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Abstract

We studied the flow of ferrofluid induced by rotating magnetic fileds. This flow was observed
for first time in 1967 by Moskowitz and Rosensweig [Appl. Phys. Lett., 10, pag. 301 (1967)]
and since then researchers has attempted to explain the phenomenon through theories such as
spin diffusion, magnetic tangential surface stresses, and others that claim the impossibility in
to obtain ferrofluid flow through a uniform rotating magnetic field. These theories have been
tested using experimental observations of tracer particles on the free surface of the container
because of the difficulty in obtaining bulk velocity profiles by traditional methods. Nevertheless,
as is demonstrated herein such surface velocity profiles are inadequate for the assessment of bulk
flow theories as they misrepresent the bulk flow of the fluid and as such can be the cause of
confusion.

The principal contribution of the thesis is to provide experimental evidence that allows
clarification of the mechanism responsible for the observed flow. To this end we focused on the
flow of ferrofluid induced by a rotating magnetic field in a cylindrical container and between two
coaxial cylinders. In order to obtain bulk flow measurements we used the ultrasound velocity
profile method. Bulk flow measurements taken in the cylindrical container show the fluid co-
rotating with the field in a rigid-body-like fashion throughout most of the bulk region of the
container, except near the air-fluid interface, where it was observed to counter-rotate. Our
experimental measurements show qualitative agreement with an extension of the spin diffusion
theory of Zaitsev and Shliomis [J. Appl. Mech. Tech. Phys. 10, pag. 696 (1969)], obtained
using the regular perturbation method. An estimate of the spin viscosity is obtained from

comparison of flow measurements and theoretical results of the extrapolated wall velocity from



1 is several orders

the regular perturbation method. The estimated value = 5.8 x 107 1%kgm s~
of magnitude higher than that obtained from dimensional analysis.

We present the first measurements of bulk flow for ferrofluid in the annular gap between two
stationary coaxial cylinders. These results contrast with current theories which only predict
flow when one of the cylinders is free to rotate. Qualitative comparison of the experimental
results with the predictions of the spin diffusion theory for the annular flow of ferrofluid in the

limit of low fields were found in good agreement with velocity profiles obtained for the kerosene

based ferrofluid.
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Resumen

Se estudié el flujo de ferrofluido inducido por un campo magnético rotando. Este fenémeno
fue observado por primera vez en 1967 por Moskowitz y Rosensweig [Appl. Phys. Lett., 10,
pag. 301 (1967)]. Desde entonces investigadores han intentado explicar el mecanismo de flujo a
través de teorias tales como "spin diffusion", "magnetic surface stresses" y otras que plantean
la imposibilidad de obtener flujo usando un campo magnético uniforme rotando. Como conse-
cuencia del color oscuro de los ferrofluidos, ha existido dificultad en obtener perfiles de velocidad
dentro del volumen de estos usando métodos convencionales. Por tal razén, estas teorias han
sido evaluadas usando perfiles de velocidad tomados en la superficie del contenedor sin em-
bargo, como es demostrado aqui, estos perfiles son inadecuados para evaluar teorfas vélidas en
el volumen del fluido.

La principal contribucién de esta tésis es proveer evidencia experimental que permita clari-
ficar el mecanismo responsable por el flujo observado. Para este fin, nos hemos enfocado en el
flujo de ferrofluido inducido por un campo magnético rotando, usando dos diferentes geometrias:
contenedor cilindrico y cilindros coaxiales. Perfiles de velocidad tomados en el volumen del fluido
fueron obtenidos utilizando una nueva técnica basada en ultrasonido. Estos perfiles mostraron
el fluido rotando en la misma direccién del campo magnético y con movimiento similar al de
un cuerpo rigido en la mayor parte del volumen del contenedor, excepto cerca de la interface
aire-fluido, en la cual el fluido fue observado rotando en direccién opuesta a la del campo mag-
nético. Nuestras medidas experimentales estdn en cuantitativo acuerdo con las predicciones
tedricas obtenidas usando la teorfa de "spin diffusion" propuesta por Zaitsev y Shliomis [J.

Appl. Mech. Tech. Phys. 10, pag. 696 (1969)], la cual fue obtenida usando el método de



perturbacién regular para valores moderados de amplitud del campo magnético. Un estimado
del pardmetro de "spin viscosity" de 177 = 5.8 x 107 kgms~! fue obtenido el cual es varios
o6rdenes de magnitud mayor que el estimado usando andlisis dimensional.

Ademsds, se presentan las primeras medidas de flujo en el volumen de ferrofluido contenido
en el espacio anular entre dos cilindros coaxiales sin movimiento las cuales estan en cualitativo
acuerdo las predicciones obtenidas usando la teoria de “spin diffusion” en el limite de bajos
campos. Este resultado contrasta con teorfas actuales, las cuales predicen flujo solo en el caso

de que a uno de los cilindros le sea permitido rotar.

Consejero de tésis: Dr. Carlos Rinaldi
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Chapter 1

Introduction

1.1 Ferrohydrodynamic flows

Ferrofluid flows are the subject of ferrohydrodymanics, a branch of fluid mechanics dealing with
the flow of magnetically dipolar media. Ferrohydrodynamics is analogous to, yet dissimilar
from, magnetohydrodynamics and electrohydrodynamics. Whereas magnetohydrodynamics is
focused on the effects of the Lorentz force on moving charges, ferrohydrodynamics deals with
the effects of the Kelvin-type force and couple densities on dipolar fluids. This also differs from
electrohydrodynamics due to the non-existence of magnetic poles, which would be analogous
to free charge [1,2]. The term ferrohydrodynamics was introduced in 1964 by Neuringer and
Rosensweig [3] in their paper "Ferrohydrodynamics” which is considered as the first publication
in this science. This research field has grown due to the interest in using ferrofluids in the
presence of a magnetic fields in order to convert magnetic energy into motion without the use
of moving macroscopic mechanical parts.

Ferrofluids are stable colloidal suspensions of single domain magnetic nanoparticles, usually
magnetite (FezOy), of diameter between 10 to 15 nm in a carrier liquid, typically water or oil [1],
and in which the volumetric fraction of magnetic particles is seldom higher than 0.10. Because
these particles are single domain and have a total magnetic moment m ~ 2 - 10712 A m?, they
can be treated as magnetic dipoles in the carrier liquid [4]. This characteristic allows describing
the magnetic behavior of ferrofluids with concepts similar to those used for paramagnetic gases.

In the absence of a magnetic field the dipolar moment m is randomly oriented and the fluid has
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Zero applied field H
Not net magnetization <

Figure 1-1: Shematic illustration of the magnetization process of ferrofluids. Single domain
magnetic particles with embedded magnetic moment m are suspended in a liquid carrier and
affected by thermal agitation. The left hand side shows that the magnetic moment of the par-
ticles is randomly oriented in the absence of a magnetic field, resulting in no net magnetization
of the ferrofluid. The right hand side illustrates how the magnetic moment of the particles
is aligned in the direction of a magnetic field whose strength H is sufficient to overcome the
thermal agitation.

no net magnetization. When a moderate magnetic field is applied, the magnetization is only
partially aligned in the direction of the field due to the opposition of thermal agitation. For
very high magnetic fields the magnetization is completely aligned in the direction of the field,
overcoming the Brownian motion of the particles and reaching the saturation magnetization
value My, Fig. (1-1). This dependence of the equilibrium magnetization on the magnetic field
and temperature is accurately described by the Langevin equation for a monodisperse colloidal
ferrofluid

M, H H
ngZ :L(a)ﬁ’ L(a):cotha—a‘l,a:%. (1.1)

Here L («) is the Langevin function and « is the Langevin parameter, a measure of the relative
magnitudes of magnetic to thermal energy. In (1.1) My is the domain magnetization of the

magnetic nanoparticles, kg is Boltzmann’s constant, and T is the absolute temperature.
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1.1.1 Ferrofluid applications

Since their invention in 1964, interesting phenomena have been observed in ferrofluids, such
as: viscosity increase in stationary (DC) magnetic fields [5]; increasing and decreasing effective
viscosity in alternating (AC) and rotating magnetic fields [6,7]; field induced flow of a ferrofluid
in a stationary cylindrical container in uniform rotating magnetic field [8,9]; and various ferro-
hydrodynamic instabilities induced by DC magnetic fields. These phenomena arise due to the
strong influence exerted by even moderate magnetic fields, in the order of a few tens of mT,
over the magnetic particles that act as magnetic dipoles dispersed in the fluid.

The possibility of magnetic flow control and of designing new ferrofluids using different lig-
uid carriers (such as organic and aqueous solvents) [10] has led to the development of a wide
variety of applications in engineering, from microdevices to biomedical treatments. Typical
commercial applications use DC magnetic fields generated by permanent magnets and fer-
rofluids as a liquid O-ring in rotary and exclusion seals, as dampers in stepper motors and
shock absorbers, and for heat transfer enhancement in audio speakers and electrical transform-
ers. Some recent biomedical applications of magnetic nanoparticles include magnetic resonance
imaging, magnetic targeting of drugs and radioactive elements, and magnetic fluid hyperther-
mia or magnetocytolysis, the magnetic particle induced death of cells under an AC magnetic
field. In magnetocytolysis magnetic particles linked to the membrane of a cell rotate and de-
stroy the cell when subjected to an alternating magnetic field by dissipating magnetic energy

as heat [11].

1.1.2 Ferrohydrostatics

The first set of ferrohydrodynamics equations presented by Neuringer and Rosensweig assumed
that the magnetization M is collinear with the field H and that the equilibrium magnetization
is determined by Eqn. (1.1). This implies that the magnetization is not affected by ferrofluid
flow, however flow is affected by magnetization. The set ferrohydrodynamics equations ob-
tained under these assumptions is known as a quasistationary theory and permits describing
phenomena such as the shape of a static meniscus, the behavior of a magnetic liquid under an
applied magnetic field, operation of magnetic fluid seals, etc. [1,2].

A more realistic view over that of ferrohydrostatics, is to consider that there exists a finite
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time in which m comes to its equilibrium state after the magnetic field has shifted in direction.
This relaxation time arises due to two mechanisms: i) The Brownian relaxation time, in which
m rotates fixed to the particle and the rotation is resisted by the surrounding liquid, and i)
the Néel relaxation time, where m rotates inside the particle, whereas the particle itself does
not rotate [12]. When ferrofluid relaxes by either mechanism, the magnetization M is non-
collinear with field H, resulting in a magnetic couple p(M x H) on the particles, in addition
to the magnetic body force (M- VH). This last situation is studied in this thesis through a

combination of theoretical and experimental work.

1.2 Background and motivation

This thesis is concerned with the ferrohydrodynamics of ferrofluids in rotating magnetic fields,
particularly: (i) the flow of a ferrofluid in a stationary cylindrical container (commonly referred
to as spin up flow), (i) and the flow of a ferrofluid between coaxial cylinders. In both cases
the rotating magnetic field is oriented in the plane perpendicular to the cylinder axis. These
flows are characterized by a body couple-density (M x H) arising from the non-colinearity
of the magnetization vector M with the magnetic field vector H, due to the viscous opposition
to rotation of the magnetic particle relative to the liquid matrix. These body couples are then
the origin of a state of antisymmetric stress in the suspension.

Experimental data has been reported for spin up flow and flow of ferrofluid in coaxial
cylinders. These efforts were directed at determining: (i) the direction of the flow in relation
to the direction of rotation of the magnetic field [9], (#) measurements of torque on the wall
of the cylindrical container [13] (spin up flow torque) and on the inner stationary cylinder (the
spindle) [14-16], and (4ii) obtaining measurements of the free surface velocity profile for spin
up flow and in the annular geometry [17,18]. Free surface flows were measured because of
the difficulty in obtaining velocity profiles in the bulk fluid by conventional methods due to
the opaque character of ferrofluids. Unfortunately, many of these studies have been plagued
by inconsistencies and confusion. Examples include: (i) the use of magnetic suspensions with
particle diameters of several micrometers (now referred to as magnetorheological fluids), (i7)

using concentrated colloidal suspensions (slurries), (7ii) lack of thorough physical and magnetic
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characterization of the suspensions, and (iv) usage of non-uniform rotating magnetic fields.
Likewise, velocity profile measurements in the free surface are strongly influenced by surface
effects, as was observed by Rosensweig et al. [17].

The first analysis for the problem of spin-up flow was developed by Zaitsev and Shliomis [19]
using the ferrohydrodynamic equations and including the effect of spin viscosity 7, but assuming
that the spin-magnetization coupling term w x M in the magnetization equation was negligible.
The solution obtained had the character of a boundary layer close to the container wall and
rigid-body motion in the core of the flow. However, the predicted co-rotation of field and fluid
was contrary to the limited experimental data on free surface velocity profiles. Theoretical
alternatives were presented by Jenkins [20] and Glazov [21], who both assumed that the spin
viscosity was zero. Both agreed that it is not possible to induce a rotating flow by a uniform
rotating magnetic field alone if 7= 0. According to Glazov, the observed rotation was due to
field in-homogeneities in the azimuthal direction. An extension of the analysis of Zaitsev and
Shliomis was obtained by Rinaldi [22], where the classical spin-diffusion theory was extended
to account for the spin-magnetization coupling in the magnetization equation. The analysis
applied a regular perturbation expansion in powers of the small parameter 72 < 1 (where 2
is the radian frequency of the applied magnetic field and 7 is the relaxation time) and applies
to low amplitudes of the magnetic field where @ — 0. The analysis showed that the original
result of Zaitsev and Shliomis [19] corresponds to the first-order term in the general expansion
scheme and predicts rigid body-like co-rotation of field and ferrofluid up to third order in the

solution.

1.3 Overview of the thesis

Chapter 2 presents predictions for the zeroth and first order contributions of the 6-directed
velocity component, z-directed spin velocity, and torque for spin-up flow of ferrofluid in a
cylindrical container. This analysis was obtained using the regular perturbation method. The
analysis is an improvement to the original analysis of Zaitsev and Shliomis [19] and the analysis
presented by Rinaldi [22], which are valid for low strengths of the magnetic field where the mag-

netization is proportional to the magnetic field. The analysis presented in Chapter 2 predicts

27



flow in the zeroth order contribution and takes into consideration saturation of the ferrofluid
in moderate fields.

In Chapter 3, we revise the theoretical analysis for flow of ferrofluid in an annular gap
in a rotating magnetic field, showing that the theoretical expression for torque presented by
Pshenichnikov and Lebedev [15] is incorrect as the integration constants for magnetic field and
magnetization do not satisfy Maxwel’s equations. Here we present the correct expression for the
torque on the external surface of the inner cylinder in the annular geometry and then compare
this with the expression obtained by Rinaldi et al. [16]. In addition, the analysis for spin up
flow of Chapter 2 is extended to the annular case obtaining the zeroth order contribution of
the velocity field. As is detailed in this Chapter, this analysis predicts flow even though both
cylinders are stationary whereas all previous theoretical work predicts there is no flow.

Chapter 4 presents the experimental setup for the torque and velocity profile measurements
and a complete characterization of the ferrofluids used. Several methods were used in de-
termining estimates of the average diameter of the particle which were compared with direct
measurements of the average particle diameter obtained from TEM and assuming that the size
distribution obeys a log-normal distribution function. The Brownian and Néel relaxation times
were estimated using the commonly used expressions given in the literature, which do not take
into account polydispersity. These were compared with values obtained with a new expression
given by Rinaldi [23] that quantifies the size distribution observed in our ferrofluids.

Chapter 5 presents the first velocity profiles measured in the bulk of a ferrofluid for spin up
flow, and shows that volumetric effects are responsible in driving the flow. However, velocity
profiles without cover show that surface effects are also present. A complete characterization of
the flow is presented, including measurements of the azimuthal component of velocity around the
container and at different heights, as well as measurements of the axial component of velocity.
Torque measurements for two different volumes of water and kerosene based ferrofluids and their
dilutions are presented. Measurements of torque on the inner surface of two hollow spindles with
different volumes are reported for each one of the ferrofluids characterized in Chapter 4. Log-log
plots of the experimental torque normalized using the expression of the theoretical torque vs
the dimensionless applied magnetic field o and vs dimensionless frequency were used to assess

the agreement between experimental torque data and theoretical predictions. Finally, the first

28



comparison between bulk velocity profiles and theoretical predictions of the spin diffusion theory
are presented and an estimate of the spin viscosity for EMG900 ferrofluid is obtained.

Chapter 6 presents measured bulk velocity profiles for annular flow of ferrofluid. These
measurements show that, contrary to the consensus in the literature, there exists a flow even
though both cylinders are fixed. This is in agreement with the theoretical results obtained in
Chapter 3. Measurements of torque on the surface of the inner cylinder for several ratios of
inner to outer cylinder radii are reported for each of the ferrofluids characterized in Chapter
4. Log-log plots of the experimental torque normalized using the expression of the theoretical
torque vs the dimensionless applied magnetic field o and vs dimensionless frequency were used
to assess the agreement between experimental torque data and theoretical predictions.

In Chapter 7 we discuss the more relevant contributions of the thesis. Qualitative compar-
ison of the experimental results and predictions of several theories showing the spin diffusion
theory as the mechanism responsible for the flow. The next step in this field must be directed
to obtain a theoretical or numerical analysis that permit obtained solutions valid for high fields
and a more effort must be made to obtain rheological parameters that permit quantify the effect
of couple stresses through of estimates of spin viscosity.

Finally we include Appendices where the complete set of flow and torque measurements are

presented for spin up and coaxial geometry.
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Chapter 2

Theoretical flow analysis for
ferrrofluid in a cylindrical container
subjected to a uniform rotating

magnetic field

2.1 Spin-up flow of ferrofluids

The phenomenon of spin-up flow of a ferrofluid, a stable colloidal suspension of permanently
magnetized nanoparticles, in a cylindrical container and subjected to an applied rotating mag-
netic field which is uniform in the absence of the ferrofluid has received considerable attention
in the development of the field ferrohydrodynamics [1,8,15,17,19,21,24-31]. Typically, ex-
periments are carried out by placing a sample of ferrofluid in a cylindrical container subjected
to a rotating magnetic field. This setup is suitable for studying the coupling between internal
angular momentum, related to the "spin" of the subcontinuum magnetic particles, and the
macroscopic or "external" angular momentum, related to the experimentally observable macro-
scopic flow of the suspension. In a stationary cylindrical container, surface velocity profiles
show the ferrofluid rotating, rigid-body-like, in a direction which depends on the applied mag-

netic field amplitude, frequency, and rotation direction. Such essentially rigid-body motion is
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observed in the inner core of the ferrofluid and extends close to the stationary cylindrical vessel
wall. To make such observations, tracer particles are often placed on the rotating free surface
— ferrofluid is opaque making probing of bulk flow profiles through optical methods difficult.
Usage of such free-surface tracers limits the accuracy of measurements close to the container
wall. Furthermore, interfacial curvature coupled with magnetic surface shear stresses drive a
surface flow [17], making free-surface measurements unsuitable in determining the bulk flow.

Related work using either unstable or concentrated suspensions of particles or using non-
uniform magnetic fields include Brown and Horsnell [9], Kagan et al. [32], and Calugaru et
al. [33]. These authors report observations where the magnetic fluid switches between co-
rotation and counter-rotation with respect to the applied magnetic field depending on magnetic
field amplitude and frequency. Explicitly, Brown and Horsnell [9] observe co-rotation of field
and fluid for low applied fields and counter-rotation for high applied magnetic fields, whereas
Kagan et al. [32] and Calugaru et al. [33] observe counter-rotation for low applied magnetic
fields and co-rotation for higher applied fields.

Observations of counter-rotation of field and fluid led Brown and Horsnell [9] to investigate
the direction in which the cylindrical container would rotate if it could freely do so. This
represents an indirect measurement of the torque exerted by the ferrofluid on the container
wall. One would expect the counter-rotating fluid to drag the cylindrical container with it, but
experiments show the container co-rotating with the field whereas the fluid counter-rotates.
Such observations, have since been corroborated by Kagan et al. [32] and Rosensweig et al. [17].

Various authors [1,8,17,19,21,24,25,29,31] have attempted theoretical analyses aimed at
explaining experimental observations of free surface flow profiles. The spin diffusion theory, due
to Zaitsev and Shliomis [19], assumes the magnetic field throughout the ferrofluid region is uni-
form, with concomitant uniform magnetization of the ferrofluid. The resulting magnetic body
couple is uniform whereas the magnetic body force is exactly zero. Within the assumptions of
their analysis, the ferrofluid flow field is determined analytically using the phenomenological
structured continuum theory [34-36] which includes the effects of antisymmetric stresses, body
couples, and couple-stresses representing the short-range surface-transport of internal angular
momentum. The spin-diffusion results of Zaitsev and Shliomis [19] were subsequently used to

estimate the magnitude of the phenomenological coefficient of spin viscosity, appearing in the
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commonly accepted constitutive form of the couple-stress pseudo-dyadic, as well as to ana-
lyze/interpret experimental observations [17,26]. Unfortunately, as pointed out by Rosensweig
et al. [17], this analysis fails to correctly predict the experimentally observed free-surface flow
magnitude and direction.

The spin-diffusion theory [19] and other [1,17,29] analyses adapted therefrom assume that
the fluid magnetization is proportional to the magnetic field, limiting the solution range to
low values of the applied magnetic field where the Langevin parameter «, appearing in the
equilibrium magnetization relation, is negligible (o < 1). Also, these analyses neglect or are
inconsistent with the spin-magnetization coupling in the phenomenological magnetization relax-
ation Eqn. (2.7) of Shliomis [37]. This can be most clearly seen in [19], where the magnetization
Eqn. lacks the w (x) x M (x) term on the right-hand-side of (2.7). It is neglected in, or rather
is inconsistent with, the analysis the Rosensweig et al. [17] and Kaloni [29] when they assume
the field and magnetization are uniform throughout of ferrofluid. This is illustrated when one
considers that a position dependent spin field, as obtained in their contributions, is inconsis-
tent with a uniform magnetic field and magnetization, as assumed in their treatments, in the
magnetization relaxation Eqn. (2.7). The importance of the spin-magnetization coupling term
w (x) X M (x) in predicting novel ferrofluid behavior has been shown previously by Zahn and
coworkers [38-41], where the situation of plane-Pouseuille/Couette flow of ferrofluid subjected
to alternating and rotating magnetic fields was analyzed.

