002):
1. Chasles’ theorem. Rigid-body motion is equivalent to twist on a screw, i.e. a rotation
along a unique axis and a translation parallel to the axis.
2. Poinsot’s theorem. Rigid-body action is equivalent to a wrench on a screw, i.e. a force

along a unique line and a couple parallel to the line.

2.2.1 Vector Representation

A screw quantity is represented using a pair of vectors. Let @ be the angular
velocity of the body about the screw axis of the twist. Points on the axis, such as 4, have
a parallel linear velocity v, =h-@, where 4 is the pitch of the screw. If point 4 is known,
then the vector pair (wa, v4) is sufficient uniquely to specify the twist. Similarly, let f be
the force on the body along the screw axis of the wrench. Points on the axis, such as 4,

have a parallel net moment m, =h-f , where % is the pitch of the screw. If point 4 is

known, then the vector pair (f, ma) is sufficient uniquely to specify the wrench.
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It is also sufficient to specify the twist or wrench using the linear velocity or net
moment of any other point P on the body:

(0;v,) = (031, xw+hw)

(f;mp):(f;rpr+hf)

(2.7)

Were 1p is vector from P to axis. All screw quantities can be expressed as scalar
multiplies of a screw (S; S°), so for a twist and a wrench.

a(S;S’) = a(S; 1, xS+hS)
f(S;S°) = f(S;1, xS+hS)

(2.8)

Where S is a unit vector along the screw axis, o is called the amplitude of the twist and f

is called the intensity of the wrench. The pith and perpendicular vector a screw axis are

given by:
ho— SeS°
Se.S
(2.9)
- SxS°
SeS

A pure rotation has h=0 since all points long the axis are stationary. A pure force

has h=0 since all moments about the axis are zero. A pure translation has h=co and a pure

couple has h=co.

2.2.2 The velocity, momentum and force screws
The velocity of a rigid body is completely specified, by the angular velocity

vector @, and the linear velocity vector VA of an arbitrary point A fixed in the body,

Pennock and Oncu (1992).
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The screw velocity is then

§, =(@V,)=a+eV, (2.10)

VA
the dual operator is defined as & where £=0, and has the dimension [L].
The linear momentum vector of the mass center of the rigid body can be written

as:

G=m(V,+ox4G)

where m is the mass of the body and AG is the position vector directed from point A to
the mass center G. The angular momentum vector, about the arbitrary point A fixed in the

body, can be written as:

H,=[1,]o+m(4Gx7V,) (2.11)
where [I4] is the (3x3) inertia matrix referred to point A.

The momentum screw is defined as the combination of linear and angular

momentum vectors, Pennock and Oncu (1992).

~

$.

H,

(¢:H,)=G+eH, 2.12)
The cross product of the velocity screw and the momentum screw is other screw which
will, henceforth, be denoted as

$, =S, ®S, (2.13)
the cross product of the equation 2.13 is a special operation between screws. This
operation can be derived as the cross product between two dual vectors:

$, @8, =(s,+&-5)x(s, +&-55)=5,%x5, +&(s, x55 —5,5)) (2.14)
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The resultant external force vector and the resultant external moment can be
combined into the force screw
@FA =(F;M )=F+¢&M

The dual Euler equation can be written as
§, =8, +$, (2.15)

where $ v, 1s the time rate of change of the momentum screw.

A
$NA = $HA

2.3 Summary

The necessary equations for describe the rigid body dynamic were given in this
chapter. The dual Euler equation is the screw form used to describe the rigid body
motion. These equations will be used in next chapter to describe the motion of

rectangular and cylindrical parts on a surface.



CHAPTER 3
Dynamic Analysis with Multibody
Theory

3.1 Introduction

Modeling mechanical systems requires engineering intuition and of a lot of practical
imagination. The modeling process requires appropriate assumptions based on the
physical nature of the problem. This chapter is divided in physical conditions for
rectangular and cylindrical parts. The physical conditions are insolating the part, part on
horizontal plane, part on inclined plane and interaction of the two parts. The goal of this
chapter is to study the interaction of the rectangular and cylindrical parts using multibody
theory. A complete mathematical formulation with a description of the physical

phenomenon is provided in this chapter.

3.2 Modeling of Rectangular Parts

Rectangular parts are prisms with all the plane faces perpendicular or parallel to
the motion surface. The rectangular parts are analyzed with five degrees of freedom for
contact type point-surface, three degrees of freedom for contact type surface-surface and
four degrees of freedom for contact type line-surface. The interaction of the parts with the

bowl surfaces are the restrictions for its motion.

13
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3.2.1 Insulate Rectangular Part

An Insulate Rectangular Part (IRP) is when the interaction between the parts is
zero, but the interaction between part and bowl is not zero. This analysis is made in two

dimensions.

Figure 3.2 Free body diagram for the insulate part.

The generalized coordinates for this motion areq = (X, y,<£) . The figure 3.1 shows

the position and orientation coordinates for this IRP. The variables x and y are the
horizontal and vertical positions, respectively, of mass center with respect to the fixed
frame while h and b represent the length and high of the part, respectively. Figure 3.2
shows the free body diagram for an insulate part. The vectors At and Ay are the impulsive

forces in the tangential and normal directions respectively.
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Based on the Newton’s second law:

sz: m,y = Ay —myg (3.1)
2 2 2 2
ZMO A -y [%1003(54—{)—;% [%Jsin(é:_,_;)
b
From the geometry: { = arctan (HJ

The goal of this section is to find the distance between the contact point and a

plane surface (g, gr) and its time derivates (g, g, ) and (gy,8; ). The distance g is:

gy = y—%\/b2 +h? sin(§+§)

(3.2)
g, = x+%\/b2 +h? cos(¢ +¢)
Differentiating 3.2 with respect to t:
.. b’ +h*
b =y~ Eeos(¢ +¢)
(3.3)
.. Ab*+h’ .
g = X—Tfsm(g+§)
Differentiating 3.3 with respect to t
L \/b2 +h \/b2
En=Y——F chOS(é“ o)+ —— 5 sin(g +¢)
(3.4)

=5 Esin 4 6) - P Eeos¢ +0)
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Equations 3.1 and 3.2 describe the contact state. The rectangular part has contact
and can slide to right. Contact means that the distance (gn) and the relative velocity in

normal direction (gy) are zero.

The sliding condition occurs if g, > 0. Applying 2.6 it is obtained:

Ar = —p Agsing (gT)
If §,>0 then (3.5)

The term sing (g, ) is the sign function. Equations 3.1, 3.4 and 3.5 provide six
equations for the six unknown accelerations (x,y, é,gN,gT) and forces (ﬂN,ﬂT)

Substituting 3.1 in 3.4 the relative accelerations are:

gy = ﬁ[1 + ﬂmp cos’ (& + &) —MmP sin(¢ + &) cos(¢ + 5)]
m, A1 A1
N
+T+§ sin( +&)—g (a)
(3.6)
i = —[u PR cos(¢ + psingy + &) - AP e é)j
m, 41 41
Joi1h? .,
—%5 cos(¢ +&) (b)
To simplify the analysis, equation 3.6a can be represented by:
r:i[nb T cost(C+ 8- AT sin(§+§)cos(§+§)j
m, 41 41

7= g(i\/bz +h* & sin(g’+§)—1)

The equation 3.6a is a linear equation with two unknowns: g, and A, . The
system is in contact if the normal force is compressive and the normal acceleration is zero

(A 20; 8, =0) orif (A, =0; gy >0). Then, contact exists if g, >0; 1, >0; g4, =0
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Then g, =74, +4; gy 20; 4, 20; and g, 4, =0. T and x may have positive or
negative values depending on the parameters p, & and &°. The normal relative

acceleration is in linear form. The sings of T and y values generate the following cases of
study.
Case I >0
(1) If y>0: The solution for this case is:
Eu=x>0;4,=0

Because the second possibility would contradict the condition AN>0

( gy =0, 4y = £ Oj . This case corresponds to separation of the body.
T

(i)  Ifx <0: The solution for this case is:
By =0; Ay = - >0
T

This situation corresponds to continual sliding.

