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Abstract 
 
 

Understanding optical propagation through atmospheric turbulence is a highly 

important step for the efficient implementation of a free space laser communication 

system and for achieving diffraction limited imaging over long paths. The project 

reported has studied the refractive index structure parameter, Cn
2, as function of local 

bulk meteorological conditions.  We present the data collected and the methodology used 

during the campaigns of the past 3 years.  In our analysis we address the greatest 

limitation that affects studies of turbulence data, the non-stationary and non-linear 

characteristics which severely limit the usefulness of traditional time series analysis. We 

have devised a new mathematical technique, referred to as the Hilbert Phase Analysis 

(HPA) and we report on its implementation and testing in this work.  
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Resumen 
 

Entender la propagación óptica a través de los efectos de turbulencia atmosférica 

es un paso importante para la implementación efectiva  de sistemas de comunicación por 

láser y de toma de imágenes a través de la atmósfera a largas distancias. Este trabajo 

presenta el estudio del parámetro de estructura del índice de refracción de la atmósfera,, 

Cn
2 , en función de las condiciones climáticas locales. Aquí presentamos la data obtenida 

y la metodología implementada en los distintos experimentos por los pasados 3 años. En 

nuestro análisis trabajamos con la limitación más grande para el análisis de nuestra data 

de turbulencia, la data no posee características de ser estacionaria ni linear, lo cual limita 

severamente el análisis por métodos tradicionales. Hemos desarrollado una nueva técnica 

matemática nombrada “Hilbert Phase Analisys” (HPA) y reportamos su implementación 

y pruebas en este trabajo. 
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Chapter 1: Introduction 
 
1.1 Light traveling through the atmosphere 
 

Light from a point source propagates as spherical waves. After long distances of 

propagation a small section of these spherical waves can be assumed to be planar waves. 

That is the case of star light incident on the Earth. Once the starlight propagates through the 

Earth's atmosphere, it will suffer from atmosphere induced effects.  These can be considered 

as two separate items: attenuation effects and index of refraction effects. 

We illustrate the distortions in response to the changes of refractive index in the 

atmosphere in figure 1.1.  

 

Figure 1.1 Representation of light from a point source traveling through the atmosphere. 
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The atmosphere is a non-homogeneous system in which properties will be sensitive to 

changes in pressure, temperature, humidity and wind speed/direction. Properties also will 

vary as a function of the altitude with respect to the Earth surface due the layered nature of 

the atmosphere. This layered nature and the sensitivity of the non-homogeneous system to 

different variables creates the turbulent fluctuations in the refractive index of the atmosphere, 

producing phase fluctuations in the traveling wavefront.  

Atmospheric turbulence is a major problem for imaging and energy transport. During 

the past decades most studies in this area have been directed along the vertical propagation 

paths, for astronomical observations and imaging. However, in recent years, research in 

horizontal path propagation has been increased due the efforts for the improvement of free 

space optical communication systems and low altitude astronomical observations. 

Turbulence on the optical field, leads to scintillation, absorption and scattering, where 

scintillation is the effect of interest in this work. The absorption and scattering effects by the 

atmosphere are wavelength dependent and give rise primarily to attenuation of the optical 

wave. 

The structure parameter of refractive index or as it is better known, Cn
2, is the 

physical parameter used to describe the magnitude of the atmospheric turbulence in the 

atmosphere which is related to the scintillation effect and is defined to be wavelength 

independent. 

 In the lowest layer of the atmosphere this atmospheric turbulence parameter has been 

related to different bulk weather parameters like the solar insolation circle and fluctuations in 

wind speed/direction, temperature and pressure. But however, no complete theory or model 

exists which precisely explains its behavior. 
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In order for this work to be able to make a contribution towards solving the problems 

described before, specific objectives had to be addressed as listed below,  

• take measurements of Cn
2 in the weak turbulence regime where the Cn

2 is claimed to 

be proportional to the Rytov variance [4] 

• examine the first order effects of the local weather in the Cn
2 parameter 

• find a valid method of analysis to analyze in a qualitative and quantitative way the 

possible contributions of the  local weather parameters over the Cn
2. 

With these objectives fulfilled, we were able to demonstrate the necessity to have 

available a mathematical tool which allow the study and the quantification of the effects of 

different local weather parameters over the Cn
2 parameter. 

 

This dissertation is laid out in the following format: 

Chapter 1. Introduction 

Chapter 2. Background Theory 

Chapter 3. Calibration 

Chapter 4. Experiments 

Chapter 5. Data Analysis 

Chapter 6. Conclusions 
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Chapter 2: Background Theory 

2.1 The refractive index structure function (Cn
2)  

 

 The refractive index structure function, Cn
2, is a parameter which describes the 

magnitude of the turbulence effects in the atmosphere for the optical range. Most of the 

studies refer to this turbulence as an effect of turbulent air motion and fluctuations where 

the source of energy for this motion are the gradients or changes in heating and cooling of 

the atmosphere and Earth surface caused mostly for sunlight and diurnal cycle. One 

characteristic of turbulent air motion is that is unpredictable, which made this more as a 

general study of optical wave propagation through a random media. As a random media 

we refer to a system were it basic properties are random functions of space and time. 

 The physical meaning of the refractive index structure function Cn
2 is a 

measurement of the strength of the fluctuations in the refractive index in the atmosphere. 