An alternative theoretical explanation for the observed flow phenomena was developed by
Glazov [21,24,25]. The analysis considers the effect of higher-order spatial harmonics, expected
to occur in practice due to non-idealities in the stator winding distribution, e.g., due to slot
effects. Essentially, Glazov’s analysis considers the same phenomenological theory used by Za-
itsev and Shliomis [19] and others [1,17,29], but neglects contributions due to couple-stresses
in the ferrofluid. Glazov’s analysis, in its various forms and stages, essentially concludes that
flow would not occur in the absence of the higher-order harmonics when a two pole winding
distribution is used as the source of the applied magnetic field. Hence, according to Glazov,
experimental observations of spin-up flow are entirely attributed to imperfections in the ex-
perimental apparatus and the concomitant higher-order spatial harmonics in the magnetic field

distribution. Still, the predictions of Glazov fail to explain the experimentally observed counter-
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rotation of field and ferrofluid at the free surface [17].

At least three other hypotheses have subsequently been advanced in the literature to ex-
plain the observed phenomena: (i) that the flow is entirely driven by free surface curvature
and surface excess forces [17]; (ii) that the observed phenomenon results due to a shear-stress
dependent slip boundary condition [42] on the ferrofluid translational velocity coupled with
a spin-slip boundary condition [29,43]; and (iii) that an energy dissipation mechanism gives
rise to temperature gradients, with concomitant gradients in magnetic properties, resulting in
magnetic body forces which drive flow in the direction opposite field rotation [31,44].

That surface curvature dependent flows indeed occur in ferrofluids was demonstrated by the
experiments of Rosensweig et al. [17]. In their study, free-surface rotation rate and direction
was measured for the meniscus formed by a dilute water-based ferrofluid in a 9.5 mm internal
diameter capillary tube subjected to uniform rotating magnetic fields of increasing amplitude.
The shape of the meniscus was switched from concave to convex by modifying the capillary
surface properties. With a concave meniscus the magnetic field and fluid were observed to
counter-rotate, whereas magnetic field and fluid where observed to co-rotate with a convex
meniscus. Additionally, Rosensweig et al. [17] observed that the angular rotation rate of the
free surface increased as the internal diameter of the cylindrical container decreased. This, they
remarked, is contrary to usual expectations in viscous flows. These observations led Rosensweig
et al. [17] to conclude that "surface stress rather than volumetric stress is responsible for the
spin up phenomenon".

Another explanation was suggested by Kaloni [29], who attributed the experimental obser-
vations of [17] to a slip velocity boundary condition. Kaloni obtained the translational and
spin velocity fields between two stationary coaxial cylinders subjected to an externally-applied
uniform rotating magnetic field. However, Kaloni fails to make definite predictions based on the
magnitude and direction of spin-up flows in ferrofluids under typical experimental conditions.

A third theory, due to Shliomis et al. [44], suggested that spin-up flow is driven by nonuni-
formity of magnetic permeability due to radial temperature gradients produced by viscous
dissipation in the microeddies that arise around the rotating particles, especially at high fre-
quencies. This view was extended analytically by Pshenichnikov et al. [31], predicting counter

rotation of fluid and field for frequencies below 10° s~!(16 kHz) and a maximum of the ve-
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locity profile located at r = Ro/V/3 (Ro is the radius of the outer container), independent, of
the properties of the fluid. In addition, Pshenichnikov et al. claim that for low frequencies and
amplitudes of the magnetic field the flow is driven only by tangential magnetic stresses on the
free boundary of the fluid.

Chaves et al. [45] reported experimental bulk velocity profile measurements obtained using
the Ultrasound Velocity Profile (UVP) method for ferrofluid under a uniform rotating magnetic
field. These measurements showed rigid-body-like azimuthal velocity profiles co-rotating with
the field throughout the bulk of the container, in qualitative agreement with the predictions
of [19]. Likewise, it was observed that the flow direction at the free surface is opposite to
the direction of field rotation as in [17]. These experiments [45] suggest that two different
mechanisms operate in driving the flow; surface shear stresses for the fluid near the top free
surface and volumetric effects for the bulk. Furthermore, these observations demonstrate that
surface flow measurements are inappropriate in the assessment of bulk flow theories.

Herein we present a complete characterization of bulk flow during spin up using the UVP
method, with corresponding torque measurements on the surface of the cylindrical container
for two different volumes of fluid. Water and kerosene based ferrofluids were used with sev-
eral volumetric particle fractions obtained by dilution of the more concentrated commercial
ferrofluid. Because the experiments were carried out at non-negligible values of the magnetic
field, whereas the spin diffusion theory [19] strictly applies in the limit of zero field, we begin
by presenting an asymptotic solution of the ferrohydrodynamic problem, extending the results

of [19].

2.2 Analytical approach

Motivated by the experimental evidence presented by Chaves et al. [45], where bulk velocity
profiles for ferrofluid in a cylindrical container showed qualitative agreement with the spin-
diffusion theory, we extend this theory using the regular perturbation method. To this end,
the magnetization relaxation Eqn. (2.7) used in our analysis includes a term of O (a3) in
the equilibrium magnetization expression, Eqn. (2.8), in contrast to the usual assumption of

M., = x;H, which only includes the term of order O («). In addition, the term w (x) x M (x)
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enters the analysis at first order.
In order to solve the coupled ferrohydrodynamic equations, we will apply a regular pertur-

bation expansion in powers of the small parameter

MoXiKQT
C )

€ (2.1)

where p1g = 47 x 1077 H/m is the permeability of free space, x; is the ferrofluid’s initial
susceptibility, K is the amplitude of the magnetic field, and 7 is the effective relaxation time
of the particles. A similar approach, using ;7 as the perturbation parameter, was used by
Rinaldi and Zahn [41] to analyze the problem of plane-Poiseuille/Couette flow of ferrofluid
subjected to externally applied alternating and rotating magnetic fields. There it was shown
that, as a consequence of the simplified geometry, the magnetic field and magnetization could
be obtained analytically to any order n independently of the translational and spin velocity
field. This ceases to be the case in the analogous problem of spin-up flow of ferrofluid in a
cylindrical container, requiring determination of the (n — 1)th order fields before obtaining the
nt? order fields. Thus, in the present contribution we consecutively obtain the zeroth- and first-
order terms in the regular perturbation expansion of all relevant field quantities for the spin-up
flow of a ferrofluid in a cylindrical container when the externally applied rotating magnetic
field is uniform in the absence of ferrofluid. The solution procedure consists of determining
the zeroth-order magnetic quantities, from which the resulting magnetic force and couples are
calculated. These are used in turn to obtain the zeroth-order translational and spin velocity
fields. The zeroth-order fields thus obtained are subsequently used to determine the first-order
magnetic field and magnetization with concomitant first-order magnetic forces and couples used
in determining the first-order flow fields. These steps illustrate the procedure used to obtain

the effects of the spin-magnetization coupling to any order in e, with convergence for ¢ < 1.
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2.3 Analysis of flow and torque

Conceptually, we consider the experimental situation illustrated in Fig. (2-1), consisting of an
infinite column of ferrofluid contained in a nonmagnetic cylinder of radius Rp and magnetic
permeability pg whose outer wall is constrained to be stationary due to an externally applied
mechanical torque. The column of ferrofluid is assumed to be long enough in the z-direction
such that end effects may be considered negligible. We are therefore solving for the fields in
the bulk and thereby eliminating all aforementioned free-surface-curvature effects, the analysis
and effects of which we leave to future contributions. The cylinder is placed in the gap of a
magnetic field source, which, for definiteness, we choose to be the idealization of a two-pole
magnetic machine stator. The stator winding is modeled as a surface current distribution in the
z-direction with real amplitude K (0,t) located at radius r = Rp, and which varies sinusoidally

with time at radian frequency €2y and is sinusoidally distributed with angle 6
K (0,t) = Re {Kej(ﬂft_”e)} i.. (2.2)

The current distribution is backed with a material of infinite magnetic permeability, © — oo.
Here, j = v/—1 is the imaginary number, n is an integer which for a uniform magnetic field
source is 1, and K is the surface current peak amplitude, taken to be real so that, without loss
of generality, we have chosen a phase angle of zero for the current distribution. We have made
the radii of the ferrofluid container and stator equal for simplicity in the analysis. An air gap
would have introduced another region where Maxwell’s equations, in the magnetoquasistatic

limit, would have to be applied and solved.

2.4 Governing equations

We use the set of ferrohydrodynamic equations summarized in [41,46]. The first is the continuity
equation, which assumes the ferrofluid is a homogeneous diluted colloidal dispersion of magnetic

particles (subcontinuum units) in an incompressible liquid carrier,

V.-v=0, (2.3)

36



Figure 2-1: Schematic illustration of the coupled magnetic-hydrodynamic problem for spin up
flow. The azimuthal velocity component and axial directed spin velocity are obtained for a
long column of ferrofluid of external radius Ro subjected to a uniform rotating magnetic field
perpendicular to the axis of the cylinder. The magnetic field is modeled as a z-directed surface
current distribution K (6,t)i,, which is backed by a material of infinite magnetic permeability,
1 — 0.
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where v is the mass average velocity of the fluid. The second expresses conservation of linear
momentum,

D 1
pﬁng+u0M~VH—Vp—2CV>< (2V><v—w> +nV3v. (2.4)

This equation takes into account the asymmetry of the viscous stress tensor, a consequence
of body couples exerted on the subcontinun units. In Eqn. (2.4), p is the density, g is the
gravitational acceleration, p is the pressure, M is the magnetization vector of the suspension,
H is the applied magnetic field vector, ¢ is the vortex viscosity (a dynamical parameter analo-
gous to the shear viscosity and which characterizes the asymmetric component of the Cauchy
stress), w is the spin velocity vector, and 7 is the suspension-scale shear viscosity. The second
term on the right hand side of (2.4) represents the magnetic body forces due to field inho-
mogeneities, whereas the fourth term represents the antisymmetric component of the Cauchy
stress, occurring when the particles rotate at a rate different than half the local vorticity of the
flow. A dilute limit expression for monodisperse nano-particles suspensions in Newtonian fluids

is available for the vortex viscosity

¢ = 1.5¢,70, (2.5)

where ¢, is the hydrodynamic volume fraction of suspended particles and 7, is the shear
viscosity of the suspending fluid [47].
The spin velocity in the ferrofluid is governed by the internal angular momentum equation,

D
pl——

1
D‘;’ = oM x H + 4¢ <2V XV — w> + 17 V3w, (2.6)

where I is the moment of inertia density of the suspension and 7’ is the shear coefficient of spin
viscosity. The first term on the right hand side of Eqn. (2.6) represents the external body couple
density acting on the structured continuum whenever the local magnetization is not aligned
with the applied magnetic field. The second term is the antisymmetric vector of the Cauchy
stress and represents the interchange of momentum between internal angular and macroscopic
linear forms. The third term represents the diffusion of internal angular momentum between

contiguous material elements, which has been generally neglected by fixing the coefficient of
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spin viscosity to zero. This assumption results in zero flow, as can be easily verified from the
analysis presented below.

The suspension magnetization M represents the local alignment of subcontinuum units and
as such must also obey a balance equation. The original equation [37] has been the subject
of much recent debate [48-53], but is still regarded as correct for low applied field amplitude
and frequency, i.e., when the local magnetization is not far from its equilibrium value. The

magnetization relaxation equation, as it is usually called, is then

aail\t/I—FV'(VM):CUXM_%(M_Meq)' (27)

In (2.7), the first term on the right hand side represents the effect of particle rotation on M (x),
whereas the second term accounts for orientational diffusion of M (x) towards an equilibrium
value. The equilibrium magnetization M., for a superparamagnetic ferrofluid is given by the

Langevin relation [1],

E o = poMgHV,
H|" kT

L(a) o = [cotha - 1] . (2.8)

oMy a

Here L («) is the Langevin function and « is the Langevin parameter, a measure of the relative
magnitudes of magnetic and thermal energy. In (2.8) M is the domain magnetization of the
magnetic nanoparticles, kp is Boltzmann’s constant, T  is the absolute temperature, and V. is

the volume of the magnetic cores. The use of an effective relaxation time

i_tr,.1 (2.9)

T TR TN

is commonly assumed because relaxation can occur simultaneously by the Brownian and Néel

mechanisms. The Brownian relaxation time is given by

377(){}1
prm— 2-1
TB kT ) ( O)

with V}, the hydrodynamic particle volume, and the Néel relaxation time is given by

1 K
=L o (K%Y, e




where fj is a characteristic frequency of the magnetic material [1], K is the magnetocrystalline
anisotropy constant of the magnetite nanoparticles, and V. is the magnetic volume.
All that remains to complete our description are Maxwell’s equations in the magnetoquasi-
static limit [54, 55]
VxH=0, V-(M+H) =0, (2.12)

and the corresponding interfacial boundary conditions for the magnetic field, namely continuity
of the normal component of magnetic induction and the jump in the tangential magnetic field

due to surface currents

n-[(H+ M), — (H+M),] =0 (2.13)

nx [H, - 0] = K (2.14)

in which n is a unit vector locally normal to the interface pointing from phase b to phase a.

2.5 Fluid boundary conditions

In an attempt to provide an alternate explanation for the observations of Rosensweig et al. [17],
Kaloni [29] considered the effect of different boundary conditions on the translational and spin
velocity fields, in the framework of the Zaitsev and Shliomis [19] analysis. Boundary conditions
in structured continuum theories have been under debate for a long time [36,42,43,56-58]. The

boundary conditions used by Kaloni [29] are a coefficient-of-friction 5 dependent slip velocity

[nXx (n-T xn)], (2.15)

V—Vs=

|

and a generalized spin-slip condition
_7
w—ws—§v X V. (2.16)

Here n is an outward-directed normal unit vector at the boundary, T the Cauchy stress tensor
in the fluid, and v € [0, 1] is an adjustable coefficient. The subscript s denotes properties of the

contacting solid medium.
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The translational slip velocity boundary condition (2.15) dates back to Lamb’s [59] argu-
ments of slip being opposed by frictional forces at the wall and has been championed by various
authors [42,43]. However, as the slip "friction coefficient" f§ is inversely proportional to par-
ticle radius [42] these effects should be negligible in ferrofluids, where characteristic particle
diameters are of the order of 10 nm.

The spin-slip boundary condition (2.16) is a linear combination of the two cases of zero spin
and zero asymmetric stress boundary conditions, and is the subject of even further controversy
[36,42,43,56-58]. The first case (7 = 0), corresponds to the possibility of no spin slip of the
particles near the wall due to strong particle-wall interaction. In the second case (v = 1), the
particles rotate at the local vorticity of the fluid, hence antisymmetric stresses are absent in
the wall. This boundary condition was initially proposed by Condiff and Dahler [36] and is a
simple ad hoc alternative, with a single parameter v, to the general tensorial boundary condition

proposed by Aero [43].

2.6 Scaling of the governing equations

Scaling of the governing equations is required in order to formulate a regular perturbation
problem which permits an analytical solution by decoupling the ferrohydrodynamic Eqns. (2.3)
to (2.12). Field quantities are scaled with respect to their expected characteristic values. The
resulting scaled variables are denoted by an over-tilde, are assumed to be of order unity, and

are given by

- M - H - ro.
M= A= — V=RoV: = —: i =Qt 2.17
WK K oviT="p0o 1 (2.17)

~ p -~ v - w
S N A 2.18
p=liv=rio=" (2.18)

where U; and w are the characteristic translational and spin velocities [60] and II is the charac-
teristic pressure, assumed to be nw. As the linear velocity is driven by rotation of the particles,
we have chosen for the scale of the linear velocity U; = wRp. The characteristic spin velocity

is then determined by substituting the scaled variables of Eqn. (2.17) in the internal angular
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momentum Eqn. (2.6). Grouping terms we obtain,

2 ,
PoXiS7 5 o S o~ - M &2~
OZC#QfoH+2va—4w+@Vw. (2.19)
The dimensionless frequency defined by Q § = Q7 appears in the first term of (2.19) because
the magnetic body couple M x H is of order sin#, where  is the angle between M and H,

typically proportional to ¢- Thus, from a dominant term analysis the coefficient of the external

body-couple density is of order unity only if the characteristic spin velocity is

K%Q
o = HoXit 2 (2.20)
¢
and consequently
5= <7p(f; o= Cw2~ V= C;ﬁ : (2.21)
pomx K20 poX K2y HoX 8 Ro

The resulting scaled governing equations, neglecting inertial terms in the linear momentum

equation, are

0= S N.H - V12 ¥xa+ e, (2.22)
n8dy n n
1 - - An -
0= =M x H+2V x ¥ — 46 + —-V’, (2.23)
Qf Nek
Qfaag+Qf6{7'VM—Qf€¢TJXM—M+X‘[g, (2.24)
VxH=0, (2.25)
v. (X,- V +ﬁ> = 0. (2.26)

In the preceding equations we have defined 1, = 1 + ¢, and introduced the dimensionless

parameter K
2 477R204

,

NeM

K

. (2.27)

As can be observed in Eqns. (2.22) to (2.24), the factor Q¢ could also be used as a perturbation

parameter, as done by Rinaldi [22]. Though that would permit decoupling of the equations,



the resulting solution would still be limited to the case @ — 0. The parameter ¢ is related
to the Langevin parameter, as can be shown using the following expression for the initial

susceptibility [1]

oo M3id®
=TT Ta 7 2.28
the Brownian relaxation time, Eqn. (2.10), and vortex viscosity, Eqn. (2.5), obtaining
2 2
e== a— (2.29)
Al

Expanding the Langevin function in a power series of a and using Eqn. (2.29), the M., term

can be expressed as a function of the perturbation parameter

M,, N
Mo _f{ 1——‘H‘ H
XiK <

+ 0(53)> . (2.30)

Equation (2.30) is now substituted in Eqn. (2.24) to obtain

Qf(a;\;fljtﬂfefz-ﬁlf/lzﬁfs&><1\7I—1\7I+fl<1—(H‘Jr ‘H‘ +0(e )>. (2.31)

Thus, choosing e as the perturbation parameter allows decoupling of the equations as well as

considering the effects of non-negligible magnetic fields.

2.7 Zeroth order problem

In order to apply the regular perturbation method we expand all field quantities in powers of
the parameter € and group coefficients of like powers of € to obtain the set of equations for each

order of the problem. The corresponding set of equations for the zeroth order problem are

V xHy =0, (2.32)

V- (Mo + f{o) —0, (2.33)
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- OM, -~ -
- - 2 - -
0= -5 Ny $Hy — Vo + 2% x @0 + 129, (2.35)
Qgn U ¢
1~ = el
0=—Myx Hy+ 2V x vg — 4wy + 2V w. (236)
Qf 776’%

As can be seen, the zeroth order magnetic field and magnetization can be solved independently

of the hydrodynamic problem.

2.7.1 Zeroth order magnetic field and magnetization

We assume the magnetic field and magnetization have a functional form similar to Eqn. (2.2)

with m =1
By (7,0,0) = Re { [ A0(7)iv + Hoo(7)ig] /9 ), (2.37)
M (7,0,%) = Re { [Mr,o(f)ir + MQ,O(f)ie} ej(f*f’)} , (2.38)

where the hat denotes a complex-amplitude quantity. Using Eqn. (2.38) in Eqn. (2.34) we
obtain expressions for the zeroth order magnetization components as a function of the zeroth

order components of the magnetic field,

Hp ~ H,q

. Mo (7) = .

Vg (7) =220
o () =155

(2.39)

Now, substituting this in Eqn. (2.33) and using Eqn. (2.32), we obtain the following system of

differential equations for the azimuthal and radial components of the magnetic field

<~ A9’0> .E[ —_— O 2 40

l~ J r,0 ’ ( . )

7( T70) = jﬁg 0 (241)
7 ,09
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with solution given by,

ﬁr,o = 0170 + 027()?_2, (242)

Hyo = —j (Cro— Caof?). (2.43)

Because the solution range includes 7 = 0, the constant C5 ¢ must be zero, so that the magnetic
field remains finite at the origin. The constant (7 is obtained using the tangential jump

condition, Eqn. (2.14), written in dimensionless form
Hpo(F =1) = —1. (2.44)
The resulting expressions for the complex amplitudes of the zeroth order magnetic field are

H.o=—j, Hpo=—1. (2.45)

)

This result demonstrates that the zeroth order magnetic field is uniform in the cylinder gap.