Summarizing, for ©™0 the solution only is separation or continual sliding of the part.

Case II <0
(1) If y >0: The solution for this case is:
gy=x>0and 4, =0

This is a solution, but now 7 is negative and thus a second solution can be found

gy =0; anlez—Z>0

T

These solutions are continual sliding and separation as case I.
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(i1) If y<0: The solution for this case is:

§.=0and A, =—£<0
T

or
gy=x<0and A, =0

In this case, sliding and separation are contradictory to the equation of motion and
the contact law; thus the solution does not exist.

For the special case when =0 the solution boundary is obtained. This boundary
limits the regions of positive and negative values depending on the friction coefficient p

and the part angle &. The boundary function is given by:

_ 143cos’(+&)
M 3sin(C + &) cos(C + &)

(3.7)

The equation 3.7 is obtained with =%(b2 +h2). The figure 3.3 is generated

plotting p(&). This figure shows the lines for z=0. The region above these lines

correspond T <0 and the region below these lines correspond to t >0.

a

+—

S 3

-2 —_ bih=0

= bih=0 5

8

S 5 \ bih=1

g e hih=1.5

5 T — bih=2.0

g _

= h/h=2.5
e h/h=3.0

G o o o e e e s e e e e e e e e R S LI N B e e e e e e e |
O 02 04 0B 08 1 12 14

Inclination Angle [rad]

Figure 3.3 Limit conditions for the rectangular part. Friction coefficient versus inclination
angle.



19

From figure 3.3, p < 4/3 the values of 1 are always positive. If the coefficient of

friction is chosen small enough (<4/3), then it will always provide a unique solution.

3.2.2 Rectangular Part on the Horizontal Plane

In this section a study of the physical behavior of rectangular parts on the
horizontal plane will be presented. Figure 3.4 shows a drawing of a basic rectangular part
with the relevant parameters for the analysis of rectangular parts on the horizontal plane.
Ui represents the part displacement in the x direction; Uy represents the part displacement
in the y direction; 0 represents the part rotation about the z direction. It is assumed that in

the x and y directions there no rotation and in the z direction there is no translation.

Figure 3.4 Axes and pa};ameters of a rectangular part on the horizontal plane

A free body diagram for the rectangular part on horizontal plane is shown in
Figure 3.5. Arx and Aty are components of the friction force, Ay is the normal force and
mpA,®° represents the vibration force. Where mp is the part mass, Ay is the vibration
amplitude and w is the angular frequency of vibration. The excitation angles of the

vibration force are a and f.
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Figure 3.5 Free body diagram of rectangular parts on horizontal plane

The motion in this condition has generalized coordinates given by:

D N < X

where X, y and z represent the mass center position and 6 is the rotation about the z axis.

Based on the Newton’s second law

D F.: muA,0’ cos(f)cos(a)— A, =m,X
Y>F,: myA 0’ cos(f)sin(a) - A;, =m,y (3.8)
ZFZ : m,A o’ sin(f)—m,g+ 4, =m,Z

Replacing the equation 2.6 in 3.8 it is obtained:

X cos(a)cos(f) )75
¥ =A,0 | sin(@)cos(f) —N) A (3.9)
7 sin(f3) " myg -

Ay
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The equation 3.9 is the force matrix form of the motion of rectangular part on the
horizontal plane. This equation does not include the rotation about the z axis. The rotation
matrix is symbolized by [An]n, where n is the rotation axis and m is the angle.

Then [Ap]ais:

cos(d) sin(d) O
[A,], =| —sin(@) cos(d) O
0 0 1

The rotation about z is:

The apostrophe means that the accelerations are given in rotate coordinates. The

result of this matrix multiplication is given by equation 3.10.

X' [ cos(a) cos(B)cos(8) +sin(a) cos(B)sin(8)
y' o= Aoa)2 —cos(a)cos(f)sin(d) +sin(ar) cos(S) cos(H)
7' | sin( )

| ] (3.10)

L, cos(0) + p, sin(0)
A , sin(@) + pu, cos(0)
mP
me |
i Ay 1

3.2.3 Rectangular Part on the Inclined Plane

The figure 3.6 shows the geometric parameters of rectangular part on the inclined
plane. The angle 0 is the rotation angle about the z axis. The angles  and a are the

directions of the vibration force. The angle y is the inclination of the plane.
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Figure 3.6 Rectangular part on inclined plane.

2
mpA,®
\

y mpg
Figure 3.7 Free body diagram of rectangular part on inclined plane.

The figure 3.7 shows the free body diagram for a rectangular part on the inclined
plane. The friction forces are Arx and Ary. The normal force is Ax. The Coulomb friction
equation was used for this analysis.

For the Newton second law, it is obtained:

Z F : A,0’m, cos(f)cos(a)— A;, —m,gsin(y) =m,X

D F,: A,@’m, cos(B)sin(a) - A;, =m,y (3.11)
ZFZ : A,@’m, sin(f)—m,gcos(y)+ A, =m,Z



The equation 3.11 be write in matrix form

X cos(a)cos(f)
y |=A,0| sin(a)cos(B) —ﬁ
7 sin(f) e

Now the rotation about z is made:

i+ m,g Sin(V)_
78
Hy
m,geos(y) _,

The result of this matrix multiplication is given by:

X' cos(d) cos(ar) cos(f) +sin(@) sin(a) cos(f)
y' |= A, @ | —sin(@)cos(a)cos(B) + cos(d) sin(a) cos(B)

7' sin(f3)

u, cos(6)+ %005(9) sin(y) + 4, sin(6)
—u_sin(0) - % sin(0)sin(y) + u1, cos(6)

m,g
—=cos(y)—1
2 4
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(3.12)

The equation 3.12 describes the body accelerations with respect to the mobile frame,

fixed to the body. This equation is formed by the sum of two vectors: the first vector

represented the vibrational effects and the second vector is the frictional and gravitational

effects.

3.2.4 Rectangular Part on the Narrow Track

The figure 3.8 shows the rectangular part upward the track. The rectangular part

has contact with the track floor and wall. The figure 3.9 shows the dimensions used for

this analysis.
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The contact between the part and the track wall move the action line of the normal
force to a part corner because this contact generates a moment about of the mass center.

From figure 3.8b and by geometry:

. h
o = arcsin| —
(213)

where R is the bowl radius.

(a)

\/X
mpg

7\4N 1
SV mpg (d)

()

Figure 3.8 Part on the narrow track: (a) part, floor and wall, (b) plan view, (c) section
view and (d) side view

Figure 3.9 Geometric dimensions of a rectangular part.
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The figure 3.10 shows the free body diagram of the part on the narrow track. The
forces A; and A, are the normal forces of the contact between the part and track wall. The
frictions forces are: Arxi, Arx2, A1, and Aty orientated as it shows in the figure. The angles y
and 9 are the inclination angles of the track about y and x axis respectively showed in the

figure 3.8d and 3.8c respectively.

7\4Tz2¢ Aomzmp

mpg
Figure 3.10 Free body diagram of the rectangular part on the narrow track.