This parameter can be classified in two different regimes: weak turbulence and strong 

turbulence. Typically values for the weak turbulence regime are 10-17 m-2/3 or less and for 

strong turbulence regime up to 10-13 m-2/3 or more. The m-2/3 units are derived from 

dimensional analysis.  

 
2.1.1 Scintillation basis 
 
 

Scintillation can be described as the destructive and constructive interference of 

optical waves caused by the fluctuations in the index of refraction along the optical path 

causing changes in intensity in the optical beam [6]. The scintillation index is perhaps the 
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most immediate and easy variable to measure in function of space and time and that 

allow a direct relation with the Cn
2 parameter. The scintillation index is defined by 

                               12

2
2
1 −

><
><

=
I
Iσ                                  (1) 

where I  is the intensity and the brackets < …>  denotes an ensemble average. Applying 

the optical wave model of an infinite plane wave it can be characterized by the Rytov 

variance which represent what we normally know as the scintillation index or the 

normalized irradiance variance. By the Rytov approximation[1] then  

                 ][,23.1 6
11

6
722

1 unitlessLkCnRytov == σσ                        (2) 

It claims a direct relation between the Cn
2 and the scintillation index, where 

λ
π2

=k  is 

the optical wave number, λ (m) is the wavelength and L (m) is the propagation path 

length. This relation is true for the weak turbulence regime which is also defined as 

12
1 <σ . This relationship shows that the scintillation is product of the small fluctuations 

on the refractive index of the atmosphere in function of time. 

 
2.1.2 Atmospheric Refractive Index Fluctuations 
 

 In optical wave propagation through the atmosphere the index of refraction is a 

significant parameter of study. This parameter is sensitive small-scale fluctuations in 

different weather parameters like temperature and pressure. At a determined point in 

space in some specific time it can be expressed as  

                                    ),(),( 10 tRnntRn +=                         (3) 
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where n0  ≈ 1 and n1(R, t) represent the random deviation of the atmospheric refraction 

index. This term represent the changes due the random behavior of the atmosphere. For 

optical and IR wavelengths the refractive index can be written as 

                 
)(
)()10*52.71(10*6.771)( 236

RT
RPRn −−− ++= λ                       (4) 

or assuming λ ≈ .5 μm due the small dependence λ for optical frequencies 

                   
)(
)(10*791)( 6

RT
RPrn −+≅                                                       (5) 

according to  [4]. Here λ is the wavelength in μm, P is pressure in millibars and T 

temperature in Kelvin. 

 The behavior of the Cn
2 along a propagation path can be related to the fluctuations 

in the atmospheric refractive index from the temperature structure function, CT
2, obtained 

from the difference of the mean-square of point measurements of temperature along the 

path.  Then from equation 5 the Cn
2 can be directly inferred by 

                              22
2

62 )10*79( Tn C
T
PC −=                                                    (6) 

 This statistical description is similar to the description related to random field of 

turbulent velocities, where are inertial subrange exist bounded by the outer scale L0 and 

the inner scale l0. The inner and outer scales are defined in the classical theory of 

turbulence developed in the early 1940s by Kolmogorov which concern random 

fluctuations in the magnitude and direction of the velocity field of a fluid [3]. 

The concepts of outer scale and inner scale comes from Kolmogorov cascade theory, 

which assume that this turbulent eddies go from a macroscale to a microscale in size, 

which create a continuum decreasing eddies as seen in figure 2.1. This idea comes in 
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visualize the atmosphere in two distinct states of motion, laminar and turbulent. Laminar 

assume a constant and uniform behavior and turbulent that the atmosphere lose its 

uniform characteristic due the dynamic mixing and acquire random subflows called 

turbulent eddies. A transition from laminar characteristic to turbulent characteristic in the 

atmosphere were occurs when the Reynolds number get to a critical point. Reynolds 

number are define as,   

                                  
v

Vl
=Re                        [unitless]                (7) 

where V is speed of the flow (m/s), l is the dimension (m) and v is the kinematic viscosity 

(m2/s). 

 

          
 
Figure 2.1: Representation of Kolmogorov cascade theory. The area between the outer 
scale and inner scale form the inertial subrange. Lo represent the outer scale and lo 
represent the inner scale 
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It claims that when the field of velocity fluctuations within the inertia subrange 

show properties of statistical homogeneity and isotropy, the corresponding inertial 

subrange of the refractive index fluctuation will inherit those properties too. 
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Chapter 3: Calibration 
 
3.1 Instrument Overview 

For the purpose of this work, a specialized instrument for the measurement of Cn
2 was 

used. The Optical Scientific, Inc LOA-004 scintillometer systems consists of a transmitter 

and a receiver system and is shown in figure 3.1.  

              
Figure 3.1: LOA-004 Scintillometer 

 

The transmitter consists of a single diode which emits its central wavelength in the 

infrared band (λ = 0.94μm), although its bandwidth extends significantly into the red end of 

visible, and its beam is converted to a diverging beam using a 6 inch mirror located in the 

system. 

On the other side, the receiver consists of two single pixel detectors, as seen in figure 

3.1 with a broader bandwidth from 0.65 to 1.0 microns. These instruments also work as an 

anemometer measuring the transverse component of the wind through the propagation path. 

As an output the instruments provide a time vector with the Cn
2 values, the wind speed values 

and the voltage values received by each receptor channel. Also provided is a status value 

which indicates when the detectors operate outside of their calibrated region, which generally 
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occurs due to too high or too low incident intensity caused by misalignment, loss of power at 

the transmitter or saturation of the signal in the receptor channels. 