2.7.2 Zeroth order magnetic body force and body couple

Using the expressions for the zeroth order magnetization (2.39) and magnetic field (2.45) we
obtain expressions for the magnetic body force and magnetic body couple. Since the zeroth
order magnetic field is uniform, the magnetic body force M, - VHy is clearly zero. The zeroth

order body couple is,

Zz:<1\71><f{): I 9.46
0 oxHo) o2 (2.46)

2.7.3 Zeroth order linear and spin velocity fields

The zeroth order magnetic body force is zero, whereas the zeroth order body couple is constant.
Thus, to obtain the linear and spin velocity fields, we solve the linear and internal angular mo-
mentum Eqns. (2.35) and (2.36), assuming steady flow in axisymmetric cylindrical coordinates.
The resulting equations governing v o(7) and @, o(7) are the azimuthal component of the zeroth

order linear momentum,

1. d [ld(rve,o)] _ X0, (2.47)

ndr |7 dF n dr
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and the z-component of the zeroth order internal angular momentum

1d ~d(:120 47’] Zd(’lz’lN)gg) - 1
-4 ’ z ) _ 4z, N 2.48
fdf(r dF )776/62+77 dF “”°+1+va (2.48)

In order to solve for ¥y o(7) and @, o(7), we introduce the vorticity €2, ¢ of the zeroth order

translational velocity in Eqn. (2.47) to obtain

d (1, = 2C .
— (20, 0—=0,0) =0, 2.49
df(n . nw’(]) (2:49)

and then carry out the integration to yield an expression for the zeroth order vorticity

QZ,O = —Wz0 + WECL (250)

which we replace in Eqn. (2.48) to yield a nonhomogeneous modified Bessel equation of order

zero for the z-component of spin velocity

1d [_dw, 2 >
1d (f w’0>—/§2(:)2,0:—’€01—w (2.51)
F

The corresponding solution is,

Wz0(7) = % + Colo (RFF) + ——te—, (2.52)

4n) (1 + Q?)
where Iy (x), is the modified Bessel function of first kind, order zero. The constant that ac-
companies the modified Bessel function of the second kind of order zero, K (x), has been fixed
equal to zero so that the solution remains finite at # = 0. Using Eqn. (2.52) in Eqn. (2.50)
and integrating, we can determine the zeroth order translational velocity. The expressions for

the constants C7 and Cy were determined using the boundary conditions (2.15) and (2.16) to
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obtain

o 1 To () I (k)
0 () b =R ) (259

o ¢ L) (. Io (k)
90 e (12 58) b ) (%) 220

In (2.53) and (2.54) we have defined the parameter n* as

~

2 (k)
Iy (k)

n=n-C(y-1) (2.55)

The linear and spin velocity fields are intimately related to the value of k and therefore to the
value of the spin viscosity 1. As 7" — 0, K — oo and the translational velocity tends to zero
whereas the spin velocity becomes uniform in the gap. Comparison between Eqn. (2.54) and
the expression reported by [19], shows that our zeroth order analysis corresponds to the spin

diffusion result, albeit allowing a more general boundary condition for the spin velocity.

2.8 First order problem

The set of equations for the first order problem are obtained using the same procedure as for

the zeroth order problem, resulting in

V xH; =0, (2.56)
V- (Xilf/ll + f{l) —0, (2.57)
Oy 2 Q0 - VM = O (@0 x Mo ) = My + H; — =0 || (2.58)
i 10
- - _ 2 - _
0= S (MO VH, + M, - VHO) T+ Bk + e, (2.59)
n€dy n ¢
1 ~ ~ ~ ~ ~ dn -
0= — (MO % H; + M, x H0> + 2V x 1 — 461 + — V0. (2.60)
Q Nek

In the same form as for the zeroth order problem the magnetic field and magnetization can
be obtained independently of the hydrodynamic problem. The solution strategy will be similar

to the zeroth order problem.

47



2.8.1 First order magnetic field and magnetization

In the first order magnetization relaxation Eqn. (2.58) it is clear that the second term of the
left-hand-side is zero owing to the uniformity of the zeroth order magnetic field, whereas the

norm of the zeroth order magnetic field equals unity
(ﬁo) ~1. (2.61)

We obtain the components of the first order magnetization from Eqn. (2.58)

- 1 5 - H,p
= — |H,1 — Q@,oMgo — — 2.62
r1 1 +]Qf [ r,1 Wz,0Mp,0 10 ] s ( )
. R - H,
pa=———— | Hpy + Q. 0 M0 — =22 | . (2.63)
1 +7 f 10

Using Eqns. (2.62) and (2.63) together with Eqns. (2.56) and (2.57), we obtain a system of
equations similar to (2.40) and (2.41), however, in this case the flux continuity equation has a
forcing function that involves the radial derivative of the z-directed component of spin velocity.
This system of equations can be reduced to an equidimensional differential equation with a

Bessel forcing function for the azimuthal component of the magnetic field,

d fd <77]‘Alg71)

= — iHy, = AFI, (kP 2.64
= = JHg 71y (KT) (2.64)

where A has been defined as

A nerxiy 5 . (2.65)
e (1 3+ 39) (2 =3) " (7 + ) To ()

The particular solution can be determined using the method of variation of parameters. The
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solution for the azimuthal and radial components of the magnetic field are

A~

Hy, () = ;t [Il (sz) — I (Ii)} ; (2.66)
Hra(7) = g [T )+ 1o ) = 202 (267

In Eqn. (2.66), it can be shown that the limit of I; (k7) /7 when 7 tends to zero is £/2. Using
Eqns. (2.66) and (2.67) in Eqns. (2.62) and (2.63) one can obtain the components of the first

order magnetization.

2.8.2 First order magnetic body force and body couple

The first order magnetic body force is

fi (X) = Mo . @ﬂl + 1\7[1 . 611:10 (268)

Owing to the homogeneity of the zeroth order magnetic field, the second term of (2.68) is clearly
zero. As can be shown by taking the curl of this equation, and using the fact that the zeroth

order magnetic field is uniform, the first order body force is potential

fol(x):Vx(1\7[0-@1:11>:1\~/IO-V(@><I:11):O, (2.69)

and can be expressed as the gradient of a scalar field f (x) = —Vy. This is relevant as a
potential magnetic force not does result in macroscopic flow [61].

The first order body couple is given by

I; (X) = 1\710 X ﬁl + Ml X ﬁo, (270)

which can be shown to have the form

l.1(7) = B + Gy (k7), (2.71)
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where the constants B and G are defined as

) (702 +204)

B = (v¢—n.)

- — 20,1 (k) (2.72)
207" (1 + ch)

M&ﬂ2+mﬂﬂ+6k1+M)+Qﬂfw—2—ﬂ+vﬂﬂ+2( 1)
(2.73)
20m* K (1 + QQ) {(1 + )%+ Qﬂ Io (k)
o )2 at
o URY [(1 + i) f} 274

~N\3 N :
4n* (1 + Q%) [(1 +x:)% + ch] Io (k)
2.8.3 First order linear and spin velocity fields

To solve the internal angular and linear momentum equations we use the same procedure as for
the zeroth order problem to obtain the following non-homogeneous modified Bessel differential

equation with Bessel forcing function for the spin velocity,

1d [(_.dw,, 9~ K2 Nk? .
— | — K0, =——7C1— = [B+1 G, 2.75
7 dr <r dr ) e 2 ! 4179f[ o (sG] ( )
with particular solution given by
- a Ch . K . -
0x1(7) = > + Caly (KT) + B — 57“11 (k) G| . (2.76)

4nSdy

Using (2.76), the first order vorticity is obtained and then upon integration the first order
azimuthal component of velocity. The constants C; and Cy were determined from the first
order no-slip boundary condition for the velocity and the first order spin velocity boundary
condition. Substituting, C; and C3 in Eqn. (2.76), one obtains expressions for the z-directed

spin velocity,

- 1
Bxalf) = g {2 06 =) [ (976 + B ) B

+ nedo (w7) [=2nB + (1, — ¥C) k11 (k) G +2¢ (v — 1) I (k) G] +

Io (k) nen® (2B — 71y (w7) KG) +2¢ (e =€) L2 (k) G}, (2.77)
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and azimuthal-component of the linear velocity

o1 (F) = ¢ {Il(fif)[—2nB+(ne—vC)ﬂh(fi)GHC(’y—1)Iz(m)G]+B_
a 477(2]0 T]*KZIO (/i)

FOC =) {1 (6 G+ L (W) B~ 1 (x) G} ;
+7[B—-I1I(kr)G] ). (2.78)
n*Io (k)

G

*

K

3

_l’_

2.9 Second order problem

The second order magnetization equation is

)Y P -
Qf 87?2 —I—Qf (VO-VMl —{—Vl-VMo) =

- - - - - H, (-~ 2
Qf(&oXM1+@1XM0>—M2+H2—T()1 H,

Hy (- 5 H,
+ (o + flho) ==

. . He - -
(HT,OHr,l + He,oHa,l) + 3—50}[,%0}]9270. (2.79)

In equation (2.79), the fifth, sixth, and seventh terms on the right hand side correspond to the

g2 terms of equation (2.30). These terms are equivalent to

H, (ﬁ,ﬁo + flgﬁo) — 2 [sin (5¢ — 50) i, — cos (5t — 50) ig)], (2.80)

S S 1
H, (Ijr,ﬂ,om1 n H(,,OHM) = — {lbwilo (7) + (a = b) 71 (k) — (a+b) Iy (k7)) cos (3¢ — 36)

+ a7kl (k7) — (@ + b) 711 (k) + (—a + b) 11 (k7)] sin (3t — 30) } i+

e {[brrly (k7) + (a — b) 711 (k) — (a + b) I; (k7)] cos (3t — 30) +

a7kl (k7) — (a+b) 711 (k) + (—a + b) I (k7)]sin (3t — 36)}ip (2.81)

HoH? Hj o = - sin (5t — 50) i, + cos (5t — 50) i) . (2.82)
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where

Xﬂ?e“zﬁi (2+x,)
An* (1 + Q})2 [ch +(1+ xi)Q] rly (k)
. Xﬂ?e“zﬁf (14 - Q?) 50
dy* (1 + Q}) [Q; +(1+ Xi)Q] ko (k)

a = —

(2.83)

The contributions due to the first and seventh terms of Eqn. (2.79) cancel, as seen from
Eqns. (2.80) and (2.82). From Eqn. (2.81) one finds that the fundamental and third harmonics
of the applied field will have to be considered in solving for the second order magnetic fields. This

will require assuming the following functional forms for the magnetic field and magnetization

I = Re {ﬁ%ej(ﬂf”) + ﬁ;”ej(?’ﬂf“e)} , (2.85)
M = Re { N1} e/ (U70) 4 Npge/ (2 =30) | (2.86)

Thus two magnetic fields problems will have to be solved to obtain the second order force and
couple. While this is not difficult, it is lengthy and tedious and we therefore leave our solution

at the first order.

2.10 Range of applicability of the analysis

The solution obtained using a regular perturbation method is valid only for small values of
the perturbation parameter ¢ < 1. In this case it is expected that a good approximation can
be obtained with only a few terms in the perturbation series [62]. However, it is necessary to
know how many terms are necessary for a valid level of approximation. Fig. 2-2 shows the
perturbation parameter plotted for several orders of the analysis as a function of the amplitude
of the applied magnetic field and using the properties of the EMG705 ferrofluid. Thus, for
amplitudes of the applied magnetic field H > 1 mT corrections terms of O (a2) are relevant in
obtaining a good approximation. However, it is important to note that the leading term (zeroth
order solution) reveals the more important characteristics of the flow, whereas remaining terms

give small corrections to the solution.
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Figure 2-2: Perturbation parameter as a function of the applied magnetic field. In order to
obtain predictions for applied magnetic fields of approximately 5mT correction terms O (63)
will be needed.

In addition, analyses such as Zaitsev and Shliomis [19] assume that the M., ~ x;H. This
is equivalent to assuming that the Langevin function ( L (o) in Eqn. (2.8)) is approximated
using only the first term O («) of a power series. Nevertheless, the first order contribution
considers up to the second order of the power series, thus correction terms up to O (a3) are
included in the analysis. Fig. 2-3 describes this behaviour, indicating that deviations of the
M., are observed for values of a > 0.3 for the first order analysis whereas for the second order

deviations are observed for v > 0.8.

2.11 Predictions of the analysis

The predicted translational and spin velocity from the asymptotic analysis are shown in Figs.
2-4 and 2-5. These were obtained using the properties of the EMG705 ferrofluid given in Table
4.1 and 4.3. Because there are no measurements or rigorous estimates for the spin viscosity we
have arbitrarily chosen the value x = 100 to illustrate the general features of the solution. In
Chapter 5, we will consider this matter further and attempt to estimate a value for x based on

our experiments. The analysis predicts, for zeroth order, a rigid-body-like azimuthal velocity
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Figure 2-3: Plot of L (a) = coth(a) — a~! and its approximations obtained from a power
series expansion truncated to O (042), O (a4), and O (ae), versus . This figure shows that in
previous analysis deviations of the M, are observed for o > 0.8.

profile co-rotating with the field through most of the fluid and decreasing to zero near the
container wall in a thin layer whose thickness depends on the dimensionless parameter x and as
a result on the value of the spin viscosity 7’. The first order analysis predicts flow opposite to
field rotation possibly due to the effect of the spin-magnetization coupling term w (x) x M (x)
of the magnetization equation. However, it is likely that in contributions of higher order,
correction terms of even order yield co-rotation between flow and field whereas counter rotation
will be obtained for terms of odd order in similar fashion to the case studied in [22]. Thus, the
net effect of higher order terms will be flow retardation and not a change in flow direction.

Figure 2-6 shows the effect on the translational velocity profile of the v coefficient in the
generalized spin boundary condition, Eqn. (2.16). These velocity profiles were obtained using
k = 10 to emphasize the effect of v. As can be observed, there is a small effect only on the
magnitude of the flow because all other figures were obtained assuming v = 0.

Figure 2-7 shows the effect of the parameter x for translational velocity profiles which is in
agreement with the fact that no flow is predicted when 17" — 0 or kK — oco. Fig. 2-8 illustrates the
effect of the magnetic field amplitude on the magnitude of the flow. This theoretical analysis

also predicts an increase of the rotation rate of the fluid with decreasing container radius up to
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Figure 2-4: Theoretical translational velocity profile for zeroth, first, and composite asymptotic
solution obtained from regular perturbation, with ¢ = 0.162, and using ferrofluid properties for
EMG705.

Figure 2-5: Theoretical spin velocity profile for zeroth, first, and composite asymptotic solution
obtained from regular perturbation method, with ¢ = 0.162, and using ferrofluids properties of
the EMG705.
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a radius which depends on &, below which the rotation rate decreases to zero, as shown in Fig.
2-9. Similar behavior was observed experimentally by Rosensweig [17] for free surface flow in a
cylindrical container for which the external radius was changed between 40 to 5mm. A more

complete comparison with experimental velocity profiles will is presented in the Chapter 5.

2.12 Torque on the cylindrical container

Having obtained the translational and spin velocity fields we proceed to derive an expression
for the torque on the surface of the cylinder. The hydrodynamic torque on the container is
given by
Lo = fds (~Txr+C). (2.87)
S

where T is the stress tensor with a symmetric Newtonian part and an asymmetric part whose

phenomenological form was presented by Condiff and Dahler [36]
T = —pl+n [VV—}—VVT]—I—)\(V-V)I—G—Ce-(va—Qw). (2.88)

In (2.88), I is the unit tensor, p is the pressure, and € is the alternating unit tensor. Further,
C is the surface couple stress tensor representing the diffusive transport of internal angular

momentum between contiguous material elements [34] with constitutive form
C=f[Vw + Vw!| + \(Vw)L (2.89)

In addition to the expected viscous contributions to the torque, surface excess magnetic forces
could also contribute to the measured torque. Surface excess forces arise as a consequence of
the change in magnetization at the fluid-wall interface and can be determined by evaluating

the jump in the Maxwell stress tensor across the wall-fluid interface
Ly =1x ||n-TM|. (2.90)

In this, r is the position vector, n is the unit outward normal vector of the surface, which in

our case is i,, and TM is the Maxwell stress tensor, which for an incompressible ferrofluid is
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given by [1,40,55]

1
™™ = BH — 5,J,OH21. (2.91)

In (2.91), B = p5p (H+ M). The azimuthal component of the surface excess magnetic force is
relevant with respect to an axial torque and is given by:
fo= (Bng)\r:Rg — (BTHO)’rzRB ) (2.92)

Using the continuity conditions for the normal magnetic flux and the tangential component of

magnetic field intensity one obtains that

fo = By ( Hol,_ps = Hol,_p=) =0, (2.93)

showing that the surface excess magnetic force does not contribute to the torque. Returning to
equation (2.87), an expression for the torque can be obtained by introducing the constitutive

expressions for stress (2.88) and surface couple stress tensor (2.89) in equation (2.87) obtaining

I pr2r
d (v d dw
- 22 —0 — _ S
Lo _/0 /0 [777" = < . ) + Cdr (rvg) — 2¢rw, +1 = rdfdz, (2.94)

where [ is the height of the cylinder. Introducing the scaled variables of equation (2.16) and
carrying out the integration, we obtain the general dimensionless expression for torque on the

inner surface of the cylinder

~ . d [ d 4n do,
Lo = 2x;Q; [Zﬁdf (if) + — (Fig) — 270, + 77777 - ] (2.95)

where Lo = Lo / (MOK 2Vf) and Vy is the fluid volume. Expanding 7y and @, in powers of

the parameter ¢ and grouping coefficients of like powers we obtain the dimensionless z-directed

St (284 F)
1+02 K

torque
= LO z
L p—y PR S =
O T K2V

X +0(e%). (2.96)

where B and G are given by equations (2.73) and (2.74) respectively. The expression for torque

given in (2.96) takes into account contributions from anti-symmetric and couple stresses. In
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order to quantify the magnitude of antisymmetric stresses, we take the limit of (2.96) when
K — 00, obtaining

- B2 1904
0 (702 +200)

lim Lo, = — —|1-— O (£2). 2.97
HLH;O o, 1+Q2 20(14—@2)2 el + (E) ( )

Comparison of Eqns. (2.96) and (2.97) will show that contributions due to antisymmetric
stresses dominate the torque in a ferrofluid. These antisymmetric stresses are the result of the
spin of the particles on the wall of the cylinder, as a consequence of magnetic body couples.
This is verified below by comparison with the experimental torque measurements. In addition,
the sole estimated parameter in Eqn. (2.97) is the relaxation time in Q = Qr, suggesting
that the agreement between the magnitude of the theoretical predictions and experimental
measurements of torque will confirm that the relaxation time has been estimated correctly.
Figure 2-10, show theoretical torque predictions of Eqn. (2.96) as function of amplitude and
frequency of the magnetic field for EMG705 ferrofluid using x = 100.
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Figure 2-6: Effect of v parameter on velocity profiles obtained using properties of the EMG700
for frequency of 85 Hz, amplitude of 5 mT for the applied magnetic field, and x = 10.

Figure 2-7: Effect of dimensionless parameter £ on maximun velocity position and flow magni-
tude predicted by composite solution of the regular perturbation method. This was obtained
with EMG705 properties, and frequency of 85 Hz and amplitude of 5mT for the applied mag-
netic field.
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Figure 2-8: Dependence of the flow on magnitude of the magnetic field for a frequency of
85 Hz. These velocity profiles were obtained using the properties of the EMG900-1 ferrofluid
and k = 33.

Figure 2-9: Composite vorticity as a function of the external radius of the container Rp. These
were obtained with EMG705 properties for a frequency of 85 Hz, amplitude of 5 mT for the
applied magnetic field, and & of 58, 184 and 581 corresponding to 7' of 10710, 10~!1 and
1072 kgms~!. The inset corresponds to the vorticity for Ro < 1mm where the vorticity
maximum changes depending on the value of k.
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Figure 2-10: Theoretical predictions for torque on the inner surface of a hollow spindle as a
function of frequency and amplitude of the applied magnetic field.
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Chapter 3

Analysis of flow and torque for
ferrofluid between coaxial cylinders
with zero and non-zero spin

viscosity (7))

In the first section of this chapter we review the theoretical predictions found in the literature
for flow and torque of ferrofluid in the gap of two stationary coaxial cylinders with a rotating
magnetic field. The principal difference with the previous analysis of flow in a cylindrical
container is that the magnetic field and magnetization in the annular gap are nonhomogeneous
as a consequence of the inner cylinder, resulting in magnetic body forces that may contribute to
the flow. This fact was taken into account for the first time by Pshenichnikov and Lebedev [15]
who obtained an expression for the torque on the surface of the free inner cylinder. Nonetheless,
as will be shown below, their torque expression is incorrect as the integration constants for the
magnetic field and magnetization are inconsistent with Maxwell’s equations. In addition, the
correct expressions for the torque are obtained and compared with the expressions of torque
obtained by Rinaldi et al. [16] using a regular perturbation method and Q ¢ as the perturbation
parameter in the limit of zero spin viscosity (= 0).

Next, we obtain the zeroth order expression for spin and translation velocity fields with
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non-zero spin viscosity using the regular perturbation method and the perturbation parameter
pox; K27 /¢. The predictions of this analysis are compared with experimental measurements of

flow and torque in Chapter 6.

3.1 Previous work

The flow of a ferrofluid contained in the annular gap between two concentric cylinders and
subjected to a rotating magnetic field has been investigated by several authors [14-17,27,63|.
The problem is closely related to the observation of ferrofluid motion in a cylindrical container
under an applied uniform rotating magnetic field [8,9,17,19,45], except that the field in the
case of the ferrofluid in the annular gap is not uniform owing to the presence of the inner
cylinder. The initial work is due to Tsebers [14], who obtained an expression for azimuthal
flow, arguing that tangential stresses are zero at the boundary of a freely suspended cylinder.
That analysis predicted no bulk flow when both cylinders are held fixed. Rosensweig et al. [17],
obtained experimental top free surface velocity profiles for the case in which both cylinders
are stationary. The velocity profile at the free surface was observed to reverse direction along
the annulus, with the ferrofluid co-rotating with the field near the surface of the inner cylinder
and counter-rotating with the field near the surface of the outer cylinder. Rosensweig et al.
[17] compared these observations to their analysis in which the transport of internal angular
momentum included the effects of spin viscosity, neglected by Tsebers [14]. Based on their
experimental observations and the lack of qualitative agreement with the available analysis,
Rosensweig et al. concluded that the observed flow was solely due to magnetic surface stresses
on the ferrofluid-air interface. Unfortunately, both Tsebers [14] and Rosensweig et al. [17]
assumed in their models that the magnetic field in the annular gap was homogeneous, an error
which was later corrected by Lebedev and Pshenichnikov [27], who obtained expressions for
flow and torque in the absence of free surface effects and when the fluid temperature and
concentration are homogeneous. Their analysis predicted flow only when the inner cylinder is
free to rotate, whereas when both cylinders are stationary flow was considered possible only
if the fluid had a concentration or temperature gradient, as discussed by Shliomis et al. [44].

Predictions for the torque were compared with experimental data obtaining poor agreement.