The a,, ay, and a, are the accelerations in x, y and z directions. Based on the

second Newton law and employing the transformation matrix given in the equation 2.1, it

is written
a, 1 0 0 cos(y) 0 sin(y) 0
mpa, =40 cos(6) sin(d) 0 1 0 0

a, 0 —sin(d) cos(0)]| |—sin(y) 0 cos(y)| |—-mg
(3.13)
0 cos(f)cos(a) | | =Ar, = Ary = A7

+4 2, cos(0) + A, cos(a) p + A w’m, 4 cos(B)sin(a) ¢+ Ary

Ay sin(f) Ao = A
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The sum of moments about the center gives the following equations:

> M,, = heos() @ + @cos(a)(gj I, (g] Sy (gj Ay [gj -0
5, (2 )22 ) 1) st
> M, =4 cos(o) @ ~ 2, c08(0) [g] + Ay (g) + A @ =0

By the Coulomb friction equation it can be written as:

Ay = A4y c0s(0)
A = A1y cos(o)
Ay = A4, cos(o)
Ay = A4, cos(0)

(3.15a)

Replacing the equations 3.14 and 3.15a into of the equation 3.13 it is obtained:

A = 4| ot
Vo htua

A, cos(o)| | h—u.a 3.15b
1. =22 k h+ ub)—(uh—ub (3.15b)
N b Kmﬂkaj(ﬂs + b)) = (ph— )}

P :/12005(0') h—,uka+1 (b—ua)
o b h+ u.a *

The acceleration a, is the acceleration in radial direction. Therefore, ay is the
centripetal acceleration. The centripetal acceleration is a function of the velocity; this

acceleration can be expressed as:

VZ
“x

where v is the velocity of the part and R is the radius of the bowl.
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Replacing the equations 3.15a and 3.15b into of the equation 3.13 and solving for

A> in function of the velocity

m b(ua+h) (Aoa)2 cos()sin(ar) +gcos(y) sin(6)) m b(h+a)

2cos(o)h(a—2b) " 2cos(0)hR (u1,2—2b) v GI9)

A =

Replacing the equation 3.16 into the equation 3.13 it is obtained for ay
a, = A0’ cos(f)(cos(a) + , sin(@)) + g (4, cos(y)sin(8) —sin(y)) - %vz

Simplifying this equation with the following abbreviations
K = 4,0 cos(f) (cos(a) + 4, sin(a)) +g (,uk cos(y)sin(o) — sin(y))
where K is a parameters that depend of the friction and track inclinations angles.

The acceleration in the x direction can be written as:
ax:K—%vz (3.17)

The equation 3.17 shows that the acceleration in the x direction is not constant and is
function of the part velocity.

The differential equation for a part with variable acceleration in term of the
velocity and displacement, is given by:
a dx=v-dv

Replacing the equation 3.17 into of this differential equation and solving for the

velocity it is obtained the equation 3.18.

24X
—H, KR(Q R _1]

V= (3.18)
Hy
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The equation 3.18 represents the transportation velocity of the part. This model is
a model in three-dimensional analysis. The equation 3.18 is the final result for this

section.

3.2.5 Contact Between Two Rectangular Parts

The contact of two rectangular parts can be of three types. The first contact is
between plane surface and plane surface. The second contact is between plane surface
and a line. The third contact is between a line and a line. In this section only the second

contact is analyzed because is the most frequent.

Figure 3.11 Vector diagram for the contact between two rectangular parts.
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The figure 3.11 shows the vectors set used for the analysis of this situation. In the

contact between two rectangular parts can occur:

= _fi2 2
||Ii/2||max_ h*+a

||r1/2||min =a, lf a<h

||r1/2 ||min = h’ lf a>h

Figure 3.12 Vector diagram before impact (rectangular parts).

et
ey

2f

&

X
Figure 3.13 Vector diagram after impact (rectangular parts).
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The figures 3.12 and 3.13 show the conditions before and after impact
respectively. The subscript B represented the fixed frame (X, y, z). The subscripts A and

C represented the mobile frames fixed to bodies A and C respectively. The vectors are

given by:
X X, X X,
sl =| Y1 |3 phi =| Y, | 3 sl =Y | phe =| Y,
0 ) 0 ) 0 ), 0 ),
X, 7 X X; =X, Xp
sl = Yo=Y |5 sl =|Y2—VY2 |5 plhr =| Yo

0 A 0 0

i f f
In the initial and final positions, the vector equations are respectively given by
pli2i + el — aTap = 8y (3.19)
glijor tclep — Al =0

Equation 3.19 can be written by its components:

X, =X Xcp X ap
Ex= [ Yo=YV |t | Yoo | = | Yar
B 0 i C 0 i A 0 i

Equation 3.19 can not be solved in this form because its terms are given in
different reference frames. It is necessary to apply a coordinate transformation. The
transformation matrix is symbolized by [T,]m, Where n is the rotation axis and m is the
translation vector. The vector equations are:

clpi :[Tz]rc “plep then,  prep= [7;]2 “clepi

-1

gl then,  pr = [T ],A " cVapi

z
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The result is

[cos(f,) —sin(@.) 0 x,|[x. Xpp€08(6.)— yepsin(6,.) + x,

- sin(6.)  cos(6:) 0y, || Vep _| Xer Sin(0 ) + yep cos(0c) + 1,
pen 0 0 1 0 0 0
0 0 0 1 1 1

[cos(8,) —sin(@,) 0 x |[x,, x,»c08(0,) =y ,,sin(@,) +x,
- sin(@,) cos(6,) 0 y | v X 4p8I0(0,) + y ,p cOS(E,) + )
pan 0 0 1 0 0 0
0

0 0 1 1 1

L i i

Then, the relative distance between the contacts points can be written as:

Xcp €08(0c) = x5 c08(0,) = yepsin(@c) + y,p sin(0,) + x, — x,
- Xep SIn(O.) = x,psin(0, )+ yep cos(@.) =y, pcos(@,)+y, -y, (320)
En = 0
1

Differentiating the equation 3.20 it found the relative velocity between two

bodies. This derivate is given in Cartesian coordinates in the equation 3.21a.

i cOS(0.) — X p SIN(. )0, — 5 1 COS(B, )+ X 1 SIN(B, B, — 7 SN, ) — Vo cOS(E, ). |
+7,p8i0(0,)+ v, c08(0,)0, + X, — %,

(3.21a)
8y =| X SIN(G.) — Xp cOS(B)G. — % 1 sIN(B,) — X, €08(6,)8, + ¥ ip €OS(6).) — Ve SIN(E,. )6,

= Vpos(0)+y,p Sin(HA)gA +V, =0




The equation 3.21a can be separated in two terms

cos(6,.) sin (6,
—cos(6,) —sin(6,)
—sin(6,) —cos(6,)
sin (6, ) —cos(6,)

= (_xcp sin(0c) = yep COS(QC)) (_xCP cos(0:) = yep Sin(@c))

ST (X, SIN(0,) + 7,0 c05(0,)) (=34 c0S(8,)+ v, 5in(6,))
1 0
-1 0
0 1
I 0 -1
W
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(3.21b)

The generalized coordinates given in the equation 3.21b can be reduced with a

constrain on contact point. This constrain is to consider that the body A always impacts at

one of its four corner. The constrain equations are:

X,p =X, +%\/a2 +h’ cos(8,); X, =X —%\/az +h* sin(6,)0,
: : o1 :
Y =V +%\/a2 +h* sin(@,); Yar =0 +5\/a2 +h* cos(6,)0,

(3.22)



Replacing the equation 3.22 into 3.21 a relationship for the relative velocity is obtained

xl
X,
.| —(cos(@)+1) 1 sin(6,) 0 cos(d,) —sin(d,) (\/a2 + 1’ sin(260,) + x, sin(6,) + cos(HA)) —(xcp $in(6.) + yep c08(6,.)) ;:;
v = :
" —sin(8,) 0 —(cos(HA) + 1) 1 sin(6.) cos(6.) (—2 a’ +h*sin(260,) - x, cos(0,) + y, sin(HA)) —(xCP cos(.) + yep sin(@c)) ;C-}C‘D
| P
wr zA
L Yc |
q

The contact equation is given by [M (¢, —¢,)-W,A, =0, with Ay = lim " A dt

tpot Ity

Where [M] is the mass matrix and ¢, and g, the derivates of the generalized coordinates at expansion and approximation

respectively.
(fm, 0 0 0 0 0 0 0 ] i i
0O mp, 0 O 0 O 0 0 XiE T X4
o 0 m 0 0 O 0 0 Xor TXo4
0 0 0 m 0 0 0 0 Ve~V
[M]z o o0 o0 0 m O 0 0 ’ g —q,= ‘yZE_.)./ZA
0o 0 0 0 0 m 0 0 Xcre ~Xcpa
1 Yepe = Vera
0 0 0 0 0 0 —m(b+h 0 : '
12 P( ) 0,.-0,
0 0 0 0 0 O 0 imp(b2+h2) L Ger =0 |
L 12 i

€
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Based on the impact Newton theory, it is obtained:

§NE = _8§NA
And
§NE _§NA = Wzg (QE _QA) (3.23)
Since
_ -1 .
AN=(1—5)-[W§-[M] l-WN} 8, (3.24)

The equation 3.24 is the final result for this section.