 The Cn
2 measurements determined by the LOA-004 system is a path integrated which 

come from the computation of the log-amplitude scintillation (Cx(r)) of the two receiving 

signals. Due the equation for the log-amplitude covariance function of Kolmogorov 

turbulence by Clifford et al. [17], equation 1, it is possible to relate the (Cx(r)) computed by 

the instrument with the Cn
2 parameter.       

)1(
)1(

4)}()]1([exp{sin])1()[(94.2)(
2
1

0
6
5

2

0

6
11

6
51

0

2

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡
−

−−−= ∫∫
∞ −

r
u

yuJyFuudyyuuudurC T
y

Tx
πσσ  

where r is the separation between the two point detectors in Fresnel zones Lλ , with L 

being the path distance between the transmitter and the receiver; y  is the normalized spatial 

wavenumber; 
L
zu =  is the normalized path position; J0 is the zero order Bessel function of 

the first kind and  

                     )(124.0)( 26
11

6
7

2 uCLku nT =σ                         (2) 

                       [ ])(102.7)( 0
7.0

5
8

6
5

ξξξ JdyyF
y

−= ∫
∞ −

          (3) 

To simplify this relations in order to understand the algorithm implemented for the 

instrument a weighting function W(u), equation 4 can be defined  

                    [ ] )4(
)1(

4),()1(365.0)(
2
1

0
06

5
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7
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such that 

                       )5()()()(
1

0

2∫= uWuduCrC nx  

 

assuming point source and point receivers. The information related to the Cn
2 for point 

sources and receivers is carried in the term g(u, y) from the expression above. This 

instrument also made an important point for the calculations of the Cn
2 that the turbulent 

power spectrum is Kolmogorov meaning that the spatial power spectrum of temperature 

fluctuations )(2 kTΦ  and the humidity fluctuations )(2 kHΦ  are proportional to 3
5−

k . 

 
3.2 Instrument Cross Calibration 

3.2.1 Landbound region 
 

Two identical LOA-004 Scintillometers were used for these experiments, provided by 

the US Naval Research Lab in Washington DC. For initial cross calibration, the instruments 

were set up side by side on the UPRM Experiment, during the spring of 2006 at an 

approximate propagation distance of 90 meters. Data was collected data for almost 7 weeks.  

Because of the divergence of the transmitted beam from each individual system, to avoid 

cross contamination the systems were aligned with the transmitter and receiver of each on 

opposite sides of the beam path, as seen in figure 3.2.  

The data collected was filtered using the status value provided by the instruments. 

Once all the data was filtered we identified a day where both instruments had taken good 

values over a full 24 hours. The data of the instruments was correlated to verify the precision 

of the measurements of one instrument respect to the other. The data from the instrument that 
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Figure 3.2: Calibration alignment. 

 

 

 

           Figure 3.3: February 28, 2006 Cn
2 data. 

 

T 1 

T 2 

R 1 

R 2 

P O 

S S 

Legend: 
T1: Transmitter 1                   S: Stairs 
R1: Receiver 1                       P: Planetarium 
T2: Transmitter 2                   O: Observatory 
R2: Receiver 2 
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we name Scintillometer 1 and Scintillometer 2, both over a time period of 24 hours and with 

a sample rate of 0.1 Hz. In order to better visualize data trends, the data were smoothed using 

a simple rolling average function.  This is also known as boxcar smoothing.  The width of the 

rolling average window can be varied at will, of course.  We see in figure 3.4 (top) shows the 

Cn
2 raw data with its cross correlation as a function of time lag below in figure 3.4 (bottom). 

Perhaps figure 3.5 (top) show the same Cn
2 data but with a 30 values rolling average or what 

is equivalent to 5 minutes in our time vector. It is very clear how smoothing the data improve 

the correlation between the signals of both instruments when we compare the cross 

correlation coefficient.  To investigate the effect of smoothing on the cross correlation  

 
 

 
Figure 3.4: February 28 2006. Cn

2 data from the Scintillometer 2 and Scintillometer 1 are 
plotted on the top graphs respectively, this is the raw data. The bottom graph correspond to 
the cross correlation between the two signals. 
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Figure 3.5: February 28 2006. Cn

2 data from the Scintillometer 2 and Scintillometer 1 are 
plotted on the top graphs respectively; this is with a 30 value rolling average. The bottom 
graph correspond to the cross correlation between the two signals. 
 
 
between the two signals, we plot the cross correlation as a function of a 30 value boxcar 

width, figure 3.8. The blue line corresponds to the data previous described and we can 

observe that the maximum correlation factor is obtained when the smoothing width was 30 

values.  The maximum unsmoothed cross correlation coefficient at 0 lag for the calibration 

measurements was of .49 and with 30 point boxcar the coefficient was of .85. 

 
3.2.2 Littoral region 
 

 For the HOPA VIPh experiments, since the geometry and the environment were 

radically different to the more controlled rooftop calibrations, we decided to check again the 

calibration of the instruments. The instruments were located in the same antysimetric 

position between transmitter and receivers as with the top of the Physics Building; this time 

the beams propagated about 1.5 meters above the surface of the water for almost 600 meters. 
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Data was collected over 24 hours from which we were able to collect almost 19 hours of 

contiguous good data with which to analyze the correlation between the signals.  