63



Another expression was later obtained by Pshenichnikov and Lebedev [15], in which flow was
attributed to tangential stresses at the free cylinder, which upon rotating induces flow in the bulk
due to the action of viscous stresses, especially at low magnetic field frequency and amplitude,
in which case thermal effects are not important. The analysis of Pshenichnikov and Lebedev [15]
predicted no bulk flow when both cylinders were stationary. They obtained expressions for the
torque on the inner cylinder and the angular rotation of a freely rotating cylinder immersed in
the fluid. Torque predictions were in good agreement with their experimental measurements,
but predictions of the amplitude of free cylinder rotation were found in poor agreement. Still,
the analysis of Pshenichnikov and Lebedev [15], though it illustrated the role of interfacial
stresses in inducing flow in ferrofluids, is internally inconsistent, as the integration constants
obtained for the magnetic field are incorrect [63], as will be demonstrated in the next section.

An asymptotic expression for the torque on the inner cylinder taking 7' = 0 and valid for

Qf < 1, was given by Rinaldi et al. [16]

) 2 27\ B
o _S/LOXz (1 + X) Hrms (T‘-Rll) (Q?) 7

[2+Xi(1+T2)}2 Qr+0 (3.1)

where T is the radial aspect ratio of the inner to external cylinder (R;/Rp). Therein, mea-
surements were reported for the viscous torque when ferrofluid is either entirely inside (torque
on the inner surface of the cylindrical container in so-called spin-up flow) or entirely outside
(annular flow) of a stationary infinitely long cylinder, subjected to a rotating magnetic field. A
more detailed derivation of this expression, together with detailed experimental measurements
of torque and flow was presented in [64], where it was shown that ferrofluid flow is present even
when both cylinders are fixed. Although flow was not predicted by this analysis, the predictions

for torque were found in good agreement with the torque measurements.

3.1.1 Pshenichnikov and Levedev expressions for magnetization and mag-

netic field.

In their paper “Tangential Stresses on the Magnetic Fluid Boundary and Rotational Effect” [15],
Pshenichnikov and Lebedev consider the situation of a ferrofluid in the gap between two coaxial

cylinders and subjected to a rotating magnetic field perpendicular to the axis of the cylindrical
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walls. The authors provide an analysis based on Shliomis’ expression for the interfacial stress on
the inner cylinder surface. This analysis is an improvement over previous work by Tsebers [14]
and Rosensweig et al. [17] who assumed that the magnetic field in the annular space is uniform.
Pshenichnikov and Lebedev demonstrate that the general solution for the magnetic field and
magnetization in the annular gap which satisfies Maxwell’s equations and the magnetization
relaxation equation is a field with a radially-dependent contribution. Unfortunately, as we will
show below, the integration constants obtained by Pshenichnikov and Lebedev are incorrect
and therefore their expression for the torque on the inner cylinder is also incorrect.
Pshenichnikov and Lebedev [15] analyze the problem of ferrofluid in the gap between two
coaxial cylinders and subjected to a rotating magnetic field perpendicular to the axis of the
cylindrical wall. They obtain solutions for the radial and azimuthal components of magnetic

field

C
H, =Cicosp— T—; cos (¢ + B), (3.2)

: Cy .
Hyp = —Cysing — T—jsm(cp—{—ﬁ),
and magnetization

Mr—x[Clcos(go—i—é)—%cos(ap—i—ﬂ—i—é)} , (3.3)

: Cy .
M, = —x [018m(90+5)+r228m(90+5+5)] ,
where x is the dynamic susceptibility given by
X = X1~ Xz

and whose in-phase x, and out of phase x5, components are defined as

Xi Xif2f /12 2
= = ’ = — , = +

f

As can be seen in Eqns. (3.2) and (3.3) Pshenichnikov and Lebedev [15] demonstrate that the

general solution for the magnetic field and magnetization in the annular gap (expressed in their
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paper in a frame of reference that rotates with the applied field) which satisfies Maxwell’s equa-
tions and the magnetization relaxation equation, predicts a field with a radially-dependent con-
tribution. However, as was mentioned above, the integration constants obtained by Pshenich-
nikov and Lebedev are incorrect as they do not satisfy the interfacial jump conditions for the
magnetic field and magnetic induction in the inner cylinder-ferrofluid interface. To demonstrate

this, we write the boundary conditions of the problem as

Hy (Ry,¢) = Hj (Ry, ) = —Asinep, (3.4)

H, (Ri,¢0)+ M, (R1,¢) = Hg (R1,¢) = Acos p, (3.5)

where the superscript I denotes the magnetic field in the inner solid cylinder obtained by
dropping the terms which depend on radial position in Eqn. (3.2) and A is the integration
constant in the inner cylinder. Solving for A in Eqns. (3.4) and (3.5) and combining the two

resultant expressions in
—cos Hy (R, ) = sinp [H, (R1, ) + M, (Ry, ¢)] .- (3.6)

Substituting the expressions for the components of the field and magnetization in Eqn. (3.6)

we obtain

—cosp |—Cysing — %sin(gp—i—ﬁ)} = sin @ [C] cos ¢
1

%COS(¢+5)+X(01COS(QO+5)%COS(@+B+5))].
1 1

and taking common factors of C'y and Cs yields

C
Cixsinpcos (¢ +0) = R—g [cos ¢ sin (¢ + )
1

+sinpcos (¢ + B) + xsinpcos (¢ + S +0)]. (3.7)

Now, we introduce the expressions for the constants C; and C presented in the manuscript of
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Pshenichnikov and Lebedev (Eqn. PL-9)

Ci Cy 2H,
- 2 = 2 2p2 /P2’ (3.8)
VA+4xg +x2 XB 4+4a + X2 — XPRY/R;
2
g P
X+ 2x1

simplifying Eqn. (3.7) to

sinpcos (p 4+ 0) /4 + 4x; + x2 = [cos sin (¢ + )
+singpcos (¢ + ) + xsinpcos (¢ + S+ 96)] (3.9)

Next we separate the trigonometric functions into parts

VA +4x; + X2 (coscscosgosinnp — sin d sin? go) =
2 cos 3 cos psin ¢ + sin [ cos? ¢ — sin Bsin?

+X(cosﬁcosécosgosingpfsinﬁcoscpsinésingofcosﬁsin(ssichpfcosésinﬁsin%o),

and substitute the following expressions, obtained from the relations given in their paper, for

the trigonometric functions of the phase angles o and 3

tand = &; sinéﬁ; cos = &, (3.10)
X1 X X
2 2 242
tan 8 = i; sin 8 = X2 ; cosf = Xt , (3.11)
X2 +2x1 XV4+4xg + X2 XV4+4x + X2
to obtain

2
2
VA4 +4x; + X2 <chos<psingo—msin2go> = {2 X+ 2 cos @ sin
X X

X 4+4X1+X2

2 2 242
+ X2 cos? p— X2 sin? Y+ x X1 X+ 2 cos (p sin
X4+ 4x; + X3 XV4+4x; + X3 X x4+ 4x; + X2

2 249 2
X2 X2 cosgosingo—& X~ t+2xy .2 X2

sin cp—& sin2<p .
X x4+ 4y, + 2 X xVA+4x + X2 X x4 +4x+x2
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This result can be simplified to

2xs = 0 (3.12)

demonstrating that the integration constants and expressions given by Pshenichnikov and Lebe-
dev satisfy the interfacial conditions for the magnetic field and magnetic induction at the inner
cylinder-ferrofluid interface only when x5 = 0, which would be the case for a stationary mag-
netic field. Hence their solution for torque on inner cylinder obtained using Eqn. (3.8) is also

incorrect.

3.1.2 Corrected torque expressions for: “Tangential Stresses on the Mag-

netic Fluid Boundary and Rotational Effect”

First we obtain the solution for the rotating magnetic field and corresponding torque on the
inner and outer cylinders. In order to make our solution general, the situation we analyze
corresponds to a non-magnetic cylinder of radius Ry, surrounded by ferrofluid in a cylindrical
annulus R; < r < Ra, itself surrounded by a non-magnetic annulus of outer radius R3. At Rj

there is an ideal two-pole surface current, given by
K = Re { jHy ej(Qt_"e)} i, (3.13)

backed by an infinite-permeability material. In this expression j = v/—1 and Hj is the field
amplitude of a uniform field generated in the gap of the stator winding in the absence of
ferrofluid. This three-region problem reduces to the problem analyzed by Rinaldi et al. [16]
when Ry = Rj3 and it corresponds to the situation when the ferrofluid is surrounded by an

infinite non-magnetic material with a uniform counter-clockwise rotating field
Hy = Hycos (6 — Qt)i, — Hysin (6 — Qt) iy (3.14)

at infinity when one takes the limit R3 — oo. This latter limit corresponds to the situation
analyzed by Pshenichnikov and Lebedev, except for the specification of a phase angle, as is

explained below.
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We assume that in each region i, the magnetic field has the form
H; = Re { [H (r)iy + Hy; (r) 19} eﬂ'(‘“—f’)} , (3.15)

where a hat indicates a complex quantity. Region 1 corresponds to the inner non-magnetic
cylinder in » < Ry, region 2 corresponds to the ferrofluid annulus in R; < r < Ry, and region
3 corresponds to the outer non-magnetic annulus in Re < r < Rs3. In region 2 we assume the

magnetization has the form
M; = Re { [M2 (r) iy + My (r) ig} eﬂm—@)} . (3.16)

Substituting these expressions into Ampére’s and Gauss’ laws and the magnetization relaxation
equation of Shliomis, neglecting the velocity and spin velocity dependent terms, one obtains

the following solutions for the radially-dependent complex amplitudes

Hyi(r)=C;+ Coir2, (3.17)

I:IQ,i (r)y=—j (él,i - é2,z'T_2) ) (3.18)

A XO A

M, o (r) = —H, 5 (r), 3.19
2(7) Ty 2(r) (3.19)

~ XO ~

Myo (1) = —Hypo (7). 3.20
9,2 () 50, 0,2 (7) (3.20)

The integration constant 02,1 for the inner region is zero from the requirement that the field
remain finite at r = 0. The remaining integration constants are obtained from the boundary

conditions of the magnetic field and magnetic induction B = py (H 4+ M)

poHr1 (R, 0,1) = pig [Hyz (R1,0,t) + My (Ry,0,1)], (3.21)

Hy.1 (Ry,0,t) = Hy (R1,0,1), (3.22)

4o [Hya (Ro,0,8) + My (Ro,0,)] = pigHys (Ra, 0, 1) , (3.23)
Hp.z (Rp,0,t) = Hy3 (R, 0,t), (3.24)

—Hys(Rs,0,t) = K. (6,1), (3.25)
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Upon solving these five relations for the five unknown integration constants, and defining T =

Ry — — By ;
R T, = 7y o and Ty = 72> We obtain

B m [(1—1—)@ )+](2+xz)ﬂf]H0

i , (3.26)
. 2[(2+x — 20) Z j (44 x:) | Ho | o
o 2 (1+ jﬂi) XZ»R%H()’ o)
bra e {a(1-93) +a+ (- IZ) | +340s 2+ x)} H a0
. (1-12) [+ xil + 26| XiR%HO, 0

A=a(1-0)+22+ 13- i+ (1- 12+ 13- 13) ¢

+2iQs [44 (24 Y3 - T3) x;] (3.31)

Using these expressions for the complex amplitudes one can obtain expressions for the
magnetic field and magnetization. However, the actual measurable quantity is the torque
exerted by the ferrofluid on the inner Lp, and outer Lp, cylinders. We can evaluate these

torques from

Lg, =21R3l (019)],_g, - (3.32)

Lp, = —=2nR3l (0,0)l,—p, » (3.33)

where 0,9 is the rf-component of the deviatoric stress tensor o. Arguably there would also be
a contribution from the jump in the Maxwell stress tensor across the interface, but it is simple
to show that this contribution is zero for the z-directed torque. In a ferrofluid the deviatoric

stress tensor o has symmetric and anti-symmetric contributions, given by

=1 [Vv + (V)T +¢e [V x v —20], (3.34)
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where 7 is the shear viscosity, ( is the vortex viscosity, and € is the unit pseudo-isotropic triadic.
However, as explained by Pshenichnikov and Lebedev, under weak applied fields the magnetic
forces in the problem are potential and the resulting mass average velocity is zero, v = 0. Upon

further substituting the internal angular momentum equation
0=puMxH+2([V xVv—2w], (3.35)

neglecting angular inertia and the couple stress term, the above expression for the deviatoric
stress reduces to

1

The corresponding rf-component is
1
org = ~Hog (M,Hp — MgH.,). (3.37)
Thus the torques on the inner and outer cylinder are given by

Lp, = —pg (nR3l) (M, 2Hg o — Mo2Hy2)|,_p, » (3.38)

Lp, = o (TR31) (My2Hg 2 — Mg 2Hy2)|,_p, » (3.39)

respectively. Substituting the results for the magnetic field and magnetization in the ferrofluid

annular region we obtain

16 (7R2L) pox; [Xi + (1 + Q?)} QOpHE
5 :
4 (B30 pox: [4 (14 03) + 4 + (1= 1) 32| O H3

Lp, = 5 , (3.41)

Lg, =— (3.40)
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where the denominator D is given by the expression

D= {16 (1 +Q§c>2 +x; 16 (2+ 77 - 13) (1+03)
£ (4 (0= 13)° +6 (03 - 13) — 27 46
(2= +2(12 - 13 +2(1+72)) 02)

SO (T (TR - (T (1) )]} (342)

Equation (3.40) gives the torque exerted by the fluid on the inner cylinder and is clearly in
the opposite direction of field rotation (i.e., the torque is clockwise in this case), whereas Eqn.
(3.41) gives the torque exerted by the fluid on the outer cylinder and is clearly in the direction
of field rotation (i.e., the torque is counter-clockwise in this case).

There are two interesting limits of Eqns. (3.40) and (3.41). The first corresponds to the
two-region problem obtained when the outer non-magnetic region is infinitesimally thin. In

that case T1 =T and Yo = 1, resulting in

e (emam
(1 n Q}) [4 (1 + Q?) +(14+7T2)x, (44 (1+72) Xi)]

for the inner cylinder, and
(v B31) o 4 (1+93) + 4 + (1= T4) ] Q13 (3.44)

Lo g, = - = )
(1 n Q§> [4 (1 n ch) (14 T2)x, (4+ (1+712) Xi)}

for the outer cylinder. It is illustrative to compare Eqn. (3.43) with the expression reported by

Rinaldi et al. [16] for the torque on the inner cylinder. Their analysis used a regular perturbation

expansion in the small parameter ) , hence we expand (3.43) in powers of Q + to obtain

4 (7R3 pox; (1+ x;) HZQy
2+ x; (1+T2)]?

Log, = — +O (Q?) , (3.45)

which is equivalent to the expression in [16] if one replaces the peak field amplitude Hy with

the rms field amplitude H,,,s = Ho/v/2. Notice that expanding Eqn. (3.43) in powers of Q ¥
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indicates that the term of order Q% does not contribute to the torque on the inner cylinder. We

can also obtain the result for the torque on the outer cylinder when R; =0 (T =7T; =0)

(WR%Z) Mon'Qng
(1 + Q%)

The other limit of Eqns. (3.40) and (3.41) which is of interest corresponds to the case where

(3.46)

L2,R1 =0 —

R3 — oo while T remains finite. This limit corresponds to the ferrofluid surrounded by an
infinite non-magnetic outer region in which there is a uniform counter-clockwise rotating field
at infinity, of magnitude Hy. This limit corresponds to T; — 0 and Y9 — 0 and the resulting

torque on the inner cylinder is

16 (T RYL) pox; [Xi + (1 + Q?)] OpHE
[+ (14723 +4 (14 03] L2 (24 )

_ 16 (T RIL) pioxa (1 + x1) Hg (3.48)

[4+4dxg + (1 +T2) %2 — 4723 (2 + x,)*

, (3.47)

LOO,R1 = -

in which the last expression has been modified using the definitions for the in-phase, x;, and

out-of-phase, x5, components of the ferrofluid’s dynamic susceptibility

. Xi XiQf 2 2
=X — ; = — = < =1/X5 + X5 3.49
X =X1—JX2 X1 1 +Q?c X2 1 —I—Q?c X X1 T X2 ( )

The torque on the outer cylinder for this situation is

4 (mR30) o [4 (14 03) + g + (1= 1) 32| Q3 50

Lo, = —
[+ (112 + 4 (1+03)] = 4122 (24 x,)?

A (TR poxa [4 4 4x + (1= 1) xixa] HE
4+ dx; + 1+ T2) X2 — 4923 2+ x,)°

(3.51)
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Finally we consider the case without an inner cylinder, Ry = 0, to obtain

4 (7 R31) poX; {4 (1 + Q?) +4x; + Xﬂ QyHg

~ 2
[4Xi 2 +4 (1 + fo)]
_ 4 (nR3L) poxo Hy
(4+4x;1 +x?)

Too,R1:0 = s (352)

(3.53)

Now, we compare the correct torque on the inner cylinder (3.48) to the torque per unit
volume K given by Pshenichnikov and Lebedev in their equation (PL-10). To do so we divide
(3.48) by the inner cylinder volume to obtain K and take the ratio of the result with (PL-10)

2
Koo,Ry _ (44 4x; +x* — X*7T?)
K [4 4 4x; + (1+712) X2 — 4723 (2 + ;)

(3.54)

The ratio of Eqn. (3.54) is in general not unity. However, in the experiments of Pshenichnikov
and Lebedev the field frequency was small compared to the inverse rotational relaxation time

(i.e., Q5 < 1), hence we expand (3.54) in powers of Q; and obtain
K ~
SE 140 (Q§> , (3.55)

where the O (Q?) is not trivially zero (it is not shown here for simplicity). Thus we see that
under the limitation § < 1, the expression for the torque given in (PL-10) is equivalent to
the correct expression (3.48), and should therefore match the experimental measurements well,
as found by Pshenichnikov and Lebedev.

We can also compare the torque expression (3.53) to the torque per unit volume Ky given
by Pshenichnikov and Lebedev in their equation (PL-16). To do so we divide (3.53) by the
ferrofluid volume mR2L to obtain Ku g, r,—0 and take the ratio with the result in (PL-16)

KOO,R27R1=O

=1. .
i (3.56)

Hence in this case, equation (PL-16) is found to be correct.
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3.2 Analysis of flow and torque with non-zero spin viscosity

Conceptually, we consider the experimental situation illustrated in Fig. 3-1. This consists of
ferrofluid contained in the gap of two nonmagnetic coaxial cylinders of infinite length in the
z-direction and magnetic permeability p,. The radii of the external and internal cylinder are
Ro and Rj respectively. The magnetic field is generated in the gap by a two-pole three-phase
stator winding which is modeled as a surface current distribution in the z-direction Eqn. (3.13),
with real amplitude K = jHj located at radius r = Rp, and which varies sinusoidally with time
at radian frequency ;. The current distribution is backed with a material of infinite magnetic
permeability, © — oo. This geometry is a simplification of the general three region problem
found in the experiments described in Chapter 6, where a non-magnetic annulus separates the

ferrofluid from the stator winding.

3.2.1 Equations of the problem

In order to obtain the solution for the spin and velocity fields we use the zeroth order ferrohy-
drodynamic equations from Chapter 2. In this geometry we will obtain only the zeroth order

solution, hence the subscript zero is dropped, obtaining

V xH =0, (3.57)
V- (N +I31) ~0. (3.58)
- OM -~ -
o Py | 3.59
15 (3.59)
S 2 - -
0= S N.VH-Vi+ 2% x o+ v (3.60)
Qf77 n ¢
1~ o~ - 4 -
0= —MxH+2V x¥ 40 + —L V'@, (3.61)
Qf neﬁ
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Surface Current Distribution

K, (Ry.0.t)= Re{Kej(Wft'q)}

Figure 3-1: Schematic illustration of the coupled magnetic-hydrodynamic problem for ferrofluid
in the annular gap between two nonmagnetic coaxial cylinders. The radii of the external and
internal cylinders are Ry and R respectively. In this figure Rs — Ry corresponds to the thickness
of the external cylinder or the space between the cylinder and the surface current distribution.
The azimuthal velocity component and axial directed spin velocity are obtained for a long
annulus of ferrofluid between R; < r < Rs subjected to a rotating magnetic field perpendicular
to the axis of the cylinder. The magnetic field source is modeled as a z-directed surface current
distribution K (0,t)i,. which is backed by a material of infinite magnetic permeability, p — oo.
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3.2.2 DMagnetic field and magnetization

We assume that the magnetic field and magnetization have a functional form similar to Eqn.

(3.13) with m =1

H (7,0,i)) = Re { [ﬁ[r(f)ir + ﬁg(f)ig] eﬂ'(”)} , (3.62)
M (7,0,{) = Re { []\Zfr(f)ir + Mg(f)ig} ej(f—ﬁ)} , (3.63)

where the hat denotes a complex-amplitude quantity.
Using Eqn. (3.63) in Eqn. (3.59), we obtain expressions for the zeroth order magnetization

components as a function of the zeroth order components of the magnetic field,

o Hy N H
MG(T>:1+ij7 Mr(r>:1+;(2f'

(3.64)

Now, substituting (3.64) in Eqn. (3.58) and using Eqn. (3.57), we obtain the following system

of differential equations for the azimuthal and radial components of the magnetic field

7d <H:[9> iH, =0 3.65

df +] T I ( N )

M = jHy. (3.66)
dr

Solving Eqn. (3.66) for Hy and substituting into (3.65) we obtain an equidimensional equation

which we solve to obtain

H,o=Cy + Coi? (3.67)

Hpo=—j (CyL — CoF?). (3.68)

Because the magnetic field must remain finite everywhere in the region for which » < Ry (inner

cylinder region), we necessarily have Cy = 0 in that region, then the corresponding complex
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amplitude magnetic field components are given by

H' =i, (3.69)
Hj = —jCy, (3.70)

where ﬁrl and H, (;’ are the components of the magnetic field in the inner cylinder.
Next we apply the interfacial conditions for the magnetic field and magnetization given by
Eqns. (2.13) and (2.14), expressed for the complex amplitude components of the magnetic field

and magnetization and evaluated at 7 = R;/Rp = T and at 7 = 1 to obtain the relations

L (T) = o (11, (1) 4+ X0 (1)) (3.71)
Hj () = Hy (Y), (3.72)
—Hy (Y)=1. (3.73)

Solving Eqns. (3.71) to (3.73) for the integration constant and defining the parameters

It [(1 +x:)” + Qﬂ — 3 <1 + Q?)