3.3 Modeling of Cylindrical Parts

The cylindrical parts have two surface types: one curve surface and two plane
surfaces. The part curve surface has two different effects on its motion. These effects are
a rolling effect if the motion is perpendicular to the cylinder axis and a stick-sliding effect

if the motion direction is parallel to cylinder axis.

3.3.1 Insulate Cylindrical Part

When a cylindrical pat is in free fall, the contact can occur only of three forms:
1. Contact between the cylindrical edge and the plane surface (point-
surface).
2. Contact between two plane surfaces (surface-surface).

3. Contact between the curved surface and the plane surface (line-surface).
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M

mpg AN

(2) (b)

(©)

Figure 3.14 (a) Position coordinates; (b) Free body diagram for contact edge;
(c) dimensions; (d) 3D parameters

The figure 3.14 shows the parameters that will be used for the analysis of this
section. The figure 3.14a shows the 2D position coordinates of the cylinder mass center.
The figure 3.14b is the free body diagram of cylinder in contact with the plane surface.
This contact is considered in the cylinder edge, the other contact type is analyzed later.
The figure 3.14d shows the three-dimensional parameter in the contact point. The figure

3.14e shows the cylinder dimensions diameter and high. By geometry it is obtained:

and  ¢{=arctan (%) (3.25)
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By the second Newton law the kinetic equations for this case are
z Ev : ijé = j‘T
D F, impj=2Ay—m,g (3.26)

ZMO 1E = —/lecos(§+5)—%2,Tbsin(§+§)
Replacing the equation 3.25 into the equation 3.26 for the third equation:
Ié= —%AN\/dZ +h* cos(E+C) —%@\/dz +h*sin(E+¢) (3.27)

The goal is to found the relative distance gy and its derivates:

. Nd*+ W

gy = y—Tsin(éJré) (3.28)
The equation 3.28 has the following derivates:

G == N R sin(E + )
(3.29)
gy = j}—%é\/dz +h? cos(&+ §)+%§2\/d2 +h?sin(E+ )

In the tangential direction the relative distance is:

g =X+#cos(§+§) (3.30)

The derivates of the equation 3.30 are:

- . \]d2+h2

gr =X—Tfsm(§+§)
(3.31)

3 .. \/d2+h2

gr =X—T§Sin(§+§)—

—d;h £ cos(E+()
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The equation 3.31 completely describes the condition of proximity from the body
to surface. The body slides if the tangential relative velocity is larger that zero. The body

is in contact with surface if gx is zero. Then by the condition for contact and sliding

/lr = _/*M’NSig(gT)
if g, >0 then (3.32)
ﬂ”T = _lu;tN

Solving the equations 3.26 for ¥, yand &, and replacing into 3.29 and 3.31, it is

obtained:
gy = ZN(H d”+ I m, cos>(E+&)— 22 (B + d?)sin(& + {)cos(§+§)j
mp, 4] 4]
P S in ) - (a)
(3.33)

g = AN(;H @ Lhz msin(é + €)cos(& +€) -2 (0 +d2>cos2(§+§)j

mP
——”’;hfz cos(E+() (b)

Now the equation 3.33a is written using the following abbreviations:

r= i{l + d24+1h2 m, cos’(E+¢) —%(/ﬁ +d?)sin(& + &) cos(& + ./;)j

mp

p = Esine 4 0)-g

Then, g, =74, + 1; 8y 20; A, 20; and g, A, =0. T and x may have positive or negative

\Jd* +h? .

values depending on the parameters p, & and 2—52. This result and conclusions
g

are equal to the results obtained in the section 3.2.1.
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The boundary condition (1=0) is

_ A4+mycos(&+ )P (d*+h?)
A, sin (& + O)cos(E+ &) (d>+h?)

(3.34)

For a cylinder / =T ia’2 +h’
12 4

Replacing this value into the equation 3.34 it is obtained

_3dP+4h% +12c08’ (E+E)d + 1)
12sin(E+ &) cos(E+ ) d> + h?)

The figure 3.15 is the plot of p(&). This figure shows the lines for 7=0. The region
above these lines correspond 1<0 and the region below this lines correspond t>0.
4
] \\ ——— =0
g dh=1
_ \ dih=2
I S —  d/h=3
3 / ———  dih=4
1 d/h=5
SE— dih=h

Friction Coefficient
[}

0 02 04 06 08 1 12 14
Inclination Angle [rad]

Figure 3.15 Limit conditions for the cylindrical part: Friction coefficient versus
inclination angle.

From figure 3.15, when p < 1.2 the values of t are always positive. If the

coefficient of friction is chosen small enough, then the solution is unique.
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3.3.2 Cylindrical Part on Horizontal Plane

In this section the physical phenomenon of cylindrical parts on the horizontal
plane is analyzed. Figure 3.16 shows the situation when a part lies on its side and the
horizontal plane is vibrating. The angle 6 value is considered to be zero because this
angle is consequence of the eccentricity in the part. In this study the eccentricity is

assumed zero since the analysis focus on the part with uniform cylindrical confection.

Uy

SN Ca

y

UY

Figure 3.16 Axes and parameters of cylindrical part on horizontal plane.

For this case the generalized coordinates are:

|| N <
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Figure 3.17 Free body diagram of a cylindrical part on the horizontal plane.

The figure 3.17 shows the free body diagram of cylindrical part on horizontal

plane. The term mpAOO)2 represent the vibration force, where mp is the part mass, A, is

the amplitude of vibration and ® is the angular frequency. The angles § and o represent

the orientation and direction of this force. The forces An, Arx and Ary are the normal force,

tangential force in the x direction and tangential force in the y direction respectively.

Applying the second Newton law the kinetic equations are:

ZFX :mpA,0" cos(f)cos(a) — A, = m,¥
ZFy impA @ cos(f)sin(@) — Ay, =m,y
D F tmmpg +my A,0" sin(B) + Ay =my (3.35)

S m,A w’d cos(f)sin(a) _

16
> 4

Rewriting the equations 3.35 in matrix form:

[N S Y

2

cos(f)cos(a) Y2
cos(f)sin(a) P Y2
= A0’ sin( ) —m—N gmp
m,, cos(f)sin(a) " Ay
21 0
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Assuming Z equal zero and resolving for equations 3.35:

X cos(f) cos(cx) ,u(g — AW sin(ﬂ))
¥ =404 cos(B)sin(a) {—1u(g—Aw sin(B)) (3.36)
éx 4cos(f)sin(x) 0

d

Equation 3.36 is the final result for this section. This equation defines the

accelerations of the cylindrical part on the horizontal surface.

3.3.3 Cylindrical Part on the Inclined Plane

Figure 3.18 shows the case the parameters and axis for the study. The angles o
and [ represent the direction of the vibration force. The angle y is the inclination of
surface respect to horizontal line. The term mpA,” is the magnitude of this force, where
mp is the part mass, A, is the vibration amplitude and w is the angular frequency. The
angles ¢ and 0 are the possible part rotations about X and Z axis respectively. The angle 0

value is considered to be equal to zero because it is not eccentric part.

2
, MpA,®
\

Figure 3.18 Axes and parameters of cylindrical part on inclined plane.
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y mpg

Figure 3.19 Free body diagram for a cylindrical part on inclined surface

The figure 3.19 shows the free body diagram for a cylindrical part on the inclined
plane. This diagram shows the directions of the vibration force (o and ) and the rotations
about the axis x and z (¢ and 0). The friction and normal forces are represented by Ary, At,
and Ay (tangential friction force in direction of axis x, tangential friction force in direction

of axis Z and normal force respectively).

Based on the Newton second law the kinetic equations are:

D F,: Aw'm, cos(B)cos(a) — Ay —mpgsin(y) = m,
ZFy : A w’m,, cos(f) sin(a) — A, =m,y
ze A w'm, sin(B) —m,g cos(y)+ A, =m,z (3.37)

d M, : %Aowzmp cos(B)sin(a) = 1§
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From equations 3.37 it is obtained the following matrix form:

P cos(f)cos() A —m,gsin(7)

§ - cos(f)sin() ) | A, .
= w . _— .

z ° sin(f) Mp | —mpgcos(y)+ Ay

.. d .