 

 
Figure 3.6: September 3 & 4 2006. Cn

2 data from the Scintillometer 2 and Scintillometer 1 
are plotted on the top graphs respectively, this is the raw data. The bottom graph correspond 
to the cross correlation between the two signals. 
 
 
 

 
 
Figure 3.7: September 3 & 4 2006. Cn

2 data from the Scintillometer 2 and Scintillometer 1 
are plotted on the top graphs respectively, this is with a 30 value rolling average. The bottom 
graph correspond to the cross correlation between the two signals. 
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 Figure 3.6 & 3.7 shows the data for calibration over the water collected between 

September 3 and September 4, 2006 at La Parguera, Lajas, and Puerto Rico. Figure 3.6 show 

the data without any smoothing and figure 3.7 shows the same data with a 30 point rolling 

average (5 minutes) and its correlation respectively. Once again it is clear how smoothing the 

data helps to improve the correlation between the signals for the slower oscillations that 

interest us in the study.  Figure 3.8 shows the comparison of the autocorrelation as a function 

of boxcar width for both calibrations runs. In both cases we can observe how smoothing the 

data improve the correlation between the signals, but with rolling averages greater than 30 

values (5 minutes) this correlation exhibits a strong asymptotic behavior.  

 

 
Figure 3.8. Cross correlation coefficients. (Red line: Calibration over Water (September 4 
2006), Blue Line: Calibration over Physics Building (February 28 2006)). 
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 The raw cross correlation coefficient for the 19 hours data set collected over water is 

.025 while with a 30 value boxcar smoothing it is of .60. For the 24 hours data set collected 

over the Physics Building the cross correlation coefficient at 0 lag for the raw data is of .5 

while with a 30 point boxcar smoothing it is .855. 

 
3.3 Calibration Conclusion 
 
 

The data confirms that the instruments perform very similarly, so that we can 

confidently perform simultaneous experiments at distinct locations and with different 

experimental geometries. 

Also figure 3.8 shows which number of values for a rolling average it will be better 

for smoothing our data and keep the precision between the instruments. For both calibrations 

experiments under completely different conditions is showed how a smoothing 5 minutes in 

the time vector is the optimal to keep that precision. 
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Chapter 4: Experiments 
 
 

For the development of this work multiple experiments at different locations were 

carried out. All of them followed the same objective of collect as much data as possible with 

variable weather parameters and geographical conditions. During each campaign we 

confronted different complications which limited that amount of data collected. The weather 

conditions was one of the principal affecting factors along all the experiments due strong 

rains, thunder storms or strong winds which misalign the systems. Under some 

thunderstorms, or strong rains it was necessary to stop the experiment for protection of the 

electronic equipment like the computers which control and save the data take by the 

instruments. During the next sections the difference between each experiment campaign will 

be discussed. 

The alignment process for this equipment at each experiment location consist in 

being able to collocate the transmitter beam with the receiver aperture between a minimum 

distance of 100 meters and no more than 2000 meters, as recommended by the manufacture. 

However we show that less than 100 meters can be obtained by neutral density filters (see 

section 4.1). Once they are in position the finder telescopes located at the top of each 

instruments can be used to better the first alignment. After the equipment is on and the SQC 

data collection software has been set-up following the instructions provided, the software can 

be run in a setup or alignment mode. The set up shows the voltage value corresponding to 

each receiver channel. A good alignment process consists in changing the direction of the 

transmitter and the receiver using the micrometer screws on the tripods and ensuring the 

detector voltage values are as close as possible one to the other, preferably no more than .1 
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volt the difference between them and over the 2.5 volt threshold value for each channel. 

Each channel should not be under .3volts or higher than 3 volts to be considered as a good 

data. The power of the LED on the transmitter can be adjusted as necessary, depending in the 

distance of the setup.  

 
4.1 Physics Building, UPRM, Experiment 
 

 The UPRM Experiment was undertaken during the 2006 spring for seven weeks. The 

main purpose of this experiment was to cross check the relative calibration of the systems 

but it also provided a large amount of landbound weak scintillation data. Figure 4.1 shows 

more specifically the setup of the experiment on the top of the Physics Building. The 

separations between the transmitters to the receivers were approximately 90 meters. Because 

of the short distance it was necessary to use neutral density filters at the receivers to attenuate 

the intensity of the incoming beam light and not saturate the receiver channels.  The filters  

 
Figure 4.1: Sketch of the Experiment at the top of the Physics Building (UPRM Exp). 
Distance or propagation between the systems 90 meters approximately (draw not at scale). 

T 1 

T 2 

R 1 

R 2 

P O 

S S 

Legend: 
T1: Transmitter 1                   S: Stairs 
R1: Receiver 1                       P: Planetarium 
T2: Transmitter 2                   O: Observatory 
R2: Receiver 2 
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were constructed using metallized electrostatic discharge film used to package sensitive 

electronic components.  This film consists of an inner layer of polyethylene, an outer layer of 

polyester and a sandwich layer of aluminum, which allows for about a 40% transmission in 

the visible and approximately 20% in the near infrared. 

 A Davis Pro Weather Station was placed on the roof of the building, but due to 

technical problems with the control box of the weather station it was not possible to recover 

that data. Conveniently close to the building, around 100 meters separation, is located a 

weather station administrated by the Climate Center at the University of Puerto Rico in 

Mayagüez. This weather station collects data every 10 minutes and can be accessed through 

the webpage http://atmos.uprm.edu/.  