[No (1+x;) + up]2 + ch (Mp + M0)2

oY T2, (3.74)

and

P 2Xibp oy e (3.75)
= 2~ 24 :
(o (1 +x;) + 1)~ + Q? (p + 10)

we obtain the zeroth order complex-amplitude magnetic field components for the annular region

i, = 1+;j+6 (1—0‘;‘75>, (3.76)
) 1 ;
Hy = 1+a+ﬁ<1+ajﬂ:2jﬁ>' (3.77)

Equations (3.76) and (3.77) show that the magnetic field in the annular space filled with fer-
rofluid is position dependent. The complex-amplitude magnetization components are found

simply by introducing Eqns. (3.76) and (3.77) in Eqn. (3.64).
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3.2.3 Magnetic body force and body couple

To obtain the magnetic body force density we evaluate M - VH. The relevant force component
for the flow problem under consideration is the azimuthally directed magnetic force
R - dHy - (1dH, H,
=M -VH)y=M,—+ My | =—+— | . 3.78
6= (M- VH)y Tdf+e<fd6+f (3.78)
The magnetic body force is time dependent. The time-averaged azimuthal zeroth-order body

force is calculated, using the expression given by Melcher [55] to evaluate temporal or spatial

averages of complex-amplitude expressions, obtaining

. V[ dfy . dHE e o
_ | A 2570 4 - (FrA, HH:) , 3.79
<f9>t 1+j9;!7“df+ dr +r( o Hr + Ho ] (3.79)

where a superscript asterisk denotes the complex conjugate of a complex quantity. Using Eqns.

(3.76) and (3.77) we obtain

A\ 2 (a2 + ,32) Qf 1
<f9>t B <(1 + a)Z 4 ﬁ2> (1 + Q%) 7o (3.80)

The external body couple is given by

[, = (1\710 x f{o)z, (3.81)

which is also time dependent. The time averaged external body couple is

S\ QO - o? + 2
<lz>t B ((1+a)2+6];) (1+Q§> <1 s ) (3.82)

In addition, and from Eqns. (3.80) and (3.82) it can be noted that <fg>t can be written as

i i 0
(i), = 535 <1Z>t‘<(1 )2+BJ;) (+a)] (3.83)
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3.2.4 Linear and spin velocity fields

Next, we obtain the translational and spin velocity fields by solving the time-averaged linear
and internal angular momentum Eqns. (3.60) and (3.61), assuming steady flow in axisymmetric
cylindrical coordinates. The resulting equations governing 0y o(7) and @, o(7) are the azimuthal

component of the zeroth order linear momentum,

d |:1d(77?~19)

do, ¢ /5
Teqr |7 dr }_QC * <f9>t:0’ (3.84)

i Qy

and the z-component of the zeroth order internal angular momentum,

1d (_do.\ 4y 2d(f) . 1
L a ) — 40, + — (1) =0. 3.85
fdf(Tdf>nen2+f dr W+Qf<>t (35)

In order to solve for ¥(7) and &.(7), we introduce the vorticity 0, of the zeroth order

translational velocity in Eqn. (3.84) and use Eqn. (3.83) to obtain

2 2
L U W @2+ 5) !

dr | ¢ 2[(1+ )+ 8] (1+03) T (350)

Then we carry out the integration to yield an expression for the zeroth order vorticity,
2 2
- a® + 1
Q, = £ 20, + ( ﬁ )

e 2[(1+ )+ 82 (1+03) 7O (3.87)

which we substitute in Eqn. (3.85) to yield a nonhomogeneous modified Bessel equation of

order zero for the z-component of spin velocity

1d (_do, 9~ CK? (a+52) K2 [ Me 1 ]
-2 . L = |. (388
i () - RS (R I LG B
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The corresponding solution is,

(.:JZ(’F) = Cy4Ky (/i’F) + Cs1 (Iﬁf) - %03-1-
v {” + (% + %) 7y (f)} . (3.89)

tf+a?+p7) (1+03) Lo

where Iy (k7)) and Ky (k7), are the modified Bessel function of first and second kind of order

I (s )\ (3.90)

d\ — K r
0 (RT)A \3

Fi (7) = Io (+7) /T " Ko A(;‘M)

zero and
The integral function Fi (7) was introduced as the first integral of the right hand side of (3.90)

does not have an analytical form whereas the solution of the second integral is only obtained

in terms of Meijer G functions.
Using Eqn. (3.89) in Eqn. (3.87) and integrating this, we can determine the zeroth order

translational velocity as

2 _ ) ¢ (o +57)
Cyly (k7) — Cs K1 (K7
oo (Calu (n7) = 5K ( )}+2ne[(1+0‘)2+62}(1+0§>
{H2f~2 ("), 1 }_fgcg 255 (s

g(7) =

e
7 2n (a2 + 5%) 27

where F; (7) is given by
s
Ko (WX 1\ — Ky () / fo (I;)\)d)\} dg. (3.92)
T

7:2(7:):/:ﬁ{—70(’€5)/j 3

Next we obtain expressions for the constants Cs, Cy, Cs, and Cg, using the boundary conditions

at the inner surface of the external cylinder (7 = 1) and at the outer surface of the inner cylinder

(7 = 7T) assuming that v = 0 (zero spin slip)
(3.93)

69(T) =0, 59(1) =0,
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In this form was obtained that

C3 = % {klo (k) [k (¥ + T2 (n. — n¥)) Ko (k) + 2020 K1 (k)] — 4T,

&2 (Y. Iy (kYY) Ko (k) + (Y2012 (k) — (Y2 — 1) nW o (k) Ko (KT)

—Y*n. 0o (k) Ko (k7)] 4+ 2Y20k?0 (k11 (k) Ko () + k1o (KY) K1 (k) — 1) Fp (1)
+x% (Io (kY) Ko (k) — Iy (k) Ko (X)) P2 (1)] },  (3.94)

ok (T2 = 1) Ko (kY)] F1 (1) +

Cy = Qf {12k [2¢ (K; (k) — TK; (k7)) = 1
o (k) = Ko (W)}, (3.95)

[2Y2¢R2UF, (1) + (T2 = 1) (Y20, — CT)] [K

O (X200 [26 (1 () ~ T (6T) + o (T2 = 1) T (1)) 1 (1) +

Cs =
(0> =1) (Y, — C¥)] [To (k) — Lo (k)] },  (3.96)

272K U F (1) +

Q¢ {203k (. + CO) I (kYY) Ko (k) — 2 (Y2 + 1) (Y2, + () + klo (KY)

2n B
[2K1 (k) (¥ +Y* (n. +0s*WF1 (1)) + k¥ K (k) (7.
2Y4 k7 Fo (1)) — 2Y3 Ky (kY) (n, + U — 2(K*T) F> (1)] +

Ce =
— T4176 + 2T417/£2,7-'2 (1))] +

klp (k) [KU K (k) ((T4 -1)n, —
2611 (k) (CURYYK (KY) Fr (1) 4+ Ko (kY) (¥ + T (n, + ne®UF (1)) +

n.F1 (1) + Y2kl (kY) (K1 (k) Fi (1) + Ko (k) F2 (1))}, (3.97)

2Y2K2W (2¢F (1) —
Where

K 2 _
2 = 4720 k¢ (1 + Q;) [(1 +a)® + 52] {77(;1) I (k) Ko (k) — Ko (#) Io (k)]

—z + 7T (KT) Ky (/ﬁ:) + I (Iﬂ) Ky (ET) + K3 (R) Iy (K;T) + Y1y (/i) Ky (HT)} (398)
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and

U =o?+ 52 (3.99)

3.2.5 Torque on the inner cylinder

As was shown in Chapter 2, the surface excess magnetic forces do not contribute to the measured
torque due to the continuity of the normal magnetic flux and the tangential component of
magnetic field intensity in the wall-fluid interface. Therefore, the torque is due to the symmetric

and antisymmetric parts of the stress tensor and couple stresses and is given by

27 ~
~ d . dn do, | .. .
L, = K2Q R3] 2w, + ———=| 7dBdz.  (3.100
PoXit$ 8y / / [C pr < ) + (o (FUp) — 276, + o2 dr | T8 ( )

Substituting the expressions for spin and translational velocity in Eqn. (2.53) and integrating

the z-directed torque over the internal cylinder surface yields

xilly (402 + 2+ )’
T2, (1 + Q}) [4Q§ + 24+ TQXi)Q]
Tcramy? o, A0 (1403) 495+ (24 x + )]

2 — Ty, — - Ce p+0(e).
5 e
(2+ x;)” + 403 g[(2+xi)2+49ﬂ

L. = (poK*mR}!)

(3.101)

Thus, the torque expression obtained has a power two dependence on the amplitude of the
magnetic field and an approximately linear dependence with the dimensionless frequency as

A2
QfHO.

3.2.6 Theoretical predictions for spin and translational velocity

Spin and azimuthal velocity profiles are shown in Figs. 3-2 and 3-3. These were obtained using
values for physical and magnetic properties given in Table 4.1 and 4.2, for a frequency of 85 Hz
and amplitude of the magnetic field of 5mT rms, for which ¢ = 0.142. Figure 3-5 shows the
dependence of flow on the dimensionless parameter x for values of 20, 40, and 50. In order to
obtain these velocity profiles, we used the commercial package Mathematica® to numerically

integrate the functions given by Eqns. (3.90) and (3.92). However, because the integrand of
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Figure 3-2: Spin up velocity profiles for ferrofluid in the annular gap of two coaxial cylinders
for 85 Hz and 5 mT rms of applied magnetic field. These were obtained using physical and
magnetic porperties of the EMG705 ferrofluid and values of the dimensionless parameter x of
20, 35 and 50.

these functions changes rapidly for high values of x, especially near 7 = 1, the numerical values
of these functions are inaccurate for values of x > 50.

The spin velocity profiles presented in Fig. 3-2 show orders of magnitude similar to those
predicted for spin up, however, in this case the spin velocity is not uniform throughout the
annular gap due to the radial dependence of the magnetic couple. In addition, a boundary
layer forms close to both cylinders walls. Translational velocity profiles in Fig. 3-3 show the
expected behavior with the dimensionless parameter s, that is v9 — 0, when K — oo or 17— 0.
Of note is the change in flow direction close to the wall of the internal cylinder and the decrease
in the flow with reduction of the annular gap as illustrated in Fig. 3-5. The latter is contrary
to predictions for spin up flow where the magnitude of the flow increases with reduction of the
container radius. Both predictions can be used in the experimental assessment of the theory.

This analysis is valid for ¢ < 1 as higher order terms of the regular perturbation method were
not obtained. Nevertheless, as is known, the zeroth order solution in the regular perturbation

method is the principal contribution to the solution allowing to obtain valuable insight into
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Figure 3-3: Translational velocity profiles for ferrofluid in the annular gap of two coaxial cylin-
ders for 85 Hz and 5mT rms of the applied magnetic field. These were obtained using physical
and magnetic properties of the EMG705 ferrofluid and values of the dimensionless parameter
k of 20, 35, and 50.

Figure 3-4: Effect of the frequency of the magnetic field on velocity profiles obtained using
x = 33 and properties of the EMG900-1 ferrofluid.
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Figure 3-5: Translational velocity profiles showing the effect of Y on flow magnitude for 85 Hz
and 5mT rms of the applied magnetic field. These were obtained using physical and magnetic
properties of the EMGT705 ferrofluid and k = 50.

the characteristics of the flow. Thus, our zeroth order solution for annular flow imply that this
analysis is valid only for low fields where M is assumed proportional to H and that the term
for spin magnetization coupling w x M in the magnetization equation is negligible. Solutions
for the first order contribution were not obtained as higher harmonics are introduced in the
magnetization equation due to the radial dependence of the magnetization and the magnetic

field, giving greater complexity to the problem and small insight.
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Chapter 4

Ferrofluid characterization and

experimental setup

In this Chapter, we describe and summarize the physical and magnetic characterization of the
ferrofluids used in the rheological measurements and the experimental setup used to obtain
velocity profile measurements. Magnetic characterization is based on measuring magnetization
curves and the asymptotic approximations of the Langevin equation in the limit of low and high
fields. These asymptotic approximations are used in order to estimate the range for the particle
diameter assuming monodisperse ferrofluids. In addition, we used the method of Chantrell et
al. [65] together with direct measurements of the particle diameter from TEM to determine an
effective particle diameter.

Several estimates for the Brownian and Néel relaxation times were obtained using parti-
cle diameters obtained from asymptotic approximations, Chantrell’s method, and from new

expressions that include the effect of polydispersity in both relaxation processes.

4.1 Physical characterization

Two commercial concentrated ferrofluids, EMG705 and EMG900, were obtained from Ferrotec
Corporation (Nashua, NH. USA). These consist of magnetite (Fe3O4) nanoparticles suspended
in water (EMG705) and oil (EMG900) respectively. In order to obtain fluids with different phys-

ical and magnetic properties these ferrofluids were diluted using deionized water for EMG705
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and a suitable solvent for EMG 900, also obtained from Ferrotec. Stability of the ferrofluid is a
requirement in order to ensure the validity of our experimental results. Thus, fluid characteri-
zation and rheological measurements were carried out within weeks of receiving the ferrofluids

to avoid particle agglomeration, which commonly occurs in commercial water based ferrofluids.

4.1.1 Mass density and shear viscosity measurements

Mass density measurements were obtained gravimetrically while the shear viscosity coefficient
was obtained using a STRESSTECH HR rheometer with double gap geometry. Figures 4-1 and
4-2 show measurements of shear viscosity vs shear rate (measured between 10 to 110s~!) for
EMG705, EMG900, and their dilutions. The fact that the shear viscosity is constant for the
range of shear rate measured suggests that these ferrofluids are Newtonian in the absence of a
magnetic field. Density and shear viscosity values for all ferrofluids are summarized in Table

4.1.

4.1.2 Speed of sound in ferrofluids

The value of the speed of sound in ferrofluids is required as a parameter in the DOP2000 used
to determine the bulk velocity profiles. Measurements of the speed of sound in ferrofluids as a
function of temperature and weight fraction of magnetite particles have been reported in the
literature [66,67]. Their results showed that contrary to the behavior of most liquids, the speed
of sound in ferrofluids decreases with increasing temperature while an increase in the weight
fraction of magnetite particles resulted in a decrease of the sound velocity throughout the fluid.
This behavior was attributed to the presence of the magnetite particles in the ferrofluid.
Sound velocity was measured using a cell unit attached to the DOP2000, similar to that
shown in Fig. 4-3. This measurement is based on phase analysis of an echo generated by a
mobile screw when it is moved over a known distance. The sound velocity obtained for EMG705

and EMG900-1 are shown in Table 4.1 and are in agreement with the results reported by [66].
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Figure 4-1: Plots of viscosity vs shear rate for EMG705 and EMG705-1, showing Newtonian
behavior in absence of magnetic field.

Figure 4-2: Plots of viscosity vs magnetic volume fraction for EMG900-1, EMG900-2, EMG900-
3, and the dilution solvent.
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Figure 4-3: Speed of sound unit used with the DOP2000 machine. An ultrasonic transducer is
placed in front of a movable screw. An ultrasound beam is emitted from the transducer while
the screw is displaced a known distance. The sound velocity is obtained from the change in
phase of the echo received due to displacement of the screw.

4.2 Magnetic characterization

4.2.1 Saturation magnetization, initial susceptibility, and magnetic volume

fraction

The magnetic properties of the ferrofluids were measured using a MPMS-XL7 Super Conducting
Quantum Interference Device (SQUID) magnetometer (Quantum Design, San Diego, CA, USA)
at 300 K. The results are shown in Fig. 4-4, for water based ferrofluid, where the abscissa
corresponds to internal magnetic field, obtained from external magnetic field using the relation,
H; =H.— DM with a demagnetization factor D of 0.5 [13]!. The inset in Fig. 4-4 shows the linear
relation between magnetization and applied field at low magnetic fields. From the high-field
asymptote of the magnetization curve we obtained values for the saturation magnetization Mg
of the ferrofluids. The magnetic volume fractions were estimated using the relation My = ¢My,
and a value of 446 kA / m for the domain magnetization of magnetite. The initial susceptibility
of each fluid was obtained from the low field slope of the magnetization curve. These results

are summarized in Table 4.1.

! Demagnetization effects are due to effective magnetic charge induced on the surface of a magnetic material,
with magnetization M, that contributes a magnetic field that partially cancels the externally applied magnetic
field.
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Figure 4-4: Magnetization curve for the water based ferrofluid EMG 705. The inset shows the
low field response of the ferrofluid

4.2.2 Magnetic particle diameter

In the literature, it is common to estimate the magnetic particle size range using magnetization
curves and asymptotic expressions for the Langevin equation in the limit of low (o < 1) and
high fields. The particle diameter is estimated from magnetization curves and asymptotic

approximation of the Langevin equation in the linear region at low fields (o < 1)

s M 3Dg
. = — 4-1
and from the asymptotic form of the Langevin equation for high fields
6kpT 1
M=¢My|(1l— ——F—=— ). 4.2
¢Ma ( oMy D3 H) (42)

The value of D), estimated using Eqn. (4.1) is always higher than that estimated using Eqn.
(4.2). This is because at low fields larger particles are more easily oriented by the field whereas
for high fields fine particles contribute more to the changes in magnetization [1]. The range of D,

estimated using this method is reported in Table 4.2. In addition, the median particle diameter
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Table 4.1: Physical and magnetic properties at room temperature for water and kerosene based
ferrofluid

Ferrofluid || ¢,[m/s] n,[N sm’z] P, [kg/ m3] poMs, [mT)] X 10)
EMG705 1450 2.5x 1073 1220 21.9 4.99 0.039
EMG705-1 — 1.7x 1073 1120 10.1 1.28 0.018
EMG900-1 1150 4.5 x 1073 1030 23.9 1.19 0.043
EMG900-2 — 7.7 %1073 1270 47.8 3.63 0.087
EMG900-3 — 1.1 x1072 1391 61.3 12.2 0.111

and geometric deviation were determined assuming a log-normal particle size distribution using
two different methods: (7) the low and high-field asymptotes of fluid magnetization as described

by Chantrell et al. [65], and whose expression are given respectively by,

b [18ksT o R (4.3)
Pov Mg \| 3¢ MyHy ' ‘
and 1o
1 3XH0
Ind, == |1 U 4.4
"0 3{n(¢Md>} ’ 44

where Hy corresponds to the extrapolated intercept with the abscissa of a plot of M versus 1/H
at high fields, and (ii) from direct measurements of particle diameter by TEM, Fig. 4-5. The
method of Chantrell et al. yields the volume median diameter D)4, whereas TEM measurements

yield the number median diameter D,,. The two are ideally related by the expression
In Dygy = In Dpy + 31024, (4.5)

where d,4 is the geometric deviation. Because of the existence of a “magnetically dead” layer on
the nanoparticle surface, the volume median diameters and geometric deviations determined
from magnetic measurements and TEM cannot be expected to agree exactly, but should be in
the same order of magnitude. The estimated values for median particle diameter D,4,, and the

size distribution parameters obtained from magnetic measurements and TEM are summarized
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Figure 4-5: TEM image of magnetite nanoparticles in the water based ferrofluid EMGT705.

in Table 4.2.

4.2.3 Relaxation times

As was mentioned before, when a magnetic field shifts in direction the magnetic moment of the
particle m rotates due to a torque pom x H which tends to align m and H [68]. There are
two mechanisms through which the magnetic moment can attain the new equilibrium position.
Brownian relaxation is a hydrodynamic process where the magnetic moment is fixed to the
nanoparticle of hydrodynamic volume V}, = 7 (D, + 25)3 /6 and the whole particle ( magnetic
core and surfactant layer of thickness § ) rotates in a fluid of viscosity 7y. This relaxation

process is characterized by a Brownian time constant given by

= 310Vh
B = kT

(4.6)

In the Néel relaxation mechanism the magnetic dipole rotates without rotation of the particle

itself. The Néel relaxation time is given by

TNZLGXP (KVC> > (4-7)

where fy is a characteristic frequency of the magnetic material, K is the magnetocrystalline

anisotropy constant of the magnetite nanoparticles for which K = 78kJm™3 [69], and V. is
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Table 4.2: Estimated magnetic particle diameters for water and kerosene based ferrofluid

Ferrofluid || D,, [nm]* Dpgp, [nm]* 1Ind, © Dy, [nm]* Ing, *
EMGT705 23.0-9.7 14.9 0.535 20.1 0.288
EMGT705-1 18.9-8.2 12.4 0.525 20.1 0.288
EMG900-1 13.8-6.5 9.5 0.499 14.2 0.410
EMG900-2 15.9-6.8 10.4 0.528 14.2 0.410
EMG900-3 21.9-7.2 12.5 0.608 14.2 0.410

*Determined using equations (4.1) and (4.2) and magnetization curve
*Determined using Chantrell approximation. Eqns. (4.3) and (4.4)

fObtained from TEM image analysis

the magnetic core volume. In a system of non-interacting particles the effective magnetic
relaxation of particles with different diameters is expected to occur in parallel with an effective

time constant
TBTN

T=—
TB+TN

(4.8)

The effective relaxation constant is dominated by the faster of the two mechanisms. How-
ever, Tp depends cubically on particle diameter whereas 7 depends exponentially on particle
diameter cubed. Hence, it can be estimated that for a typical ferrofluid with D, < 10nm
TNy < T7p and T ~ Ty indicating that particles relax by a Néel mechanism. Consequently for
D, > 10nm, 7p < 7y meaning that the ferrofluid magnetization relaxes by the Brownian
mechanism. The dependence of the relaxation time on the particle diameter is illustrated in
Fig. 4-6.