® Emp cos(f)sin(«) 0

Gravitational Field and Friction effects
Vibration Effect

The equation 3.38 is constituted by two parts. The first part represents the effects
of the vibration force. The second part represents the effects of gravity and friction,
represented by gravity acceleration and friction coefficients. Assuming that the friction
coefficients are equal for different directions and applying the Coulomb friction equation

in the equation 3.38, it is obtained:

5 cos(f) cos() H+ % m,, sin(y)
$ 2 cos(f)sin(x) i p
N i) (T, |

4 —=-m, cos(y)—1
7 —m,, cos(f)sin(a) N

21 0

3.3.4 Contact Between Two Cylindrical Parts

The figure 3.20 shows the vector diagram the physical situation and vector
configuration for this analysis. For this case the contact can occur of five forms:

1. Contact between the cylinder edge and the plane surface of other cylinder.

2. Contact between the cylinder edge and the curve surface of the other

cylinder.
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3. Contact between the plane surface of one part and the plane surface of the
other part.
4. Contact between the curved surface of one part and the curved surface of
the other part.
5. Contact between the plane surface and the curved surface.
The two first forms are of point type, because the cylinder has contact only in one
point. The third form is of planar type because the contact is in a plane. The fourth and
fifth forms are of linear type because the contact is in a line. These situations are

illustrated in the figure 3.21.

Figure 3.20 Vector diagram for the contact between two rectangular parts.
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(@) ®)

(c) (d)

(e)

Figure 3.21 Contact forms between two cylindrical parts. Edge-plane, (b) Edge-curved
surface, (c) plane-plane, (d) curved surface-curved surface and (e) Plane-
curved surface.

The contact form determines the motion freedom degrees. Edge-plane is the
motion of a point on a plane. Therefore, this motion has five freedom degrees. Edge-
curved surface (b) contact has four freedom degrees because the motion is a point on a
line. Plane-plane (c) contact has three freedom degrees because the motion is a plane on
other plane. Curved surface-curved surface (d) contact is the motion of a line on other

line. Therefore, has two freedom degrees. Plane-curved surface (e) contact has four

freedom degrees because the motion is a line on a plane.
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The figures 3.22 and 3.23 show the vectors that are used for the dynamic analysis.
The subscript “B” means that the vector is observed from fixed frame. With respect to

figure 3.20 it is obtained.

X Xy
shi =| M| > shi = | V2
0 0

Figure 3.23 Vector diagram after impact (cylindrical parts).

Based on the figure 3.23 it is obtained:

B’éi + C’_;PCi = A’_;PAi +§N
then (3.39)

v = 8"y + o Tpci = alpai
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The rotations matrices are [Ag], and [A;]s. These matrices are in homogenous

coordinates.
10 0 0]
0 cos(p,) —sin(p.) 0
P
10 0 0 1]
[ cos(8,) sin(@) 0 O]
—sin(@,) cos(d.) 0 O
[4],=
0 0 1 0
0 0 0 1

The transformation matrix is:

[ cos(8,) sin(@.)cos(p,) —sin(8,)sin(p,) -x, |

—sin(6,) cos(6.)cos(p,) —cos(6,)sin(p,) -y,
71 =

Il 0 sin(g, ) cos(¢,) 0

0 0 0 1

With this matrix it obtains the vector respect fixed frame for the part C:

i x,,cos(6.) + y,, sin(6,) cos(@,) —x, i

-x,, sin(6,) + y,, cos(8.)cos(¢,.) — v,
(3.40)

gleri =

Y., sin(@,)
1
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The transformation matrix of the part A is obtained by the same way that the

transformation matrix of part C and is given by:

cos(6,) sin(@,)cos(p,) -—sin(f,)sin(p,) -x

[T] _ sin(@,) cos(d,)cos(p,) cos(d,)sin(e,) -y
7o sin(p,) cos(p,) 0
0 0 0 1

With this matrix it obtains the vector respect fixed frame for the part C:

cos(@,)x,, +sin(6,)cos(p,)y,, — X,
BFApi =|—x,, sin(6,) + V4 cos(6,)cos(p,)— (3.41)
Y Sin(@,)

The relative distance is obtained from the equations 3.40 and 3.41:

X, cos(6.) + Vep sin(6.) cos(¢,) —x, —cos(b, )xAp ~Vap sin(@,)cos(p,) + x,
gy =| —x,,sin(6,)+y,, cos(6,)cos(p,) -y, +x,,sin(@,) -y, cos(@,)cos(p,)+y, (3.42)
Sin(¢c‘)ycp - yAp Sln(¢A)



The relative velocity is obtained differentiating the equation 3.42

Ev=

[—cos(9)) —sin(@)oos(@,) cos(@) sin(@)cos(p) 1 -1 0

sin(@,)  —cos(6,)cos(p,) —sin(€]) cos(@)cos(z) 0 O 1

0 —sin(g,)

0

cos(¢.)

0

0

0

0

—sin(@))x,,, +cos(6))cos()y,,,

-1
—cos(@, ))gp —sin(6)) cos(¢, )y<p

S0, ~cos(0,) (),
sin(@,)sin(e, )y ap

cos(0 ), +sin(0, o)y,
cos(6))sin(e)v,,

—sin(¢,)

—sin(@)sin(@,)y,,,

—cos(6))sin(@.)y,,

cos(¢)

Yo

(3.43)

61
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The mass matrix for the cylinder part respect to the rotation axis is given by a
diagonal matrix. This matrix contained the displacements mass and rotations mass.

The rotations mass are the inertia moments (I) respect to the rotation axis.

I=Lm d’, and Izzim 3w
b 12 74

t16
‘m, 0 0 0 0O O O O 0 0 0 O]
0O m, 0 0 0 0 0 0 0 0 0 0
0o 0 m, 0 0 0 0 0 0 0 0 0
o 0 0 m 0 0 0 0 0 0 0 0
0o 0 0 0 m 0 0 0 0 0 0 0

(M) o 0 0 0 0 m, 0 0 0 0 0 0
o 0 0 0 0 0 m 0 0 0 0 0
o 0 0 0 0 0 0 m 0 0 0 0
o 0 0 0 0 0 0 0 I 0 0 0
o 0 0 0 0 0 0 0 011 0 0
o 0 0 0 0 0 0 0 0 011 0
0 0 0 0 0 0 0 0 0 0 0 I]

Replacing these matrices into the equation 3.24 it is obtained the final result

for the contact of two cylindrical parts.
T -1 -1 -
Ay =(l=e) | Wi | &, (3.44)

3.4 Summary

In this chapter the multibody theory was employed for the analysis of the
dynamic behavior of rectangular and cylindrical parts. The cases studied were:
insolate part, part on horizontal plane, part on inclined plane and contact between two
parts. The obtained equations describe the phenomenon of interaction and contact for
parts on the bowl. The results obtained in this chapter will be used for different

parameters.



CHAPTER 4
Dynamic Analysis with Screw
Theory

4.1 Introduction

In this chapter the screw theory is used to evaluate the friction forces on the
cylindrical part; this analysis provides a complete description of the dynamic
behavior. The Coulomb friction equation is the linear relationship between the normal
force and friction force. This equation is correct for the maximums static and kinetic
friction forces. In the case of the rolling motion of a cylinder, the friction forces are
not necessarily maxima. For this case, the friction force must be found so that the
dynamic analysis is complete. This chapter begins with a reduction of forces to a
wrench based on Poinsot’s theorem (Lipkin and Duffy, 2002). This analysis is only
for the case of rolling on the horizontal plane. The analysis of the spatial motion of
the rigid body is based on the dual Euler equation 2.14, which completely describes

the dynamic state of the rigid body.

51
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4.2 Wrench analysis

The goal of this section is to analyze the cylinder part dynamic behavior. This
is accomplished by reducing the external forces and moments acting about a
cylindrical part to a wrench. Figure 3.17 shows the free body diagram of a cylindrical
part. The first step is placed at the center all the external forces with its generated

moment (M1, and Mty) showed in figure 4.1.