 

4.2 Chesapeake Bay Detachment, Experiment 
 

 The Chesapeake Bay Detachment (CBD) is a research facility of the Naval Research 

Laboratory located right on the Chesapeake Bay, MD. This site was originally selected for 

the experiment due the closeness to the bay and it relative isolation, allowing for minimal 

human intervention in the experiment. 

For the CBD Experiment scintillometer #1 was employed only. The transmitter was 

positioned approximately 20 feet from the edge of a cliff where a receiver was placed in 

front of a building. The distance of between the transmitter and the receiver was 110 meters 

approximately mostly over a grassy area. The weather station, a Davis Vantage Pro plus was 

located close to the receiver over the grassy area. 
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Figure 4.2: Aerial view of the Chesapeake Beach Detachment of the Naval Research Lab in 
Chesapeake Beach MD, US. 
 

 This experiment ran over a period of two years, 2003 and 2004, to collect data over 

the four different seasons of the years. As described before the Scintillometer took data every 

10 seconds and the weather station collected data every 5 minutes. During that campaign 

numerous difficulties were found since the Scintillometer needed to be constantly monitored 

as it would misalign easily; strong winds were the principal reason for the misaligning of the 

system [14]. 
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Figure 4.3: View of the area where the CBD experiment was performed. 
 

4.3 Magueyes Island, HOPA VIPh Experiment 
 

 HOPA VIPh Experiment (HOrizontal PAth propagation over the water from the Villa 

Parguera hotel) was a 3 week campaign during the end of the summer of 2006. For this 

experiment both Scintillometers and two Davis Vantage Pro plus weather stations were 

employed.  The experiment was conducted between the Hotel Villa Parguera in Lajas Puerto 

Rico and Isla Magueyes, a research facility of the Marine Science Department of the 

University of Puerto Rico, Mayagüez Campus. 

Scintillometer #1 was located between the roofs of the hotel building and the roof of 

the main building on Isla Magueyes as appreciate in figure 4.5. Transmitter #1 was at an 

altitude of 6 meters approximately versus the receiver #1 at 15 meters altitude approximately 

over the top of the building in Magueyes Island.  Scintillometer #2 was collecting data at low 

altitude, 5 feet approximately over the water level at each side, transmitter and receiver as 

observed in figure 4.6. This one was located between the dock at the mentioned hotel and  
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Figure 4.4: Aerial view of the experimental site and representations of the propagations paths 
between Villa Parguera hotel and Magueyes Island. 
 
 
one of the docks at the back sides of Magueyes Island, to complete the 580 meter 

propagation path just over the water as a difference of with the other system which has 

approximately 80 meters of land under the propagation path. 

 This campaign was designed with this geometry to compare data collected at 

different altitudes and over different propagation paths: over water and over a mix terrain. 

Also two weather stations were used, one in each receiver. The weather station with the 

receiver #2 was collecting data each 1 minute and the one in Magueyes Island, close to the 

receiver #1 was collecting data each 30 minute. Data from the weather station located at 

Magueyes Island provided by Yaítza Luna, and is available to the public at 

http://physics.uprm.edu/~yaitza.  

Villa Parguera 
Hotel

Magueyes 
Island 

Scintillometer # 1 Propagation 
Path aprox. 592 meters

Scintillometer # 2 Propagation 
Path aprox. 580 meters
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Figure 4.5: (a) View of the transmitter at the top of the hotel, (b) view of the receiver at from 
the top of the building in Magueyes Island. 
 
 
 
 
 
 
 
 

 
Figure 4.6: (a) Transmitter located at the dock in Magueys Island, (b) view of the receiver 
located at the dock in Villa Parguera hotel. 
 
 
 

(a) (b) 

Receiver #1 Transmitter #1 

Transmitter #2 Receiver #2 

(a) (b) 
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Figure 4.7: (a) Weather Station located with the Receiver #2 at the hotel, (b) weather station 
located at the Receiver #1. This weather station is administrated by Yaítza Luna.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

(a) (b) 
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Chapter 5: Experiments Results 
 
5.1 Data Analysis Methods 
 

MATLAB has been used as the principal data reduction and data analysis platform. 

Different methods of analysis have been implemented, including correlograms and the 

calculation of the cross-covariance between different variables of interest. Some of these 

methods are most effective when used with stationary data; as a consequence a way of 

achieving this stationarity condition had to be defined and implemented.  Stationary data are 

the data in which the ensemble mean of a subset of the series is equal to the mean of the 

overall series. We begin by describing a recently developed algorithm which allows us to 

satisfy the requirement of stationarity. 

 
5.1.1 Empirical Mode Decomposition (EMD)  
 
 

The Empirical Mode Decomposition (EMD) is a new technique pioneered by N. E. 

Huang et al. [16] for representing non-stationary signals. The EMD method is an adaptive 

decomposition of the data, which results in the extraction of so called Intrinsic Mode 

Functions (IMFs). The IMFs have well prescribed instantaneous frequencies, defined as the 

first derivative of the phase of an analytical signal. The algorithm for this technique 

summarized by G. Rilling [15] as: 

1. find all extrema in the signal x(t) 

2. interpolate between the minima and between the maximas, ending up with 

some envelope emin(t) & emax(t) 

3. compute the mean m(t) = (emin(t) + emax(t))/2 

4. extract the detail d(t) = x(t) – m(t) 
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5. iterate on the residual m(t). 