It is important to note that the Brownian and Néel relaxation given by Eqns. (4.6) and (4.7)
are for a single particle. It is of interest to estimate the effective Brownian and Néel relaxation

time taking into account the effect of particle polydispersity. For this we use the expression
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Figure 4-6: Dependence of the relaxation time on the magnetic core radius for a typical water
based ferrofluid.

obtained by Rinaldi [23] for the effective Brownian relaxation time

I Y Gl 02 N 2
Tp = [/0 P } = 2I<:BTngv exp (—=9/2In° ), (4.9)

© 1y (Dy) 171

Py = [/0 W((ij)] , (4.10)
where n, (D)) is the lognormal particle volume distribution function and 75 (D)) and 7y (D))
are given respectively by Eqns. (4.6) and (4.7). In deriving Eqn. (4.9) it was assumed that the
particle hydrodynamic diameter is the same as the particle core diameter D, (i.e., § = 0). The
effective Néel relaxation time 7y was estimated through numerical integration of Eqn. (4.10).
The effect of an adsorbed surfactant layer  on the effective relaxation time can be accounted
by performing a numerical integration of Eqn. (4.9), with similar qualitative and quantitative

results. The physical relevance of Eqns. (4.9) and (4.10) is that they illustrate the effect of

95



particle polydispersity (characterized by the geometric deviation d,) in decreasing the effective
Brownian and Néel relaxation times of the collection of magnetic nanoparticles. Table 4.3 shows
values of both effective relaxation times for our ferrofluid, calculated using the different methods
mentioned above. In Chapters 5 and 6, the diameters determined from TEM, rather than the
magnetic diameter, are used in calculations of particle size as the former represent the actual
physical particle size, whereas the latter are subject to error due to the assumed value of the
domain magnetization (the bulk value of magnetite is used) and the existence of the so-called

magnetically dead layer on the surface of the particles.

4.3 Apparatus and experimental method

4.3.1 Magnetic field generation

Experiments were realized using the uniform rotating magnetic field generated by exciting
a three-phase winding using balanced three phase currents each with 120° phase difference
from each other. We do this by grounding one phase, exciting the remaining two phases with
sinusoidal voltages at plus or minus phase difference, and letting the neutral point float. This
results in balanced three phase currents in the windings to create clockwise or counterclockwise
rotating magnetic fields. The amplitude, frequency, and direction of the field can be controlled
using the signal generator or linear amplifier gain. The length and diameter of the stator
winding were 77.7 mm and 63.6 mm respectively. The experimental setup is shown in Fig.4-7.
Measurements of the magnetic fields produced by the stator, with and without ferrofluid in the
cylindrical container, were made using a Gaussmeter (Sypris Test & Measurement, Orlando,
FL USA) with a three-axis probe (model ZOA73). From these measurements it was determined
that the stator produces a magnetic field of 4.54mT rms per ampere rms of input current in
the absence of the ferrofluid. The radial field in-homogeneity was determined to be 2.2% from
axis to outer container radius at mid height, with a maximum of 6% at the top of the container,
while axial field in-homogeneity was ~ 4% from middle to 3/4 height and 21% to top, along
the gap axis.
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Figure 4-7: Setup used in generating a uniform rotating magnetic field, consisting of : (1) A
dual channel Universal Signal Generator used to generate two low current sinusoidal signals
which are amplified using (2) an AE Techron 5050 Linear Amplifier. These are used in exciting
the two pole motor stator winding (3). Three Fluke 45 multimeters (4) are used to verify that
the input currents to the stator winding are balanced. The oscilloscope (5) is used to verify the
input signals to the linear amplifier.
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4.3.2 Torque measurements

Torque measurements were made using a rotational viscometer (Brookfield Engineering Lab-
oratories, model LV-II114, Brookfield, MA USA) as a torque meter, with a full scale range of
—6.73 to 67.3 p N m. The viscometer measures the torque needed to keep a spindle rotating at
a constant angular velocity (including zero rotation). Standard spindles are made of stainless
steel, which would be subject to induced eddy currents and torques in the presence of a rotating
magnetic field; hence we replaced them with custom polycarbonate spindles.

For the measurements of torque in an annular space, cylindrical containers and spindles
of different diameters were constructed to permit studying the effect of geometry for three
values of radial aspect ratio (T = R;/Ro) whereas for the torque measurements on the inner
wall of a container in spin-up flow, we replaced the solid standard spindles with customized
hollow polycarbonate spindles of 12ml and 28 ml volumes. The left hand side of Fig. 4-8
shows the hollow spindle and the right hand side shows the experimental setup for torque
measurements on the external surface of a solid cylinder in annular geometry. To carry out
torque measurements, the polycarbonate spindle filled with ferrofluid or the coaxial cylinders
were centered in the gap of a two-pole, three-phase induction motor stator winding. In all
experiments the angular velocity of the inner spindle was set to zero and the direction of the
rotating field was selected in order to obtain positive torque measurements and thereby utilize
the full instrument range: counterclockwise for torque measurements on the external surface of
a solid spindle and clockwise for torque measurements on the inner surface of a hollow cylinder.
Reversing the field rotation direction merely reversed the direction of torque and flow.

The torque required to restrain the spindle from rotating was measured for field frequencies
from 25 Hz to 500 Hz and field amplitudes from 0 to 17.0 mT rms, for the two different volumes
of fluid in the hollow spindles and for the three values of T in the coaxial cylinders geometry.

This series of measurements was made for both ferrofluids and their dilutions.

4.3.3 Velocity profile measurements

The Ultrasound Velocity Profile (UVP) method has been recently developed for acquisition of
instantaneous velocity fields. The method was initially developed for medical applications such

as blood flow measurement. Afterwards, application was expanded to the study of liquid metal
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Figure 4-8: Polycarbonate spindle design to avoid confounding ferrofluid torque with induced
eddy current torques. Left hand side: Polycarbonate hollow spindle for spin-up torque. Right
hand side: Container and solid spindle centered inside of three phase stator winding.

flows and is now broadly used in fluid mechanical measurements. The principal advantages of
the method are summarized by Takeda [70], being most relevant to our work the possibility of
obtaining spatiotemporal information of the flow field and the fact that it can be applied in
opaque liquids.

Bulk velocity profiles reported in Chapters 5 and 6 were measured by the UVP method using
a Signal Processing DOP2000 ultrasound velocimeter (Signal Processing, Lausanne, Switzer-
land). This technique allows measurement of velocity profiles in opaque liquids, such as fer-
rofluids. An ultrasonic pulse is emitted periodically from a transducer and sent through the
fluid. Echoes due to tracer particles are recorded by the same transducer. The equipment mea-
sures the component of the velocity vector parallel to the direction of beam propagation, with
the spatial location being determined from the time delay between emitted burst and recorded
echo, and the velocity is obtained from the corresponding Doppler frequency shift. The velocity
signal is positive when tracers are moving away from the probe. Assuming that flow is purely
in the azimuthal direction, an assumption that is supported by our experiments, the relation

between parallel and azimuthal velocities is given by
V|| = Vg COS . (4.11)

From the geometry of the problem, illustrated in Fig. 4-9, cos¢ can be expressed as a

function of the radius of the external cylinder Rp and the angle § between the propagation

100



Probe

Figure 4-9: Sketch of experimental geometry used to obtain the relation between parallel and
azimuthal velocity components in a cylindrical container, assuming there is no radial flow.

direction of the ultrasonic beam and the diagonal of the cylinder resulting in cos ¢ = Rp sin 3/7.
Replacing this expression in Eqn. (4.11), the azimuthal component vy of the velocity can be

related to the measured velocity by:

R% + 22 — 2Roxy, cos 3
Rop sin 8

vp = | (4.12)

Minute amounts of polyamide powder were used as tracers, such that the estimated weight
fraction of tracer particles was less than 0.00015, in order to prevent phenomena such as is found
in so-called inverse ferrofluids [71-74]. These micro-particles had a mean diameter of 15—20y m
and a density close to that of our ferrofluid, to avoid settling or buoying. In addition, these
polyamide particles reflect ultrasound efficiently as their acoustical impedance is different from

that of the ferrofluid [75].

Container design

In the design of the containers used for measurements of velocity profiles several factors were
taken into account:

i) Container material: polycarbonate was chosen as the material for the containers because
its acoustic impedance is similar to that of the ferrofluid as can be seen in Table 4.5. This avoids

reflection of acoustic energy at the wall-fluid interface, producing saturation of the transducer
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receiver and loss in resolution.
i1) Ultrasound probe position: we placed the probes external to the flow. This avoids the
perturbation of the flow field due to a protruding probe. The design is provided with slots in
the outside of the container, each slot at a specific angle with respect to the diagonal. It is
necessary to take into account the diffraction of the ultrasound beams in the polycarbonate-
ferrofluid interface. In obtaining the correct angle S we used the Snell-Descartes Law
sind  sinf3

- 9y

Cp Cf

where ¥ is the angle of incidence, 3 is the angle of refraction, ¢, is the speed of sound in
the polycarbonate and cy is speed of sound of the fluid contained in the container. Table 4.4
summarizes the values for the incident (machined in the container) and refracted angle for both
ferrofluid types and Appendix B details the way in wich the angles of the machined slot were
measured. The value of the 8 angle is used in the figures of Chapters 5 and 6 as the angle of
the ultrasound beams for each ferrofluid.

it1) Container size: The inner diameter and height of the container are 49.4 mm and 63.5 mm
respectively. The diameter is limited by the stator winding diameter and the length of the
ultrasound probe as can be observed in the right hand side of Fig. 4-10.

iv) Cover: This was used in some experiments to suppress surface effects such as those
observed by [17]. This cover was made with a convex inner surface. A vent tube was placed
in the center to avoid air bubbles at the interface. In addition, other covers were made that
allowed placing an axial probe to carry out velocity measurements in the axial direction and

the inclusion of an inner cylinder for measurements of velocity profile in the annular geometry.

4.3.4 Limitations of the DOP 2000

The limitations of the UVP method are the inability of obtaining measurements within 5 to
8mm of the ultrasonic transducer and inaccuracies in the velocity measurements at the far
wall (in the boundary of the container). The first limitation is due to the ringing effect of the
ultrasonic transducer which follows immediately after the emission of the pulse. This results in

saturation of the transducer preventing measurements at depths located just a few millimeters
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Figure 4-10: Left: photographic showing the designed polycarbonate container and cover used
in order to obtain velocity profile measurements in the spin up geometry. Right: Experimental
setup to obtain velocity profiles in annular geometry.

Table 4.4: Values for three different ultrasound beams incident angles machined in the poly-
carbonate container and refracted beams for glycerol, water and kerosene based ferrofluids.

Incidence Angle g for Glycerin 3 for EMG705 3 for EMG900-1

¥y = 9.98 B, =9.31 8, =17.08 B, =5.22
¥ = 16.55 By = 15.42 By =11.70 By = 8.60
3 = 20.19 By = 18.80 By =14.21 By =10.43
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Table 4.5: Acoustic properties of plastic and liquid involucre in the flow experimental setup.
Material c [mm/pus] z [MRayls]*? p[g/cm3]
water to 25°C 1.497 1.49 0.998
Kerosene 1.324 1.07 0.810
Polycarbonate 2.270 2.77 1.220
Nylon 6/6 2.600 2.90 1.120
Steel Stainless 5.790 45.70 7.890

Tmpedance acoustic is given by z = pc

2Typical units of z is MRayls =10% kgs™! m—2

This properties value were taken from [76]

from the surface of the transducer. The second limitation is due to the influence of the far wall.
This phenomenon can be explained using the illustration of the right hand side in Fig 4-11. The
ultrasonic beam BC reflected by the far interface transform this interface in a transmitter. The
same particles contained in the liquid will backscatter energy a second time in the direction of
the transducer. The depth associated to the path ABC is located outside the flowing liquid.
Imaginary velocity components are added to the real velocity profile affecting the measurements
of velocities near the far interface. This phenomenon explains why it is impossible to obtain
a zero velocity value at the far wall. Reflections of the ultrasonic wave travelling inside of the
container wall can also be registered by the transducer as is exemplified in the right hand side
of Fig. 4-11. This phenomenon appears if the difference in the acoustic impedance between the
liquid and the interface is high, introducing additional saturation of the transducers and loss

in depth resolution [77,78].

4.3.5 Operating parameters

Transducers used in the experiments had an emission frequency of 4 MHz, a case diameter of

8 mm, and a length of 10 mm. With few exceptions, we used a pulse repetition frequency of
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Figure 4-11: Influence of interfaces on velocity profiles. Left, illustrate the effect of the far away
wall which is transformed in a transmitter resulting in imaginary velocity values outside of the
boundary that contain the fluid. Right, illustrate the effect of internal reflections inside of the
container wall that arisen as consequence of higher difference between the acoustic impedance
of fluid and that of the container material resulting in longer saturation of the ultrasonic probe
and lost resolution depth. This figure was taken and modified of the DOP2000 user’s manual.

200 Hz, taking 100 emissions per profile and averaging over 70 profiles to obtain our reported
results. The spatial resolution in the DOP2000 is defined as the distance between the center
of adjacent sampling volumes and not as the thickness of the sampling volume. The physical
resolution which is directly linked to the burst direction (display resolution) was chosen as
0.363 mm in all experiments. If the longitudinal size of the sampling value is shorter than the
display resolution, then exist areas in the profile where no information is received (holes). If
the opposite case occurs the sampling volumes overlap and all the way along the direction of
beam propagation velocity is sampled. As can be seen in Table 4.6 for all our experiments the
sampled volumes overlap. The spatial resolution transverse to beam propagation is set by the
diameter of the emitter element and was approximately 3mm. The set of parameters used in

our measurements is summarized in Table 4.6.

4.3.6 Accuracy and reproduction of the velocity profiles

The DOP2000 does not require calibration using a standard velocity profile because the velocity
is obtained from echo information. However, we verified the correct operation of the experimen-
tal setup by measuring the velocity profile for glycerin in a cylindrical Couette flow geometry.

Figure 4-12 shows velocity profiles obtained using the experimental setup described above and
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Table 4.6: Paremeters used in the DOP2000 in order to obtain velocity profile measurements

of EMG705 and EMG900-1 ferrofluids.

Emitting frequency

Wavelength in water (A = cgararos/ fe)

Wavelength in Kerosene (A = cgaraooo/ fe)

Pulse repetition frequency (Fy,p)

Maximum measurable Velocity Vinax = FrrpcEMGr05/(2 fe)
Maximum measurable Velocity Vimax = FrpcEmaooo/ (2fe)
Number of emitted cycles

Length emitted burst

Sampling Volume: Longitudinal size for EMG705
Sampling Volume: Longitudinal size for EMG900

Sampling Volume: Lateral size

4 MHz

0.363 mm

0.288 mm

200 Hz

18.12mm/ s for EMG705

14.38 mm/ s for EMG705

8 Cycles

8 Cycles/f. =2 x 107%s

2 x 107 %s % cpargros = 1.45mm
2 x 1075 s % cpargooo = 1.15 mm

3mm
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Figure 4-12: Theoretical and experimental velocity profiles for glycerin in Couette geometry for
7 RPM and 13 RPM rotation rate of the inner cylinder. The ultrasound probes were placed
to three different incident angles at half of height of the container.

placing three probes at mid-heigt of the container at three different angles as reported in Table
2.6. The rotation rate of the inner spindle was selected 7 RPM and 13 RPM which allow us
to obtain velocities of magnitude similar to those obtained with ferrofluids in Chapters 5 and
6.

These velocity profiles show that the shape of the profile is well reproduced for all positions
of the probes. The small difference between the velocity profiles for the different angles can be
due to the rotation of the inner cylinder, which may not be perfectly centered. In addition, the
fact that the inner cylinder is rotating induce negative effects that contributed to change the
shape of the profile near to the inner cylinder [79]. In spite of these, velocity profile were found

in good agreement with the theoretically predicted values.
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Chapter 5

Experimental measurements of
torque and velocity profile for
ferrofluid in a cylindrical container

under rotating magnetic field

5.1 Velocity profile measurements

Conventional techniques used for characterization of flow profiles are based on optical methods
such as Laser-Doppler Anemometry (LDA), or flow visualization techniques, such as Particle
Image Velocimetry (PIV). Unfortunately, these are not applicable to opaque liquids such as
ferrofluids in which light does not penetrate. It is because of this limitation that prior research
has focused on the free surface of open containers [17,18,28,32]. Surface velocity profile mea-
surements have been made using tracers suspended in the surface of the ferrofluid to visualize
the flow. Velocities of tracers suspended on the surface of the ferrofluid are registered by means
of a video camera placed overhead. The displacement of the tracers in a determined time inter-
val can be obtained and hence a distribution of velocities [26]. This technique has been shown
to be inadequate for the study of ferrofluids because of free-surface effects in rotating mag-

netic fields. Velocity profiles were measured for the ferrofluid in a cylindrical container made
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Figure 5-1: Illustration of the experimental setup for measurements of velocity profiles of fer-
rofluids in a cylindrical container and subjected to a uniform rotating magnetic field. Left:
Container with transducers located inside a two-pole induction motor stator. Right: Top view
showing transducers at different incident angles. The transducers are separated from the fer-
rofluid by a thin polycarbonate wall.

of polycarbonate and with dimensions of 49.4 mm inner diameter and 60 mm height. Our
apparatus design permitted simultaneous measurement of velocity profiles relative to ultrasonic
beams propagating at three distinct angles (using three ultrasonic transducers) relative to the
diagonal, as illustrated in Fig. 5-1. A cover was used to eliminate the free surface and thereby
avoid interfacial effects which could confound our measurements.

The rotating magnetic field was generated using the three-phase, two-pole magnetic in-
duction motor stator winding described in Chapter 4. Experiments were carried out for field
frequencies between 20 and 120 Hz and amplitudes between 8.3 mT rms and 14.3 mT rms.

The first set of experiments was made in such a way as to allow us to verify the existence,
direction, and uniformity of the flow in the bulk of the fluid. To this end, we used three
transducers, at angles of 7.1°, 11.7°, and 14.2° placed at half the height of a container with
cover. In this experiment the direction of field rotation was set counterclockwise so that a
positive velocity measurement implied co-rotation of field and fluid. As is observed in Fig.
5-2 and for the whole interval of frequencies and amplitude of the magnetic field studied, we
always found co-rotation of field and fluid in the bulk of the fluid and a linear dependence of
the velocity with radial position (i.e., rigid-body-like motion) over most of the fluid.

In addition, the velocity profiles measured by each one of the transducers superimpose,
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Figure 5-2: Experimental velocity profiles for EMG705 and EMG900-1 ferrofluids. Ultrasonic
transducers were placed at half the height of the container. Angles are with respect to the
diagonal.

indicating that the flow is uniform and azimuthal in the plane. Another important observation
of these experiments (Fig. 5-2), is that the velocity maximum occurs at different radial positions
for the two fluids, even under identical experimental conditions. This is important as the
expression for flow obtained by Pshenichnikov et al. [31] does not predict variation in the
maximum position with fluid type. The results of similar experiments at various field frequencies
and amplitudes are shown in Figs. 5-3 and 5-4, where a single probe angle is shown for simplicity
as all three probes provide similar results.

Next, we measured the azimuthal velocity profiles at four different heights by using probes
at h, 3/4h, 1/2h and 1/4h (h = 63.5mm being the container height), and the axial velocity
profile v, using probes placed on the cover of the container at » = 0 and at r = 1/2Rp.
Representative results are shown in Figs. 5-5 and 5-6 respectively. These measurements show
that the direction of flow is maintained throughout the container and that the axial velocity
component is negligible in comparison with the azimuthal velocity even for the small aspect
ratio of the container (I/d = 1.2).

The observation of uniform flow throughout the bulk and negligible axial velocity is indica-

tive that though the magnetic field generated in the stator varies by as much as 21% along the
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a) b)

Figure 5-3: Velocity profile measurements as a function of the magnitude of the applied magnetic
field for a) EMG705 and b) EMG900-1

a) b)

Figure 5-4: Velocity profile measurements as a function of the frequency of the applied magnetic
field for a) EMG705 and b) EMG900-1
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a) b)

Figure 5-5: Velocity profiles for EMG705 ferrofluid using probes placed at four different heights
of the container axis with cover.

a) b)

Figure 5-6: Axial velocity component measured for a) EMG705 and b) EMG900-1 ferrofluids
using a probe placed on the fixed top cover (z-measured downward from the top).
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vertical axis (4% throughout most the fluid), this variation does not induce appreciable flow
in the axial direction. Furthermore, as noted before, the location of the velocity maximum is
different for the two fluids, which is contrary to what would be expected if the flow were driven
by a field inhomogeneity which is concentrated close to the container wall (i.e., close to the
slots). Hence it is unlikely that our observations are the result of field in-homogeneity.

Temperature measurements were made for field amplitudes of 10.4, 12.5 and 14.5mT rms
for the frequencies of 50, 65, 75, 85, 100, and 125 Hz during a time interval of 56 min. Three
temperature sensors were placed in the mid height of the cylinder at + = 0, r = 0.5Ro0 and
r = Ro. We found a temperature increase of 4°C over the duration of the experiment, and
a maximum radial temperature variation of 0.2°C. Clearly, radial temperature gradients are
negligible, hence the mechanism explained by Pshenichnikov et. al. [31] is not at work in our
experiments. Furthermore, if dissipative effects were responsible for the observed flow, one
would expect a time delay between turning on the magnetic field and start of the flow. To
verify this we made measurements of the flow startup by taking velocity profiles at intervals of
2 s for a period of 100s. The results are presented in Fig. 5-7 where only a few profiles are shown
for better illustration. The poor quality of the velocity profiles of Fig. 5-7 is because these are
instantaneous velocity measurements, whereas the others flow measurements reported herein
correspond to steady flow for which the average of over 70 profiles are reported. The transient
experiment was carried out at three different frequencies. The measurements demonstrate that
steady state flow is obtained after approximately 30 s, with an immediate response to the startup
of magnetic field rotation.