2
mpA W~
‘

N
)

Mry A
Figure 4.1 External forces on a cylindrical part.
The figure 4.2 shows the resultant wrench (":S = ) and the position vector respect

to part center. $r

Figure 4.2 Resultant wrench.
The wrench direction is the resultant force direction. The resultant moment

magnitude on resultant force axis is

M, = FRIJ%R (4.1)
7]

where Mg is the resultant moment vector and Fy is the resultant force vector
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From the equation 4.1 the wrench can be written as

-

%R=(13R;17><]:“R+hF}g):FR+£(7x1§R+hFR) 4.2)
The condition is considered for M; to be the unique resultant moment about

the body

FxFy=—M, (4.3)
The moments M; and M are the rectangular components of the resultant moment Mg,
where M; and M; are parallel and perpendicular to the screw axis respectively.

M, +M,=M, (4.4)

Substituting the equations 4.1 and 4.3 into the equation 4.4 it is obtained

(4.5)

The unknown is r; applying the cross product in both side of the equation 4.5 by Fy it

is obtained:

The triple cross product is equal to
(Fx Fo )x Fy = (Fyo7 ) Fy = (FoeFy )7
but the dot product between Fg and r is equal to zero. Fr and r are perpendicular, then

(FXFR)xFR =—(FR-ﬁR)7
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Replacing this result and solving for r it is obtained

!

X
= -2 (4.6)

R

lwil
|

=N
I
=

Then, the wrench can be written as:

F,oM,

~ 2
2

F, (4.7)

4.3 Analysis dynamic of cylindrical part using screw theory

A part is considered cylindrical when the ratio L/D >0.8, where L is the length
and D is the diameter. If the ratio L/D<0.8 then the part is a disc (Boothroyd 1989).
The figure 4.3 shows the cylindrical part on the horizontal plane with two coordinates
frame. The first frame is the fixed frame with center in the rolling point. The second

frame is fixed to body with the center in the figure center.

AY
Mo. Ir: .
.

Yo
n

Figure 4.3 Coordinates frame of a cylindrical part in rolling.

The screw velocity referred to point A and expressed in the body frame is

0 cos(p) @sin(@)
SASVA =| -Osin(p) |+ &r| pcos(p)
@ 0
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where

6 cos(¢) @sin(y)
@=|-6sin(p) | and V, =r| ¢cos(p)

Q 0
The vectors ® and Vs are the angular and linear velocities respectively. The
momentum screw defined in the equation 2.11 is equal to
$ u,=q+ eH Y
The vector q is the linear momentum equal to
G=m,(V,+@x4G)
The angular moment is defined by
H,=[1,]é+m,(4GxV,)

but the vector AG is equal to zero because A and G are in the same position. Then the

vectors q and Hu are equal to:

qg= mPVA
and (4.8)
H,=[1,]

The inertial matrix [I5] is equal to:

2
- a L
émp(3r2+L2) 0 0 3+(7j 0 0
_ 1 ) _mpl’z LY
[1,]= EmP(3r +I) 0 |= > 0 3+=] 0
0 0 lmPFZ 0 O 6
2




From the equation 4.8, the momentum screw can be written as:

psin(g) )

12
0

6¢

[3 + (éj ] 0 cos(@)

2
@HA =m,r| ¢ cos(¢) +e el —(3+(£j ]ésin(go)
r
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(4.9)

The cross screw product of the velocity screw and the momentum screw is the screw

$p:
@’ cos(9) .
@P = éVA ®§SHA =mr| ¢ sin(¢) +€(Empr2j
0p

Differentiating equation 4.9 it is obtained:

i(éHA):‘?"h‘:[:}/l = éNA

gsin(p) +¢* cos(p)
=m,r| §ecos(p) - ¢ sin(p)

6¢

(3 + L—j] 0 cos(p) — [3 + L—jj 0¢ sin(p)
s r

1 2
+&| —m,r 2 .. 2.
(12 ? j—[3+L—2]051n(¢)—(3+L—2J0([)cos(¢)
r r

—B¢sin(e) [3 - L—zj
.

—0¢ cos(@) {3 - L—zj
r

0

(4.10)

4.11)
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Based on the Euler dual equation

$FA = $NA +$PA

(4.12)
I ) . , 7
: 3+ |0 cos(p) — 60psin(p)
@sin(@) r
=m,r| ¢Cos +el —m P ~ .
|7 '((p) (12 P j 345 0'sin(p) — 60¢ cos(p)
Op 2
j 6 |
Xo
AN |
L p
1 A’G
mo. [~ e A -
I r %
| !
Zo
Yo /

Figure 4.4 Forces on a cylindrical part.

Figure 4.4 shows the free body diagram of the cylindrical part on the
horizontal plane. The forces F, and F. are the friction forces about 1 and ¢ direction
respectively. The force Ay is the normal force between the two surfaces. The angles a
and [ are the vibration force directions. This set of forces and generate moments are

referred and expressed in the body frame in the equation 4.13.



_—F,7 sin(g) +m, Aw’ cos(S)sin(a + @) sin(¢p)
+(Ay —m,g +m,Aw’ sin( B) cos(p)

—F_sin(p)
85, =| —F, cos(@) +m,Aw’ cos(8)sin(c + ) cos(¢) +ér| -k sin(p)
—(Ay —mpg +m,Aw’ sin(B)sin(p) E,

—F, +mp,Aw’ cos(f8)cos(a +6)

Equating the real and dual part of the equations 4.12 and 4.13 the following equations

4.14 are obtained:

—F, sin(g) +m, Aw’ cos(f) sin(a + 0) sin(¢)
+(Ay —mpg)cos(p)+ m,,Aa)2 sin(f)cos(¢) = mrgsin(¢p) (a)

—F, cos(p) + m, Aw’ cos(B)sin(a + 8) cos(p)
~(Ay —mpg)sin(p) —m, Ao’ sin(f)sin(p) = m,ricos(p)  (b)

—F, +m,Aw’ cos(f) cos(a + 6) =m0 (c)
(4.14)
~rF_sin(p) = % myr’ K?» + é} 6 cos(¢p) — 60¢ sin((p)} (d)
r
~r'F, cos(p) = —ém},r2 {(3 + h—j] dsin(@) + 66¢ cos((p)} (e)
r
rk = lm P ®
n =5 M ®

Equations 4.14a-4.14f are the necessary and sufficient relations for the description of

the rolling cylinder. Manipulating equations 4.14a-4.14c, the components of the

friction force and the normal reaction may be expressed, respectively, as:

F, =m,Aw’ cos(f)sin(a + 0) —m,rj
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F. =m, Ao’ cos()cos(a + 0) — m,r¢0 (4.16)

Ay =mpg —m,Aw’ sin( ) (4.17)
Then manipulating equations 4.14d-4.14f, and with the aid of equations 4.15-4.17, the

second order kinematic constraints imposed on the cylinder may expressed in the

equations 4.18-4.20

=0 (4.18)
o= 33 Aw’ cos(B)sin(a + 6) (4.19)
r
0= i A’ cos(f) cos(a +0) (4.20)
3re

The obtained result suggests that if the sum of angles o and 6 is equal to 90 degrees

then the sliding does not occur and only rolling occurs.

4.4 Summary

In this chapter, the screw theory was employed for the analysis of the dynamic
behavior of cylindrical parts. The case studied were part on horizontal plane. The
obtained equations in this chapter will be modeled for different parameters. The
equations are more general that in the chapter 3 because they take into consideration
the rotation in the vertical axis. The direction of the axis was different to the chapter 3

by ease, but this does not change the result.



CHAPTER 5
Cases Analysis

5.1 Introduction

This chapter includes the results obtained from the results of chapters three
and four. The first case in the analysis is the cylinder on the plane surface, because is
the more interesting case. The variable parameters are the frequency, friction
coefficient and vibration direction. The responses studied are the accelerations about
different directions and the contact force. The objective is the comparison of some
simulation results and some results obtained in previous works. This comparison
required some assumptions such as to change of accelerations to velocities assumed
an effective distance of the vibration force. These assumptions are necessary because
the vibration forces are pulsed on the part due to the part jumps.