 

 

Figure 5.1: This figure show the basic algorithm for the EMD method described in the text. 
The graph at the top shows the original signal. In the second graph we represent ate how the 
envelopes are created interpolating between the all the maxima and all the minima. In the 
third one representing the step 3 describe in the text where the mean is calculated. The graph 
number 4 shows the residue of the subtraction of the mean. The processes it will be repeated 
between the steps 2 and 4 until the mean calculated become to zero as seen in the graph at the 
bottom. 
 

This procedure between step 1 to 4 is repeated until the detail signal d(t) is considered 

have a zero mean. Once this criteria satisfied this signal d(t) is know as one IMF. Then the 

residual is computed and step 5 applies. Figure 5.1 shows the IMFs of a time series signal. 

1 2 3 4 5 6 7 8 9 10 11 12

1 2 3 4 5 6 7 8 9 10 11 12

1 2 3 4 5 6 7 8 9 10 11 12

1 2 3 4 5 6 7 8 9 10 11 12

Original Signal, 
x(t) 

Step 2 

Step 3, m(t) mean 
of the envelope 

Step 4, d(t) detail 
resulted from the 
subtraction of the 

mean from the 
signal 

After certain 
number of 

iterations the 
mean become to 

zero 
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Figure 5.2: Cn
2 data corresponding to March 9, 2006, smoothed with a 30 value rolling 

average (top graph). In the second graph is showed the sum of all the IMFs calculated 
without add the trend. The third plot show the trend which was subtracted from the data in 
the second plot. The bottom plot is the sum of all the IMFs including the trend to regenerate 
the original data. The reconstruction error was of the order of 10-14 %. 
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Figure 5.3: IMFs calculated for the Cn

2 data collected on March 9, 2006 at UPRM Exp. The 
Cn

2 data was smoothed with a 30 value rolling average before extring the IMFs. The bottom-
most graph is the residual after removing all the IMFs and represents the overall trend. 
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The IMFs generated from a signal obey the additive law, within the bounds of numerical 

error.  For the example shown in Figure 5.2, summing the IMFs and the trend line generates a 

signal that has a relative error in the order of 10-14 % with respect to the input time series.  

Therefore we can add the different IMFs leaving out the last one, called the trend. Leaving 

the trend out we are eliminating the influence of the lowest oscillation from our data and this 

will give a stationary resultant as its mean will be zero, allowing the application of different 

statistical methods for the analysis.  

 We should also note that the individual IMFs seem to have characteristic timescales, 

which may be related to external physical effects. 

 
5.1.2 The Analytical Signal 

 

 Gabor [18] defined the complex analytical signal, namely 

                                    )()()( tiYtXt +=Ψ                            (1) 

where 

                                       )]([)( tXHtY =                               (2) 
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π
       (3) 

where H[●] represent the Hilbert Transform. As a result ψ(t) is an analytical signal. The 

Hilbert Transform is a Cauchy Principal Integral, which we denote by P, An alternative way 

of writing this is 

                                         )(exp)()( titat Φ=Ψ                     (4) 

where 
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This de Moivre form of the analytical signal is similar to the Fourier amplitude and phase 

expression. Note that the Hilbert amplitude and phase are time dependent, opposed to the 

Fourier analysis.  It is this specific advantage over Fourier analysis that motivates us to 

consider the less well known Hilbert transform over Fourier techniques in what follows. 

 
5.1.3 Hilbert Phase Analysis 
 

 Applying the Hilbert Transform directly to a time varying signal can result in some 

uninterpretable results due the number of paradoxes attributed to the existence of “riding 

waves” in the data.  This problem can be avoided by applying the Empirical Mode 

Decomposition (EMD) method, see [11]. The algorithm for this HPA method consists 

basically of three steps: 

1. obtaining the IMFs and trend lines of the original signal. 

2. add the different IMFs and apply the Hilbert Transform 

3. calculate the phase angle of the Hilbert Transformed IMFs. 

The Intrinsic Mode Function (IMFs) obtained from the application of the EMD method have 

well defined instantaneous frequencies given by  

                          .)()(
dt

tdtw Φ
=                      (7) 
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5.2 Experiments Results 
 
5.2.1 CBD Experiment 

 The Cn
2 data for this experiment collected over the 2 year campaign at the CBD was 

smoothed with a 30 point rolling average. For this analysis we chose data sets under certain 

weather characteristics, which allow us a better analysis and study of the Cn
2 behavior with 

the weather parameter of our interest, the humidity. The data was selected by (Appendix B): 

• temperature variation no more than 15% 

• pressure change no more than 15 mbars 

• exclusion of snowing and raining days 

• wind speed/direction constant. 

 
Figure 5.4: Cn

2 data from the CBD experiment on November 9 2003. In this graph we show 
the sections of the data that we call morning and night for purpose of our analysis. 
 
 

Due to the state-of-the-art premise that the Cn
2 behavior will be dominated by the 

temperature trend, which we assume for most clear days to be strongly influenced by the 
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solar radiation, just data sets during presunrise (morning) and postsunset (night) times were 

selected to study the fluctuations over the Cn
2 data.  This allows us the latititude to study the 

humidity and other secondary effects. For that purpose the data was separate by morning and 

night sections as seen in figure 5.4. 