A third series of experiments was carried out under the same conditions but using an open
container. In these experiments, the top probe was placed 4 mm below the free surface, as mea-
sured from the probe center. The velocity profiles in Fig. 5-8 show a transition from co-rotation
of field and fluid in the bulk to counter-rotation close to the free surface. These observations
are in agreement with the measurements of Rosensweig et al. [17] but they demonstrate that
the bulk flow is not negligible in comparison to the surface flow. Both the surface driven flow
and the body-couple induced flow coexist under our experimental conditions. These experi-
ments further show that surface velocity profile measurements are inappropriate in assessing

theoretical analyses of the bulk flow as these do not represent the flow behavior in the bulk of
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the fluid.

Figure 5-7: Startup of spin up flow. These velocity profiles were taken at 2 s intervals for 100
s. The firts profile corresponds to the instant the magnetic field was switched on.

5.2 Torque measurements

The experimental setup used to generate the magnetic field and obtain the torque measure-
ments was described in Chapter 4. The torque required to restrain the spindle from rotating
was measured for field frequencies from 25Hz to 500 Hz rotating in clockwise direction and
field amplitudes from 0 to 17.0mT rms, for the two different volumes of fluid. This series
of measurements was made for both ferrofluids and their dilutions. Fig. 5-9 presents typical
measurements of torque as a function of applied magnetic field amplitude and frequency for the

EMG705 ferrofluid using a spindle with 12 ml of ferrofluid.

5.3 Comparison between theoretical predictions and experi-

mental measurements

Glazov [21] analyzed the phenomenon of spin-up flow using a set of equations similar to Eqns.

(2.3) to (2.14), but setting 77 = 0. The result was that no flow is expected when ferrofluid in a
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Figure 5-8: Velocity profiles for EMG705 at different heights in a container without a cover. In
this h = 63 mm is the height of the container.The negative velocities indicate counter-rotation
of fluid and field.

Figure 5-9: Torque measurements for 12ml of EMG705 in hollow spindle as a function of
frequency and amplitude of the magnetic field.
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cylindrical container is subjected to a uniform rotating magnetic field. Glazov then attributed
the experimental observations of Moskowitz and Rosensweig [8] to field inhomogeneity. To
demonstrate this, Glazov obtained a general solution for flow using higher spatial harmonics,
m # 1 in Eqn. (2.2), to simulate the rotating magnetic field generated in a multi-pole magnetic
induction machine stator for two asymptotic cases: a < 1 and « > 1. Only a qualitative
comparison of the predictions for the case of @ <« 1 can be made with our experimental
measurements, as our experiments were made at moderate amplitudes of the magnetic field
(0.4 < « < 1.25). The velocity profiles predicted by Glazov’s theory are of similar shape to the
measured velocity profiles for EMG705, however Glazov’s theory cannot describe the boundary
layer character of the velocity profiles for EMG900. In addition, Glazov predicts that the flow
direction reverses, becoming contrary to the field direction, when ¢; > 0.12, being ¢; the
hydrodynamic volume fraction of particles. Velocity profiles measured using EMG900-2 with
¢, = 0.16, showed that the fluid co-rotates with the magnetic field even for this hydrodynamic
volume fraction of magnetic particles’.

From our measurements it is clear that the bulk fluid co-rotates with the magnetic field,
therefore the results of Kaloni [29] for a slip boundary condition in the translational velocity do
not agree with the experiments. Furthermore, the experimental results described above show
that thermal effects are not responsible for the observed flow hence the theories presented by
Shliomis [44] and Pshenichnikov et al. [31] do not explain the observed flow. Finally, as can
be seen in Fig. 5-8 even though surface effects dominate at the free surface, as observed by
Rosensweig et al. [17], the bulk flow is not negligible in comparison. These observations leave
us presently with the original spin diffusion theory of Zaitsev and Shliomis [19] as the only
published model in (at least qualitative) agreement with our measurements.

In order to compare our theoretical extension of the spin diffusion theory with our exper-
imental flow measurements, the translational and spin velocity of our asymptotic analysis for
zeroth, first, and composite solution are shown in Fig. 2-4. As was discussed in Chapter 2, the
analysis for zeroth order predicts a rigid-body-like azimuthal velocity profile co-rotating with

the field through most of the fluid and decreasing to zero near the container wall. Thus, our

dp+26
dp

layer which is generally assumed 2nm and ¢ is the magnetic volume fraction reported in the Table 4.1.

!This value was determined using the relation o, = <1>( ) , where 0 is the thickness of the surfactant
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Figure 5-10: Log-log plot of the experimental extrapoled wall velocity vs Langevin parameter
for EMG705 and EMG900-1

composite solution for flow predicts co-rotation with field in agreement with the experimental
bulk velocity profiles.

The analysis predicts a square power dependence of flow on amplitude and linear depen-
dence on dimensionless frequency of the applied magnetic field for zeroth order. Log-log plots
of the dimensionless extrapolated wall velocity (1 + Q%) Uw,o/ (s Ro) versus the applied mag-
netic field amplitude (made dimensionless using the Langevin parameter) were obtained (Fig.
5-10) for EMG705 and EMG900 ferrofluids in order to determine the dependence of the mea-
sured flow on magnetic field amplitude. Using a power law analysis we determined a power
of one dependence on magnetic field amplitude for the EMG705 ferrofluid and a power of 1.6
dependence for the EMG900 ferrofluid. This difference between theoretical and experimental
dependence on amplitude of applied magnetic field can be due to moderate saturation of the
ferrofluid at the magnetic fields used in the experiments.

Log-log plots were similarly used to determine the dependence of the experimental torque

measurements on the amplitude of the applied magnetic field. The experimental torque data
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Lexpwas normalized using the zeroth-order torque expression (Lexp / Eth)

0
Ly = — o K2V, L 0 (e 5.1
th Ho f1+92 () (5.1)

and plotted (Fig. 5-11) versus the amplitude of the magnetic field, made dimensionless using
the Langevin parameter, for both ferrofluids and their dilutions. We use the zeroth-order torque
expression because the principal contribution to torque is due to antisymmetric stresses as was
discussed in relation to Eqn. (2.97). These plots show that data for the two fluid volumes
and different volumetric particle fractions are well described by the theoretical expression for
torque, indicating that Eqn. (2.96) predicts the correct magnitude for the theoretical torque,
specially for the EMG900 ferrofluid. From a power analysis we determined that the dependence
of torque on applied magnetic field with 95% confidence interval is 1.11 < 1.16 < 1.21 for the
water based ferrofluid whereas for the kerosene based ferrofluid it is between 1.59 < 1.75 < 1.92,
in contrast with the theoretical predictions.

As has been previously mentioned, definitive estimates or experimental measurements of the
spin viscosity 7 or the dimensionless parameter « are not available. The first estimate obtained
by [19] from dimensional analysis predicts that x ~ 10 implying that spin diffusion effects are
negligible. More recently, Feng et al. [80] neglected 1’ arguing that the functional form of the

spin viscosity depends on the square of particle diameter

n ~n,d f (o), (5.2)

suggesting that this effect is negligible for ferrofluids (d, ~ 10nm). However, the bulk flow
measurements presented in the previous sections, which are in agreement with the theoretical
predictions obtained from the spin diffusion theory, indicate that this phenomenon is important
in driving the flow. In order to obtain an estimate for x from our flow experiments for the
EMG900 ferrofluid (as this shows the better agreement between theoretical predictions and

experimental measurements), we used the concept of the extrapolated wall velocity ﬁwp, given
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by the dimensionless zeroth order vorticity [22] evaluated at 7 =0

- 1~ ¢ { 1+12(/<a)}
Upo==-Q0=—r——<1 — ——F—= 5. 5.3
SR (Y S A o3

Introducing the translational velocity scale, the definition of yx,, and the definition of the

Langevin parameter « in Eqn. (5.3) we obtain

(1+9§72)U  ¢rkpT {1 1+ (/‘6)}0‘2‘ (5.4)

QrR, 7 12V Iy (k)

Thus from the slope of a plot of (1 + Q?TQ> Uw.o/ (24 Ro) versus o? and using Eqn. (5.4) we
obtained a value of Kk = 33.7 for the EMG900 ferrofluid. This value yields an estimated spin
viscosity of 7 = 5.8 x 1071%kgms~! which is nine orders of magnitude higher than expected
by dimensional analysis. Note however, that expression (5.2) is a dilute-limit result applicable
for suspensions of hard spheres in a newtonian fluid and does not take in to account the fact
that ferrofluids are typically stabilized by surfactants layers and hence have significant free

surfactant concentrations in solution.

5.4 Conclusions

Since Moskowitz and Rosensweig [8] first observed spin up flow, only surface velocity profiles
have been available to evaluate the various theories describing the phenomenon. However,
as shown above, surface velocity profiles are not suitable to evaluate bulk theories as flow
of the fluid near the air-fluid interface is dominated by surface effects and is therefore not
representative of the bulk flow. It is no surprise that surface velocity profile measurements have
resulted in confusion in testing the spin diffusion theory, as the theory could not explain the
observed counter-rotation between flow and field directions [9,17]. In stark contrast, our bulk
flow measurements show that the flow co-rotates with the field in the bulk even when fluid near
the air-fluid interface counter-rotates with the field as a consequence of surface effects. Critical
comparison of our experimental observations and the models proposed by Glazov [21], Kaloni

[29], and Pshenichnikov et al. [31] indicates that none of these models adequately explain the
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Figure 5-11: Log-log plots of the experimental normalized torque vs frequency for a) EMG705
and b) EMG900 ferrofluids and all their dilutions.
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observations. Furthermore, our experiments with a top free surface indicate that though surface
stresses dominate at the air-ferrofluid interface, the bulk flow is not negligible in comparison.

Our azimuthal velocity profiles are in qualitative agreement with the spin diffusion theory
of Zaitsev and Shliomis [19]. However, the dependence of flow measurements on amplitude of
the magnetic field was found to be 1.16 and 1.75 power for water and kerosene based ferrofluids
respectively, in contrast to the power of two dependence predicted by our first order asymptotic
solution. Experimental torque data showed that the dependence on amplitude of magnetic
field agrees with theoretical predictions. Direct quantitative comparison between theoretical
results and experimental measurements is not possible as the perturbation parameter of our
asymptotic analysis is € ~ 1 for the range of amplitude of the applied magnetic field used in the
experimental measurements. Still, we estimate from comparing the experimental measurements
and predictions of the extrapolated wall velocity of the asymptotic analysis a value of n’ =
5.8 x 10710 kg m s~! for the spin viscosity of the kerosene-based ferrofluid.

We realize that this is a controversial value, since the majority of the current literature on
the subject tacitly assumes this dynamical parameter to be negligible. The result underscores
the need for a more thorough consideration of possible origins for a couple stress in ferrofluids

or alternate constitutive equations capable of capturing the observed flow phenomena.
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Chapter 6

Experimental results of ferrofluid
between coaxial cylinders under

rotating magnetic fields

In the assessment of theories on the annular flow of ferrofluid induced by a rotating magnetic
field, experimental data such as torques and surface velocity profiles have been used [17,18,32]
because of the inherent difficulty in obtaining experimental bulk velocity profiles by conventional
methods. In addition, all current theories assume 77°'= 0 and consistently predict no flow when
both cylinders are held fixed. This result disagrees with the theoretical predictions obtained in
Chapter 3, where flow is predicted under these conditions using the spin diffusion theory.

We present the first experimental evidence of bulk flow of ferrofluid in an annular gap with
both cylinders stationary using the ultrasound velocity profile method. A series of measurements
similar to those used to characterize spin up flow in Chapter 5 and torque measurements for
several values of T were carried out in order to obtain experimental data that allows comparison
with theoretical predictions obtained from the spin diffusion theory in Chapter 3. We found
good agreement between theoretical results and velocity profiles for kerosene based ferrofluid.
In contrast, torque and flow measurements for water based ferrofluid show deviations from the

expected behavior predicted by the spin diffusion theory.
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6.1 Previous work

Flow measurements for ferrofluid in annular geometry have been limited to surface velocity
profile and torque measurements. A limited set of velocity data were obtained by Rosensweig
et al. [17] using aluminium particles as tracers on the surface of a ferrofluid filling the annular
gap between two coaxial cylinders. These experimental measurements were used to compare
to a theoretical solution obtained from the spin diffusion theory. However, this analysis did
not consider the non-uniformity of the magnetic field in the annular region originating from the
presence of the inner cylinder. Their experimental measurements showed flow changing direction
within the annulus, similarly to our theoretical predictions. However, the flow direction in the
annular gap is essentially counter rotating with field direction, changing to co-rotation near
the external cylinder, opposite to our predictions. Using the same procedure, Kikura et al. [18]
obtained surface velocity profiles for water based ferrofluid in a cylindrical container and annular
geometry. Nevertheless, they used a four-pole stator machine to generate the rotating magnetic
field. Clearly, this case does not represent the theoretical situation analyzed in Chapter 3,
where we simulated the field generated by a two-pole stator machine. In conclusion, limited
experimental data is available in the literature that allows a conclusive evaluation of these

theories.

6.2 Velocity profile measurements for ferrofluid in annular gap

A series of flow measurements similar to those carried out for spin up flow in Chapter 5, were
carried out for flow of ferrofluid in the annular geometry. Velocity profiles were measured
for the ferrofluid filling the annular space between coaxial cylinders for values of T = 0.38
(Ro = 24.7mm and R; = 9.35mm with wall to wall distance of 15.35mm) and T = 0.2
(Ro = 24.7mm and R; = 5mm with wall to wall distance of 19.7 mm).

Our apparatus design, illustrated in Fig. 6-1, uses the same polycarbonate container used
in experiments of spin up flow allowing us to obtain simultaneous measurements of velocity
profiles relative to ultrasonic beams propagating at three distinct angles (using three ultrasonic
transducers) relative to the diagonal. New covers were built that allow centering the inner

cylinder inside the container. All velocity profile measurements in this Chapter were made
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Figure 6-1: Illustration of the experimental setup for measuring torques and velocity profiles
of ferrofluids filling an annular space and subjected to a rotating magnetic field. Left: Annular
container with ultrasonic transducers located inside a two-pole induction motor stator. Right:
Top view showing transducers at different incident angles. The transducers are separated from
the ferrofluid by a thin polycarbonate wall.

using a cover.

Experiments were carried out for field frequencies between 20 and 120 Hz and amplitudes
between 8.3 mT rms and 14.3mT rms for EMG705 whereas for the EMG900-1 ferrofluid mea-
surements were taken to frequencies between 85 and 150 Hz and amplitudes between 12.4 mT
rms and 16.3mT rms. This in order to obtain better quality measurements for the EMG900-1
ferrofluid as its flow magnitude is lower that of the EMG705 ferrofluid for the same frequency
and amplitude of the magnetic field.

In order to avoid thermal effects influencing the flow measurements, radial temperature
gradients were measured during the experiments finding variations of less than 0.2°C. In order
to do this, one thermometer was placed in the middle of annular space, and two thermometers
were placed adjacent to the inner and outer cylinder walls. Measurements were taken for time
intervals equal to that required to obtain a velocity profile in the range of frequencies and
amplitudes studied of the applied magnetic field.

The values of the angles of the ultrasound beam used to obtain the azimuthal velocity
component from parallel velocity component reported by DOP2000, were determined from Table
4.4. A counterclockwise rotating field was applied such that a positive velocity measurement

implied co-rotation of field and fluid. Figure 6-2 compares the velocity profiles for EMG705
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Figure 6-2: Velocity profiles for ferrofluid filling the annular gap between stationary coaxial
cylinders, obtained with three transducers at different angles with respect to the diagonal for
EMG705 and EMG900-1. The external radius is 24.64 mm, and the internal radius is 9.4 mm.

to frequency of 80Hz and 8.3mT rms of magnetic field amplitude with velocity profiles for
EMG900-1 to 85Hz and 12.4mT rms. Clearly, bulk flow is observed with both cylinders
stationary, contrary to the predictions of [15,27,64]. However, there is a noticeable difference
between the shape of the velocity profiles for both fluids. As can be observed in Fig. 6-2, the
annular bulk flow is unidirectional co-rotating with the field in the annular space that can be
measured by DOP2000 machine for the EMG705, being unlikely that the flow direction changes
near the wall of the inner cylinder. A different situation is observed for the velocity profiles
for EMG900-1 which show a possible change of direction near the wall of the inner cylinder.
A comparison between the experimental velocity profiles of Fig. 6-2 with theoretical velocity
profiles of Fig. 3-3 show that the better qualitative agreement is obtained for velocity profiles
of the EMG900-1.

Observing the complete set of experimental velocity profiles in Appendix C, it can be seen
that velocity profiles taken with different probe angles do not overlap exactly for EMG900-1,
however the assumption of azimuthal flow can be taken as valid as this variation is negligible.
Figure 6-2 also illustrates that the velocity is fairly uniform in magnitude in the gap for the

EMG705 whereas velocity profiles for EMG900-1 are in agreement with the predictions of
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the spin diffusion theory. These observations are indicative of the fact that azimuthal field
inhomegeneities due to the use of an imperfect two-pole stator winding are not responsible for
the observed flow. If they were, one would expect the fluid to be accelerated close to the outer
cylinder (where the effects of azimuthal inhomogeneities in the winding would be relevant) and
monotonically decelerate to zero velocity at the inner cylinder. The velocity profiles show that
this is clearly not the case.

Another series of experiments studied the variation of velocity profile with axial position by
using probes at h, %h, %h and %h (h = 63.5 mm being the container height) for the EMG705
ferrofluid. Simultaneously, the axial velocity profiles were measured using a probe placed in the
middle of the annular space. Figure 6-3 shows that the velocities measured at the middle of
the container are slightly higher than those measured at %h, %h, and h. This slight variation is
not due to misalignment of the inner spindle axis with the outer container and stator axis as
we have used three probes placed at 120° from each other to verify that the flow does not have
an azimuthal variation as would be expected with an eccentric inner cylinder. We therefore
attribute the slightly higher velocity in the middle to the effect of viscous drag exerted by the top
and bottom surfaces of the container. Figure 6-4 shows that the axial velocity is negligibly small
compared to the azimuthal velocity. The observation of negligible axial velocity is indicative
that though the magnetic field generated in the stator varies by as much as 21% along the
vertical axis (4% throughout most the fluid), this variation does not induce appreciable flow in
the axial direction.

Figure 6-5 shows the effect of frequency on velocity profiles measured at a magnetic field
amplitude of 12.5mT for EMG705 and EMG900-1 ferrofluids. One can observe in Fig. 6-5,
that the dependence of both fluids on frequency is not the same, being almost negligible for
the EMG900-1 ferrofluid. The effect of magnetic field amplitude and inner cylinder radius on
velocity profiles for EMG705 and EMG900-1 are shown in Fig. 6-6. As can be noted from
Fig. 6-6a, under similar conditions of amplitude and frequency of the applied magnetic field,
the ferrofluid contained in the narrower annular gap was observed to rotate at a faster rate for
EMG705 ferrofluid whereas, the faster rotation rate for the EMG900-1 is observed for the flow
obtained in the wide annular gap as illustrated Fig. 6-6b. The first is counterintuitive, as one

would expect the flow to be retarded as the surface-to-volume ratio in the gap increases. Similar
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Figure 6-3: Velocity profile in the azimuthal direction using fixed transducers placed at four
different heights (h = 63.5mm) of the container for 60 Hz frequency and 8.3 mT rms amplitude
of the applied magnetic field

Figure 6-4: Axial velocity profile obtained using transducers placed in the cover of the container
in the middle of the annular gap (r = 17.2mm).The external radius is 24.64 mm and the
internal radius is 9.4 mm
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observations were made for the free surface driven flow in cylindrical container by Rosensweig
et al. [17], result that it is in agree with the predictions of the analysis carried out in Chapter 2.
Nevertheless, observations of Fig. 6-6a are contrary to the predictions of spin diffusion theory
for annular flow as is determined by comparison with Fig. 3-5. The observations of Rosensweig
for surface flow in a cylindrical container can be explained by considering that the surface flow
is induced by a narrow region close to the container wall, corresponding to the meniscus region,
in which the interfacial balance of asymmetric stresses induces fluid motion. However in our

experiments for annular flow no such free surface exists.

6.3 Torque measurements for ferrofluid in annular gap

In order to obtain the experimental torque data, we use the experimental setup described in
Chapter 4 to generate the rotating magnetic field. The relevant dimensions of the apparatus
are the inner (spindle) and outer (container) radii, Ry and R respectively, and the submerged
spindle length I. Four values of the radial aspect ratio Y = R;/Rop were studied: Y1 = 0.32
(R; = 9.36 mm and Rp = 29.62mm), Yo = 0.52 (R; = 12.70mm and Rp = 24.64mm),
Ts = 0.64 (R = 19.06mm and Rp = 29.62mm), and T4 = 0.77 (R; = 19.05mm and
Ro = 24.64mm). The submerged spindle length was [ &~ 58 mm for all experiments. In order
to obtain the experimental torque measurements, the polycarbonate container was centered in
the gap of a two-pole, three-phase induction motor stator winding and subsequently the spindle
was centered inside the container. In all experiments, the angular velocity of the inner spindle
was set to zero and the direction of the rotating field was set counterclockwise in order to obtain
positive torque measurements and thereby utilize the full instrument range.

The torque required to restrain the spindle from rotating was measured for field frequencies
from 25 to 500 Hz and field amplitudes from 0 to 17.0mT rms, for the four different values
of the aspect ratio Y. This series of measurements was made for the EMG705 and EMG900
ferrofluids and their dilutions. Figure 6-7, presents typical measurements of torque as a function
of applied magnetic field amplitude and frequency for the EMGT705 ferrofluid. The complete

series of torque measurements is shown in Appendix B.
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Figure 6-5: Velocity profile dependence on magnetic field frequency with constant amplitude of
12.5mT rms for a) EMGT705 and b) EMG900-1 ferrofluids
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Figure 6-6: Velocity profile dependence on magnetic field amplitude at a constant frequency of
80Hz for two distinct inner cylinder radii. Dashed lines added to aid in distinguishing between
the two inner and outer radii. The external radius is 24.64 mm
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Figure 6-7: Torque required to restrain the spindle from rotating when sorrounded by ferrofluid
filling the annular space between the spindle and outer container, as a function of magnetic-field
amplitude and frequency, and for radial aspect ratio of T = 0.32.