In this analysis the motion parameters such as frequency (f), vibration
amplitude (Ay), friction coefficient (), excitation angles (a and ) and track
inclination angles (y and 0) will be changed to analyze the accelerations and
transportation velocity behavior. These motion parameters are chosen for typical
values from other experimental works done by Boothroyd (1992) and Wolfsteiner and
Pfeiffer (2000). Some contour line graphics will be included for better visualization

of the physical behavior.
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5.2 Analysis of Cylinder on the plane surface

The analysis is based on the axes and excitation angles as shown in figure
3.17 shows in chapter 3. The figure 5.1 shows the acceleration in the x direction. The
parameters values used are: f=60Hz, Ay =5x10"m, g=9.8m/s’ and u=0.5. This figure
shows the maxima region for values of o form 0° to 20° and f from 8° to 45°. For
these values it is obtained the maximum efficiency in the rate of part transporting.

Figure 5.2 shows surface contour lines of the figure 5.1. This figure shows the
change in the acceleration versus the orientation parameters of vibration. The
acceleration values are smaller for angles values out of maximum interval, and then

the interval is an absolute maximum interval.

Acceleralion x direction [m's’]
=

Lh
=]

100 ;
100

Excitation Angle Alpha [Deg]

Excitation Angle Beta [Deg]

Figure 5.1 Acceleration in the x direction versus the excitation angles for cylindrical
part on plane surface (surface).
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Figure 5.2 Acceleration in the x direction versus the excitation angles for cylindrical
part on plane surface (contour lines).

The figure 5.3 shows the acceleration in the x direction as function of the
friction coefficient and the elevation angle of the vibration force. The figure 5.4
shows the contour lines of the surface. The used parameters for this analysis are:
f=60Hz, a=16°, A,=5x1 0*m and g=9.8m/s2. The friction coefficient increases if the
acceleration increases; this is observed in the figure 5.3 and 5.4. A non-

proportionality behavior out of the maximum interval for the § angle is showed.
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Figure 5.3 Acceleration in the x direction versus the excitation angle  and friction

coefficient for cylindrical part on plane surface (surface).
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Figure 5.4 Acceleration in the x direction versus the excitation angle p and friction

coefficient for cylindrical part on plane surface (contour lines).
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Acceleration in the x direction versus the friction coefficient and frequency of
vibration is shown in the figure 5.5. The contour lines are shown in the figure 5.6.
The used parameters for these graphics are: a=16°, p=20° A,=5x10"m and
2=9.8m/s’. The frequency effect in the acceleration is greater that the friction
coefficient effect. In the study range the friction effect is linear but the frequency
effect is parabolic. The friction effect is significant for ©>0.2 and in a range for the

frequency of 50-80Hz.
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Figure 5.5 Acceleration in the x direction versus the frequency (f) and friction
coefficient for cylindrical part on plane surface. Surface.
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Figure 5.6 Acceleration in the x direction versus the frequency (f) and friction
coefficient for cylindrical part on plane surface (contour lines).

The acceleration in the x direction versus the frequency and vibration angle f3
is shown in the figures 5.7 and 5.8. These figures show that an increase of
acceleration agree with a increase in frequency. The used parameters for these
graphics are: a=16", A,=5x10"m, u=0.5 and g=9.8m/s’. The frequency effect is more
significant and the excitation angle effect is significant in the high frequency region.
The result agrees with the proposed model because the vibration force is modeled

proportional to the square of the frequency and vibration amplitude.
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Figure 5.7 Acceleration in the x direction versus the frequency (f) and vibration angle
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Figure 5.8 Acceleration in the x direction versus the frequency (f) and vibration angle
(B) for cylindrical part on plane surface (contour lines).
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A comparison of the acceleration in the x direction versus the vibration
amplitude and the frequency is shown in the figures 5.9 and 5.10. These figures can
be used to find the approximate transportation velocity. The used parameters are:
a=16°, p=15°, u=0.5 and g=9.8m/s’. A non-linear behavior in function of the
frequency is observed in these graphics; this result agrees with previous results. The
behavior with respect to the vibration amplitude is linear and is significant in high and

medium frequency regions.
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Figure 5.9 Acceleration in the x direction versus the frequency (f) and vibration
amplitude for cylindrical part on plane surface (surface).
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Figure 5.10 Acceleration in the x direction versus the frequency (f) and vibration
amplitude for cylindrical part on plane surface (contour lines).

The acceleration in the y direction versus the angles of vibration force a and 3

is shown in the figure 5.11 and 5.12. The figures show an interval minimum for o

from 0° to 20° and P form 0° to 45°. The used parameters are: f=60Hz, Ay =5x10"m,

2=9.8m/s’ and u=0.5. The acceleration in the y direction is a loss motion originated

by the non-unidirectional vibration force and track inclination angles.



69

Acceleration v direction [m/s’]

100

Excitation Angle Alpha [Deg] - 20 ™~_~="""30  Eycition Angle Beta [Deg]

Figure 5.11 Acceleration in the y direction versus the excitation angles of the
vibration force for cylindrical part on plane surface (surface).
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Figure 5.12 Acceleration in the y direction versus the excitation angles of the
vibration force for cylindrical part on plane surface (contour lines).
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The figures 5.13 and 5.14 show the acceleration in the y direction versus the
angle B and the friction coefficient. The used parameters are: f=60Hz, Ay =5x10"m,
2=9.8m/s’ and a=16". The combined effect of the friction coefficient and the
vibration angle is the displacement of the work range. The friction coefficient effect is
a hyperbolic behavior of the surface. This effect is significant in the regions for small

and high values of excitation angles.
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Figure 5.13 Acceleration in the y direction versus the excitation angle  and the
friction coefficient for cylindrical part on plane surface (surface).
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Figure 5.14 Acceleration in the y direction versus the excitation angle B and the
friction coefficient for cylindrical part on plane surface (contour lines).

Acceleration in the y direction versus the angle  and the frequency is shown
in the figures 5.15 and 5.16. These figures confirm the previous results. The
interaction effect between P and the frequency is described as a translation of the
work range. The used parameters are: 4y =5x10"m, g=9.8m/s’ 1=0.5 and a=16".

The y acceleration behavior is parabolic with respect to the frequency and
sinusoidal with respect to the excitation angles. This acceleration increases the
friction forces and decreases the rate of transportation. The optimal range is in small
excitation angle values and frequency values in the intersection of high accelerations

in the x direction and small accelerations in the y direction.
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Figure 5.15 Acceleration in the y direction versus the excitation angle f and the

frequency for cylindrical part on plane surface (surface).
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The figures 5.17 and 5.18 show the variation of the acceleration in the y
direction versus the frequency and the friction coefficient. The figure 5.18 shows the
contour lines for this response surface. The interaction effect of these two factors is
the curvature direction in the acceleration line. This curvature direction shows the
weight of the frequency variation in a given range. The used parameters are:
Ao=5x10"m, g=9.8m/s’, p=20" and a=16°. The friction effects are significant in the
small and high frequency regions. The friction coefficient has a linear effect while the

frequency has a parabolic effect.
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Figure 5.17 Acceleration in the y direction versus the frequency and the friction
coefficient for cylindrical part on plane surface (surface).
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Figure 5.18 Acceleration in the y direction versus the frequency and the friction
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The angular acceleration of the part versus the excitation angles a and B is
shown in the figures 5.19 and 5.20. These figures show the variation of the angular
acceleration and the effects of these two parameters. This acceleration is a
consequence of all generated moments. The angular acceleration can be by rolling,
sliding or both. The most general case is rolling plus sliding. The graphics show a
sinusoidal behavior. The used parameters are: A,=5x/ 0’4m, g=9.8m/s2, f=60Hz and

u=0.5.
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Figure 5.19 Angular acceleration versus the excitation angles o and  for cylindrical
part on plane surface (surface).
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part on plane surface (contour lines).
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Angular acceleration versus the frequency and the vibration angle B is
presented in the figures 5.21. The used parameters are: A,=5x10"m, g=9.8m/s’ a=16"
and pu=0.5. This graphic shows the interaction effect of the frequency and the vertical
vibration angle on the angular acceleration. The frequency effect is parabolic and the
effect of the excitation angle is sinusoidal. The angular acceleration increases if the
frequency increases. Therefore, the work optimal frequency is the intersection of
frequency curves for high accelerations in the x direction, small accelerations in the y

direction and small angular accelerations.
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Figure 5.21 Acceleration in the y direction versus the excitation angles o and 3 for
cylindrical part on plane surface.
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5.3 Analysis of a Rectangular Part on the Narrow Track

The figure 3.8 in chapter 3 shows the parameters used for this analysis. The
three-dimensional analysis for different conditions is presented in this section. The
interactions between the parts themselves are negligible. The figure 5.22 shows the
variation of the transportation velocity versus of frequency and vibration amplitude.
The used parameters are: f=5°, a=16°, 0=2°, R=0.8m, a=0.15cm, b=Icm, h=5cm,

y=5"and u=0.3.
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Figure 5.22 Transportation velocity versus frequency and amplitude of vibration.