 

Date 
Min 
RH 
(%) 

Max 
RH 
(%) 

Δ 
RH 
(%) 

Min 
Temp 
(˚F) 

Max 
Temp 
(˚F) 

Δ 
Temp 
(˚F) 

Δ 
Cn

2 Cn
2→Temp Cn

2→1/RH

Nov 03 
2003 

morning 
74 89 15 

(+) 64.09 66.2 2.1 (+) (-) 
 
 x 

Nov 09 
2003 

morning 
42 57 15 

(+) 38.86 40.28 1.4 (-) (-) x x 
Nov 10 
2003 

morning 
63 74 15 

(+) 30.7 33 2.3 (-) (-) x x 
Feb 2 
2004 

morning 
81 100 19 

(+) 28.1 30.6 2.5 (+) (-)  x 
Mar 27 
2004 
night 

71 82 11(-) 43.9 51.9 8(-) (+)  x 
Mar 28 
2004 

morning 
75 87 12 

(+) 48.5 55.7 7.2 (-) (-) x x 
Apr 3 
 2004 

morning 
72 90 18 

(+) 42.3 48.2 5.9 (-) (-) x x 
Apr 3  
2004 
night 

35 49 14  
(-) 37.5 43.1 5.6 (-) (+)  x 

 
Table 5.1: Statistical values for the analyzed cases from CBD experiment. The minus (-) and 
plus (+) symbols represents if the gradient of the trend of the data was decreasing or 
increasing respectively. 
 

After the selection of the data collected, 8 cases between November 2003 and April 

2004 were extracted from the total set. Table 5.1 show for each of the cases selected the 

maximum and minimum values for temperature and relative humidity.  In the table, the 

minus (-) and the plus (+) symbols represent the gradient of the trend of the data.  



 34

Comparing this for each day we can observe that just in 4 of the 8 cases the 

temperature-relative humidity inverse relationship assumption of standard, simplistic 

meteorology is contravened. This inverse relationship is claimed assuming that the moisture 

in the atmosphere is constant over the whole time period of the measurements. Since the 

temperature was mostly constant, with minimal fluctuation compared to the relative humidity 

changes, we can interpret that the amount of moisture in the atmosphere varied over the time 

interval of measurements. 

However an inverse relationship between the relative humidity and the Cn
2 , as 

reported by Oh et al. in 2004[14], has been confirmed in all 8 cases studied here (last 

column), as we can see by examining the correlograms between the two measured functions, 

Figure 5.5, which show negative gradient, see appendix A for more data sets(pages 53-56). 

Supplementing this evidence are the cross-covariance graphs between both time series 

vectors for each case.   

 
 
Figure 5.5: November 3 2003, night. Correlogram (left), Cross-Covariance (right). 
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Table 5.2: Values of the cross covariance coefficients at zero lag to their respective data sets. 
 

 
Figure 5.6: Plot comparing the minimum coefficient with the value of the coefficient at the 0 
lag.  
 

Each of this figure show similar behavior, a negative gradient in each of the 

correlograms presented and a negative cross-covariance coefficient at zero lag as presented in 

table 5.2. Figure 5.6 show a plot of the cross-covariance coefficients at zero lag and the 
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minimum coefficient value. Most of the cases the minimum coefficient is at the zero lag or 

close to it, which mean that the influences of the humidity upon the Cn
2 was very close in 

time (5 minutes per sample). 

The HPA method was also applied to the same 8 cases, as a first test of the 

effectiveness of this method.  In figure 5.7 we observe the plots of the HPA method applied 

to the data, see Appendix A for more examples (pages 63-70). Each figure, which consists of 

6 plots, is organized in the following order: 

• phase angle of  Cn
2  (top left) 

• phase angle of  temperature and relative humidity (top center) 

• average of the phase angle between temperature and relative humidity (top 

right) 

• difference of the average between the phase angle of the weather variables 

from the phase angle of the Cn
2  (bottom left) 

• difference of the phase angle of relative humidity from the phase angle of the  

Cn
2 (bottom center) 

• difference of the phase angle of temperature from the phase angle of the  Cn
2 

(bottom right) 
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Figure 5.7: March 28 2004, morning. At the top (right) the HPA of the Cn

2, (center) the HPA 
corresponding to the relative humidity and temperature, (left) the average between the HPA 
of the temperature and the HPA of the relative humidity. At the bottom (right) the subtraction 
of the average of the HPA from the Cn

2 HPA, (center) the subtraction of the relative humidity 
HPA from the Cn

2 HPA, (left) the subtraction of the temperature HPA from the Cn
2 HPA.  

 
 
 After comparing the difference of the phase angles of temperature and relative 

humidity from the phase angle of Cn
2 we can observe which one conserve the same kind of 

fluctuations that the plot of the subtraction of the average of the phase angles between 

relative humidity and temperature from the phase angle of Cn
2, concluding that:  

• November 3, 2003 (night): Temperature dominate the Cn
2 behavior 

• November 9, 2003 (morning): Not clear which weather parameter dominate Cn
2 

• November 10, 2003 (morning): Temperature dominates. 

• February 2, 2004 (morning): Not clear which weather parameter dominate Cn
2 

• March 27, 2004 (night): Temperature dominates 
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• March 28, 2004 (morning): humidity dominates 

• April 3, 2004 (morning): temperature dominates 

• April 3, 2004 (night): humidity dominates. 