6.4 Scaling analysis of torque and flow measurements

6.4.1 Comparison of experimental torque data with torque expression with

=0

Since the angular velocity of the spindle was set to zero in our experiments, the torque measured
by the viscometer should correspond to the result given by Eqn. (3.1) for the case of 7 = 0.
Applying this limit is reasonable since 17 was estimated to be ~ 10719 in Chapter 5. This torque
is due to the viscous shear stress on the spindle resulting from the magnetic-field induced flow of
the ferrofluid around the spindle. Because the viscous stress tensor in ferrofluids is asymmetric
in the presence of rotating fields, this shear stress has two contributions, illustrated in Fig.
6-8. As the particles rotate counterclockwise a clockwise torque is induced on the spindle,
corresponding to the anti-symmetric component of the stress (Fig. 6-8a). As the fluid co-
rotates with the field a counterclockwise torque is induced on the spindle, corresponding to the
symmetric component of the stress (Fig. 6-8b).

In our experiments the anti-symmetric stresses dominate. This can be verified by estimating
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Figure 6-8: Phenomenological model of ferrofluid torque on cylindrical walls in a rotating
magnetic field H. a) Axially directed torque induced by rotation of magnetic nanoparticles and
b) torque produced by viscous shear stress at the spindle due to magnetic field induced flow.

the contribution of the symmetric stresses to the torque by assuming that the velocity goes from
a measured value U to zero in a boundary layer of thickness d; close to the inner cylinder. The
corresponding torque is, 2w Ryl Ry where we assume a linear velocity profile to estimate the
symmetric stress. As an example, for a measured velocity of 15 mm/s and R; = 4.9 mm,
corresponding to the conditions of Fig. 6-6a, assuming the velocity goes to zero linearly in a
layer of thickness 0; = 1 mm, the contribution of the symmetric stress is estimated to be 0.32
N m which is negligibly small in comparison to the measured torques (/ 20 uN m).

Figure 6-9 shows torque measurements L.;, normalized using the theoretical torque Ly,
according to Eqn. (3.1) as a function of the dimensionless field frequency Q 7, and as a function
of magnetic field amplitude, made dimensionless using the Langevin parameter «.

Comparison of the results for the various aspect ratios and for two volumetric fractions
shows that the dimensionless torque collapses the data set well. The dispersion seen at low
fields corresponds to the lowest torques, which are most susceptible to measurement error. As
can be seen in Fig. 6-9, the normalized data is close to order unity (1 — 10), indicating that
Eqn. (3.1) predicts the right order of magnitude for the torque. Because the only estimated

parameter in using Eqn. (3.1) is the Brownian relaxation time, this is an indication that our
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Figure 6-9: Log-log plot of the complete dimensionless torque data set normalized using Eqn.
(3.1) versus dimensionless amplitude of the magnetic field for a) EMG705 and b) EMG900 and
their dilutions.
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Table 6.1: Torque dependence on the applied magnetic field for EMG700 and EM G900 ferroflu-
ids and their dilutions reported with 95 percent confidence interval. Experimental data was
normalized using Eqn. (3.1).

Ferrofluid o Torque Dependence on Magnetic Field Amplitude

EMGT05 a>1 1.09 <1.14 <1.18
EMG900 a<l 231 <240<248
EMG900 a>1 1.84 <1.87 <1.90

estimated values, shown in Table 4.2 are of the right order of magnitude. The dependence of the
torque on both ferrofluids is reported in the Table 6.1 for the EMG705 and EMG900 ferrofluids.
Dependence of torque data of the kerosene based ferrofluid presents different behavior for low
(a < 1) versus high (a > 1) fields.

Equation (3.1) predicts a power-of-one dependence with field frequency, but a power-of-
two dependence with field amplitude. However, Eqn. (3.1) is strictly applicable in the linear
magnetization limit, for which the field is small and the Langevin parameter much smaller than
unity. As can be seen in Fig. 6-9 our experiments were carried out at moderate field amplitudes,
for which the Langevin parameter is of order unity, hence saturation effects will have begun to
affect the field amplitude dependence of the torque. It is expected that as the fluid magnetically

saturates the torque dependence with field amplitude should decrease to power unity.

6.4.2 Comparison of experimental torque data with torque expression with
170
In this case, the torque expression given by Eqn. (3.101) includes viscous shear stresses and
couple stress contributions. However, this torque expression is strictly applicable to values of
€ € 1 and a < 1 as the solution obtained of the ferrohydrodynamics problem in Chapter
3 only contains the zeroth order contribution. In spite of this, log-log plots of the Lexp/Li,
versus the Langevin parameter « were obtained for the EMG705 and EMG900 ferrofluids and
their dilutions in order to determine the dependence of the data on amplitude of the field and

verify the agreement of the experimental torque data to the torque expression given by Eqn.
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Table 6.2: Dependence of the torque on the applied magnetic field for EMG700 and EMG900
ferrofluids and their dilutions reported with 95 percent confidence interval. Experimental data
was normalized using Eqn. (3.101).

Ferrofluid o Torque Dependence on Magnetic Field Amplitude

EMGT05 a>1 1.05 <1.11 <1.16
EMG900 a<l 1.97 <217 <237
EMG900 a>1 1.34 <144 <1.54

(3.101), Fig.6-10. In calculating the Ly, we used the spin viscosity value k = 33 obtained for
the EMG900-1 ferrofluid in Chapter 5.

As can be seen in Fig. 6-10 the experimental data collapses well, specially for the kerosene
based ferrofluid. Nonetheless the significance of this result is that ratify that the value of spin
viscosity estimated is in the right order. Figure 6-10a shows that the experimental torque data
for the EMG705 is one order of magnitude higher than theoretically expected using x = 33.
Using a power analysis in Fig 6-10, we determined the dependence of the water based ferrofluid
and the kerosene based ferrofluid which are reported in Table 6.2 with 95% confidence interval.
Thus, experimental measurements of torque for cylindrical and annular geometry obtained
using water based ferrofluid are more consistent in displaying the greater divergence from the
theoretical predictions than the experimental data obtained using kerosene based ferrofluid.

A similar scaling analysis was made for the velocity using the value at r = 17.2 mm for
all profiles obtained using the EMG705-1 and EMG900 ferrofluids. The characteristic velocity
vg ~ 2y Ro was used to plot the scaled velocity 09 = vg/ (2¢R0o) as a function of the Langevin
parameter in Fig. 6-11. The scaled velocity was found to have roughly power-of-one depen-
dence on the applied field amplitude and frequency for EMG705 whereas that dependence for
the EMG900 ferrofluid is in agreement with the power two dependence expected of the analy-
sis. This is an interesting result in light of the fact that all available analyses, including the
asymptotic analysis shown above, predict a negligible azimuthal velocity in the annular gap
when both cylinders are held fixed.

Having already analyzed the experimental results for flow and torque for both geometries
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Figure 6-10: Log-log plot of the complete dimensionless torque data set normalized using Eqn.
(3.101) versus dimensionless amplitude of the magnetic field for a) EMG705 and b) EMG900
and their dilutions.
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Figure 6-11: Log-log plot of the scaled azimuthal velocity at » = 17.2mm for EMGT705 and
r = 17.2mm for EMG900-1 ferrofluids, plotted versus Langevin parameter.

it is clear now that results obtained for the kerosene based ferrofluid were found in qualita-
tive agreement with the predictions obtained from the spin diffusion theory. The Reynolds
number R, for annular flow using EMG705 and EMG900-1 were determined to be 210 and 28

respectively.

6.5 Conclusions

Torque and flow measurements demonstrate the existence of bulk flow of ferrofluid contained in
an annular gap and subjected to a rotating magnetic field, for the case when both cylinders are
held stationary. The experiments were carried out under conditions such that energy dissipation
and radial temperature gradients are negligible. The observation of bulk azimuthal flow with
negligible axial velocity is in stark disagreement with the analysis of Pshenichnikov and Lebedev
[15] and with the asymptotic analysis presented by Chaves et al. [64]. Both analyses were done
in the linear magnetization, zero spin viscosity limits, and predict zero bulk flow with both

cylinders stationary. Arguably, the asymptotic analysis presented in Chaves et al. [64] could be
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extended to second order in the perturbation parameter & = () ¢ however the resulting velocity
would be expected to have a power-of-four dependence with field amplitude. The measurements
presented above clearly show that both the torque and azimuthal velocity have a power-of-one
dependence with field frequency and amplitude. Similar observations were made in Chapter 5
(Chaves et al. [45]) for the situation of ferrofluid in a cylindrical container subjected to a uniform
rotating magnetic field. In that case, the only explanation available in the literature which
agreed with the experimental observations was the spin diffusion theory of Zaitsev and Shliomis
[19]. It is likely that the mechanism that drives the flow in the annular gap experiments reported
herein is the same as that which drives the flow in the experiments reported in Chapter 5 (Chaves
et al. [45]). Unfortunately, the analysis of Zaitsev and Shliomis [19] hinges on the existence of
couple stresses and the spin viscosity, which is commonly regarded to be negligibly small based
on dimensional arguments of the hydrodynamic interactions occurring at the particle scale [80].
Further work is needed to elucidate if other mechanisms are responsible for the observed flow,
such as spin-magnetization coupling in the magnetization relaxation (neglected in all analyses
discussed above). Alternatively, other forms of the magnetization relaxation equation, valid far

from equilibrium, could be tested.

138



Chapter 7

Concluding remarks

7.1 Thesis contributions

We present the first experimental evidence of the existence of bulk flow of ferrofluid in a cylin-
drical container induced by a uniform rotating magnetic field. This is contrary to the current
literature consensus that predicts no bulk flow under these conditions. In 1990 Rosensweig et
al. [17] carried out a comparison between several theories for the bulk flow of ferrofluid based on
experimental evidence obtained in the free surface of the fluid. They found that the spin diffu-
sion theory can explain several observations of the phenomenon; however, they claim that “The
spin diffusion theory suffers from a fatal flaw-we find that the direction of flow is the reverse in
each instance from which is predicted” ,concluding that the spin diffusion cannot be the cause
of the observed flow. In contrast, we always observed the fluid co-rotating with the field in the
bulk independent of the shape of the air-fluid interface. This observation demonstrates that
spin diffusion predicts the correct flow direction and that volumetric effects and couple stresses
are active in the phenomenon. The experimental evidence presented here demonstrates that
volumetric and surface effects can coexist under the same conditions. This reveals that surface
velocity profiles used in the literature for the testing of bulk flow theories are inadequate as
they misrepresent the bulk flow. Comparison of flow and torque measurements with different
theories present in the literature showing the better agreement with the extension of the spin
diffusion theory of Zaitsev and Shliomis [19] obtained here. Nevertheless, the magnitude of flow

is several orders of magnitude lower when the spin viscosity value obtained from dimensional
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analysis is used.

Our flow measurements made in annular geometry are the first experimental evidence of bulk
flow of ferrofluid in a cylindrical annular gap induced by a magnetic field rotating perpendicular
to the cylinder axis. This observation is remarkable as none of the existent theories predict
flow when both cylinders are fixed. An analytical solution for this problem was obtained for
the zeroth order term of the regular perturbation expansion using spin diffusion theory. This
analysis presumed linear dependence of the magnetization on the applied magnetic field (o < 1).
The results were found in good qualitative agreement with velocity profiles taken at moderate
amplitudes of the applied magnetic field using the kerosene based ferrofluid. These results add
weight to the spin diffusion theory as the mechanism responsible for the flow.

A review of the experimental results consistently show that measurements of torque and flow
obtained using kerosene based ferrofluid are better described by the theoretical predictions than
those obtained using the water based ferrofluid. This is more noticeable for the velocity profile
obtained in annular geometry were the behavior between water and kerosene based ferrofluid
are clearly different. This shows that experimental work used in assessment of theories must

be made using oil based ferrofluid over water based ferrofluid.

7.2 Future work

Although recent studies has assumed the effect of couple stresses as negligible setting 7" = 0,
the experimental evidence presented here indicate that in the case of ferrofluids its effect is
important. The significant difference between the estimated experimental value for 7 and the
obtained from dimensional analysis by Zaitsev and Shliomis show that effects such as inter-
particle interactions or effects of substances used in the stabilization of the ferrofluids must be
considered in order to obtain an estimate for 7. Nevertheless, due to the inherent difficulty
in obtaining an analytical solution, numerical solution could be used. A practical and more
reliable estimated that the reported herein for 1" can be obtained using the expression for the
torque on the wall of a cylindrical container Eqn. (2.96) adjusting torque data obtained with
a more sensible torque meter that permit to take measurements to amplitudes of the magnetic

field less than @ < 0.8 or in order to used the torque measurements obtained herein is necessary
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to obtain a numerical solution for the torque that permit to include effects of saturation of the
magnetization with the field.

An other rheological parameter used in the ferrohydrodynamic equations is the vortex vis-
cosity which characterize the effect of antisymmetric stresses. The actual theoretical expression
for ¢ was obtained by Brenner and recently verified numerically by Feng assuming that couples
stresses are negligible in the limit of diluted solutions. This confirms the necessity of more
research that permit quantification of this rheological parameter.

In order to explain the difference in the behavior between the water and kerosene based
ferrofluid a hydrodynamic (or may be ferrohydrodynamic) stability analysis must be carried
out. The conditions predicted for stability or instability can be verified using the ultrasound
velocity profile method.

Our flow measurements in open container show volumetric and surface effects present in
the phenomenon; however, our measurements and analytical work were focused in the bulk
flow. More effort must be directed to study and quantification of the effect of magnetic surface
stresses on the macroscopic flow and torque measurements.

As we mentioned in Chapter 4, the polydispersity effect of the particle size on mechanism of
relaxation must be taken in account in order to obtain better estimates of the relaxation times.
Nevertheless, as can be seen in Table 4.3 for the EMG900 and their dilutions, the 75 < 75 when
the effect of particle polydispersity is taken in account. However of the comparison between
experimental and theoretical results, agreement is obtained by the order of magnitude of 7p.
This suggests, that alternatives to a parallel relaxation process must be studied as mechanism
of relaxation.

Finally, practical applications of flow of ferrofluid induced by rotating magnetic fields in

microfluidic or microdevices must be explored.
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Appendix A

Stator winding specifications

The two pole motor stator winding used to generate the rotating magnetic field was obtained
from a commercial pump motor of 1.5 hp of power, National Stock Number (NSN) k246. The

specifications of the motor are

Pump duty motor

Motor type 3 phase
Power 11/2 hp
Voltage 200-230/460
RPM 3450

Full load amps 4.8-4.2/2.1

Manufacturer ~ GE motors & industrial systems

This motor was disassembled and the stator winding was used as show Fig. A-1. Next,
we connected the terminals of the stator in their low voltage configuration according to the

instructions of the manufacturer.

142



a) b)

Figure A-1: a) The electric motor as was obtained from the manufacturer. b) The stator
winding as it is used in our setup for generate a rotating magnetic field.
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Appendix B

Measurements of the slot angles in

the polycarbonate container

The polycarbonate container used to obtain the experimental flow measurements was originally
designed with four slots with angles of 10° and 15° with respect to the diagonal. However,
when experimental azimuthal velocity profiles were obtained from the parallel velocity reported

by the DOP 2000 using the relation

RZ + x2 — 2Row) cos 3
Rosin B3 ’

vg = )| (B.1)
we observed that velocity profiles taken on the same slot overlapped whereas velocity profiles
on different slots did not. This can be due to inaccuracies in the value of the angle 5. In order
to obtain the correct value for the angle 8, we took a print of the surface of the container on a
paper. This allow us to reproduce in the better form the surface of the container in Autocad®
in then to obtained the right value for each slot angles as is shown in Fig. B-1. Table B.1
summarize the value for each slot.

Using these new angle values velocity profile measurements taken with different slots over-
lapped for the case of glycerol in Couette geometry with exception of the angle measured for

slot 1-2. This angle is more difficult to obtain due possibly to that is a small angle doing difficult

the measure.
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Figure B-1: Surface of the polycarbonate container reproduced in Autocad in order to measure
the angle that make each slot with respect to the diagonal.

Table B.1: Expected and measured angles for slots of the polycarbonate container used in to
obtain the experimental velocity profiles. First column are label used for each one of the slots
in the container.

Slot H Expected angle Measured angle

1-2 10° 10.74°
3-4 10° 9.98°
5-6 15° 16.55°
7-8 15° 20.19°
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Appendix C

Velocity profile measurements for

ferrofluid in a cylidrical container

C.1 Velocity profile measurements for EM G705 ferrofluid

C.2 Velocity profile measurements for EMG900-1

146



c)

Figure C-1: Velocity profiles for EMGT705 ferrofluid to frequency of 40Hz and a) 10.2mT rms
b) 12.2mT rms and c¢) 14.4mT rms amplitude of the applied magnetic field.
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c)

Figure C-2: Velocity profiles for EMGT705 ferrofluid to frequency of 50Hz and a) 10.2mT rms
b) 12.2mT rms and c¢) 14.4mT rms amplitude of the applied magnetic field.
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c)

Figure C-3: Velocity profiles for EMG705 ferrofluid to frequency of 65Hz and a) 10.2mT rms
b) 12.2mT rms and c¢) 14.4mT rms amplitude of the applied magnetic field.
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c)

Figure C-4: Velocity profiles for EMGT705 ferrofluid to frequency of 75Hz and a) 10.2mT rms
b) 12.2mT rms and c¢) 14.4mT rms amplitude of the applied magnetic field.
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c)

Table C.1: Velocity profiles for EMGT705 ferrofluid to frequency of 85Hz and a) 10.2mT rms b)
12.2mT rms and ¢) 14.4mT rms amplitude of the applied magnetic field.
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c)

Figure C-5: Velocity profiles for EMG705 ferrofluid to frequency of 100Hz and a) 10.2mT rms
b) 12.2mT rms and c¢) 14.4mT rms amplitude of the applied magnetic field.
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c)

Figure C-6: Velocity profiles for EMG900-1 ferrofuid to frequency of 65Hz and a) 10.4mT rms
b) 12.5mT rms and c¢) 14.6mT rms amplitude of the applied magnetic feld.
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c)

Figure C-7: Velocity profiles for EMG900-1 ferrofuid to frequency of 75Hz and a) 10.4mT rms
b) 12.5mT rms and c¢) 14.6mT rms amplitude of the applied magnetic feld.

154



c)

Figure C-8: Velocity profiles for EMG900-1 ferrofuid to frequency of 85 Hz and a) 10.4mT rms
b) 12.5mT rms and c¢) 14.6mT rms amplitude of the applied magnetic feld.
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c)

Figure C-9: Velocity profiles for EMG900-1 ferrofuid to frequency of 100Hz and a) 10.4mT rms
b) 12.5mT rms and c¢) 14.6mT rms amplitude of the applied magnetic feld.
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Appendix D

Torque measurements in spin up

geometry

D.1 Torque measurements for EMG705 ferrofluid and its dilu-

tions.

D.2 Torque measurements for EMG900 ferrofluid and its dilu-

tions
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c) d)

Figure D-1: Spin up torque measurements as function of the applied magnetic field and fre-
quency for EMG705 and EMG705-1
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c) d)

Figure D-2: Spin up torque for EMG900-1 and EMG900-2 as function of the applied magnetic
field and frequency
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a) b)

Figure D-3: Spin up torque for EMG900-3 as funtion of the applied magnetic field and frequency.
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Appendix E

Velocity profile measurements for

ferrofluid between coaxial cylinders

Velocity profiles measurements were carried out using probes placed in middle height of the
container to tree different angles with respect to the diagonal and for frequencies of 85 Hz,

100 Hz, 125 Hz, and 150 Hz and amplitudes of 12mT, 14.5mT and 16.5mT

E.1 Velocity profiles for EMG900-1 ferrofluid using R; = 9.3 mm

E.2 Velocity profiles for EMG900-1 ferrofluid using R; = 4.9 mm
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Figure E-1: Annular velocity profile for kerosene bsed ferrofluid for 85 Hz and a) 12.4 mT rms,
b) 14.5 mT rms and ¢) 16.7 mT rms amplitudes of the applied magnetic field.
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)

Figure E-2: Annular velocity profile for kerosene bsed ferrofluid for 100 Hz and a) 12.5 mT rms,
b) 14.5 mT rms and c¢) 16.6 mT rms amplitudes of the applied magnetic field. The internal
diameter radius is 9.3 mm.

163



)

Figure E-3: Annular velocity profile for kerosene bsed ferrofluid for 125 Hz and a) 12.5 mT rms,
b) 14.5 mT rms and c¢) 16.6 mT rms amplitudes of the applied magnetic field. The internal
diameter radius is 9.3 mm.
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Figure E-4: Annular velocity profile for kerosene bsed ferrofluid for 150 Hz and a) 12.5 mT rms,
b) 14.5 mT rms and ¢) 16.5 mT rms amplitudes of the applied magnetic field.
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)

Figure E-5: Annular velocity profile for kerosene bsed ferrofluid for 85 Hz and a) 12.5 mT rms,
b) 14.5 mT rms and c¢) 16.6 mT rms amplitudes of the applied magnetic field. The internal
diameter radius is 4.9 mm.
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)

Figure E-6: Annular velocity profile for kerosene bsed ferrofluid for 125 Hz and a) 12.5 mT rms,
b) 14.5 mT rms and c¢) 16.6 mT rms amplitudes of the applied magnetic field. The internal
diameter radius is 4.9 mm.
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Appendix F

Experimental torque measurements

in annular geometry

F.1 For EMGT705 ferrofluid and their dilutions

F.2 For EMG900 ferrofluid and their dilutions
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c)

Figure F-1: Torque measurements in annular geometry for EMG705
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c)

Figure F-2: experimental annular torque measurements for EMG705-1
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c)

Figure F-3: Annular torque measurements for EMG900-1as function of the applied magnetic
field and frequency
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c)

Figure F-4: Annular torque measurements for EMG900-2 as a function of amplitude and fre-
quency of the applied magnetic field
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c)

Figure F-5: Torque in annular geometry for EMG900-3 as function of the amplitude and fre-
quency of the applied magnetic field.
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