The normal vibration amplitude is given by:
Ay = Aysin()
where Ayy is the normal amplitude, Ay is the amplitude and P is the excitation angle.

The transportation velocity rises if the vibration frequency and normal amplitude rise.

This result can be observed from figure 5.22.
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The transportation velocity in function of the excitation angle and the

amplitude is shown in the figures 5.23. The used parameters are: f=60Hz, a=16°,
0=0°, R=0.8m, a=0.15cm, b=I1cm, h=5cm, y=5 °, 0=2° and ©=0.3. The maximum

velocity is obtained in the region 40=/0.9-1]mm, and p=[0-25°].
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Figure 5.23 Transporting velocity versus inclination angle and vibration
amplitude.
Figure 5.23 shows high transportation velocity values for high vibration
amplitudes and small excitation angles. This graphic shows an optimal range for high
vibration amplitudes values and small excitation angles values in the range of 0° to

40°. These values agree with the typical values presented in Boothroyd (1992).
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In the figure 5.24 the variation of the transportation velocity in function of the
frequency and inclination angle is shown. The used parameters are: Ao=0.35mm,
a=16°, 0=0°, R=0.6m, a=0.15cm, b=I1cm, h=5cm, y=5 ° and u=0.3. The combined
effect of the frequency and excitation angle is very high on the velocity, this is

observed in the curvature of the contour curves.
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Figure 5.24 Transportation velocity versus frequency and excitation angle.

The obtained result of this graphic agrees with the previous results. The
transportation velocity rises for high vibration frequency values and small excitation
angles values. The range of optimal values is high vibration frequency values and

excitation angle from 0° to 35°.

a0
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The figure 5.25 shows the variation of the transportation velocity in function

of the excitation angles. The combined effect of the angles is inversely proportional to
the velocity. The used parameters are: Ao=Imm, f=60Hz, 6=0°, a=0.15cm, b=I1cm,

h=5cm, y=0°, R=0.8m and u=0.3.
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Figure 5.25 Transportation velocity versus excitation angles.
The results of this figure show an optimal region of excitation for the intervals

from 0° to 45° for a and from 0° to 35° for B. These results agree with the real values

and typical values given by Boothroyd (1992).



81
The figure 5.26 shows the transportation velocity versus the inclination

angles. The effect of the angle & is a small decrease in the velocity value. This
decrease is consequence of the increase of the normal force between the wall and the
part. The used parameters are: Ao=Imm, f=60Hz, a=0.15cm, a=0°, f=5° b=Icm,

h=5cm, y=5°, R=0.8m and u=0.3.

Inclination Angle Gamma [Deg] © o f?u/ 5 Inclination Angle Delta [Deg]

Figure 5.26 Transportation velocity versus excitation angles.

The figure 5.26 shows small transportation velocity values for high values of

gamma due to the weight component rise which opposes the motion direction. The

delta effect is small.
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The figure 5.27 shows the variation of the transportation velocity versus the
friction coefficient and the frequency. The friction effect is to decrease the velocity of
transportation if the friction increases. The used parameters are: Ao=Imm, y=>5°,

0=2°, a=0.15cm, a=16°, f=5° b=1cm, h=5c¢cm and R=0.8m.
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Figure 5.27 Transportation velocity versus friction coefficient and frequency.

The figure 5.27 shows high transportation velocity values for small values of
the friction coefficient. This result is acceptable because the energy of motion
decreases due to the friction forces. There is an ideal motion behavior if the friction

forces are zero.
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5.4 Comparison of Results

The figure 5.28 shows a comparison between the proposed model in this work
versus the results obtained in the work of Wolfsteiner and Pfeiffer (2000). These
results were obtained with the following parameters: f/=100Hz, u=0.3, a=>5°, f=15°,

Ao=0.35mm and 0=0°, dimension of the part 5cm x lcm x 0.15cm.
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Figure 5.28 Comparison of results for transportation velocity
(Wolfsteiner and Pfeiffer).
The velocity measured by Wolfsteiner and Pfeiffer was the real velocity. The
velocity plotted is the average transportation velocity of the parts. The figure 5.28
shows that the proposed model is adequate to describe the physical phenomenon

calculated with equation 3.18.



84

The figure 5.29 shows a comparison between the proposed model in this work
versus the result obtained in the work of Boothroyd (1992). These results were

obtained with the following parameters: /=60Hz, u=0.3, a=0°, y=0° and 6=0"
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Figure 5.29 Comparison of results for the transportation velocity: B= Boothroyd
(1992), J= Proposed Model.

The velocity plotted is the average transportation velocity of the parts.

Boothroyd employed a two-dimensional model for the transportation velocity. The

figure 5.29 shows that the proposed model using equation 3.18 is adequate to describe

the physical phenomenon.



CHAPTER 6

Conclusions and Recommendations

6.1 Conclusions

The presented model of the part feeder dynamics considered the main physical
phenomena of the transportation process including multiple unilateral contacts
based in the second Newtonian law and the Coulomb friction.

The model shows that the kinematic parameters such as relative velocities and
accelerations depend of interactions between geometric and vibrations
parameters.

The part is in contact if the normal force is compressive and the relative
normal acceleration is zero or if the normal force is zero and the relative
normal acceleration is greater that zero.

The motion for a part in contact is separation or continual sliding. The

condition for a unique solution depends of the friction.
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The transportations velocity of the rectangular part on the narrow track
depends on the friction coefficient, vibration frequency, vibration amplitude,
the track inclination angles, bowl radius, excitation angles, geometry and parts
dimension.

The screw theory is employed to model the physical phenomenon of the
cylindrical part on the horizontal plane. This concept is adequate for complex
restriction conditions.

The combined effect of the friction coefficient and the vibration angle is the
displacement of the work range; this result is shown in the figures 5.13 and
5.14. The friction coefficient effect is a hyperbolic behavior of the
acceleration surface in the y direction. This effect is significant in the regions
for small and high values of excitation angles.

The y acceleration behavior is parabolic with respect to the frequency and
sinusoidal with respect to the excitation angles, figure 5.13. This acceleration
increases the friction forces and decreases the rate of transportation. The
optimal range is in small excitation angle values and frequency values in the
intersection of high accelerations in the x direction and small accelerations in
the y direction.

The angular acceleration increases if the frequency increases; this is shown in
figure 5.21. Therefore, the work optimal frequency is the intersection of
frequency curves for high accelerations in the x direction, small accelerations

in the y direction and small angular accelerations.
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e Figure 5.23 shows high transportation velocity values for high vibration
amplitudes and small excitation angles. This graphic shows an optimal range
for high vibration amplitudes values and small excitation angles values in the

range of 0° to 40°.

6.2 Recommendations

For future work it is recommended to study the dynamic behavior for other
parts types such as conic or complex geometry parts. Other activity is to employ the
proposed model to determine the transporting velocity including many parts.

It is recommended to employ the screw theory for the analysis and simulation
of a thin disc part on the feeder. Another future activity will be to improve of the

model including deformation in the parts.
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