 

5.2.2 UPRM Experiment 
 
 
 This experiment was used for the calibration of the two scintillometer instruments, as 

well as for further testing of the HPA method. From the campaign we were able to extract 6 

days where 100% of the data were good values, as defined by the parameters established by 

the equipment. As a first indicator of how the HPA can describe the behaviors of a time  

 

6 8 10 12 14 16 18 20
0

200
400
600
800

1000
1200
1400
1600

S
ol

ar
 R

ad
ia

tio
n 

(W
/m

2 )

φ (SR)

6 8 10 12 14 16 18 20
-4
-3
-2
-1
0
1
2
3
4

Time (Hours)

H
ilb

er
t P

ha
se

 A
ng

le
 (r

ad
)

6 8 10 12 14 16 18 20
10

-14

10
-13

10
-12

10
-11

C
n2  (m

-2
/3

)

6 8 10 12 14 16 18 20
-4

-2

0

2

4

Time (Hours)

H
ilb

er
t P

ha
se

 A
ng

le
 (r

ad
)

φ (Cn
2)

6 8 10 12 14 16 18 20
-2

-1.5

-1

-0.5

0

0.5

1

Time (Hours)

H
ilb

er
t P

ha
se

 A
ng

le
 (r

ad
)

φ (Cn
2) - φ (SR)

 

Figure 5.8: March 9, 2006, UPRM Experiment. (top right) Solar radiation data with its HPA 
over plotted. (top left) Cn

2 data with its HPA over plotted. At the bottom the difference of the 
solar radiation HPA from the Cn

2 HPA. 
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Figure 5.9: March 7, 2006, UPRM Experiment. (top right) Solar radiation data with its HPA 
over plotted. (top left) Cn

2 data with its HPA over plotted. At the bottom the subtraction of 
the solar radiation HPA from the Cn

2 HPA. 
 

series we use the solar radiation and the Cn
2 data. Figure 5.8, at the left (top) show the 

corresponding data for the solar radiation for March 9 2006 and the Hilbert Phase angle  

calculated. At the right (top) is plotted the Cn
2 data with it Hilbert Phase angle. It is clear that 

the difference between both plots, where the solar radiation was completely smooth, 

indicating that for a sunny day the HPA results in a smooth line with a constant gradient, 

although there are some significant changes in the gradient corresponding to the sunrise and 

sunset times. Also we can observe how the HPA indicates not just the slow oscillations in the 

data, also the fastest oscillations like is the case of the Cn
2 HPA at the top right of the plot. 

The HPA of the solar radiation was subtracted from the HPA of the Cn
2 showing as a result a 

horizontal line close to zero value with small amplitude oscillations. This verifies strongest 

influence of the solar radiation over the Cn
2 over land. 
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 To study the influence of the different weather parameters over the Cn
2 a cross-

correlation was applied to the Hilbert phase angles calculated along a 24-hour time period.  

Figure 5.10 corresponding to March 9 2006 show a clear positive cross covariance between 

the solar radiation and temperature. This demonstrates the direct relation between these two 

variables along a sunny day. Cross covariance between Cn
2 and temperature, relative 

humidity and solar radiation where calculated. The cross covariance for the temperature and 

solar radiation with Cn
2 respectively show a positive relationship between them, as expected 

due the positive cross covariance between the solar radiation and temperature and an inverse 

relationship between the Cn
2 and the relative humidity is present in the data. Figure 5.11 

show the data collected in February 28 2006, this data show a positive correlation between 

the Cn
2 and solar radiation at the same time that show an inverse relationship of the Cn

2 with  

 

 

Figure 5.10: March 9, 2006. (Left) Cross covariance between the HPA(Cn
2) with HPA(RH) 

and between HPA(SR) with HPA(T). (Right) Cross covariance between the HPA(Cn
2) with 

HPA(SR) and between HPA(Cn
2) with HPA(T). 
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Figure 5.11: February 28, 2006. (Left) Cross covariance between the HPA(Cn
2) with 

HPA(RH) and between HPA(SR) with HPA(SR). (Right) Cross covariance between the 
HPA(Cn

2) with HPA(T) and between HPA(SR) with HPA(T). 
 
the relative humidity. During this day we can observe how the relationship between the solar 

radiation and temperature is completely lost and the relation between temperature and Cn
2 is 

also lost. Indicating that more factors were affects the system. Even with this loss of 

relationships the inverse relationship between the Cn
2 and relative humidity still present. 

 

5.2.3 HOPA VIPh Experiment 
 

  During this campaign Cn
2 data was collected over a .5 km propagation path.  The 

other notable difference was that this data was collected over water. Once the data was 

filtered using the statistical values provided by the Scintillometer was plotted, as shown in 

figure 5.12. The Cn
2 data on the solid line correspond to the system located between the 

docks. It was observed that each of the large amplitude peaks in the data was produced by the 

boats passing close to the propagation path. The data from the other instrument was over 

plotted.   
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Figure 5.12: August 27, 2006. Cn
2 data for both Scintillometer over a 24-hours time period.  

 
 
 From this experiment two days of data were selected to apply the Hilbert Phase 

Analysis. These days were selected because each one presents more than 95% of good data in  

 

Figure 5.13: Cross Covariance of HPA for the New Scintillometer with the weather 
conditions collected by the weather station located at Magueyes Island. Data collected on 
August 23, 2006. Statistical values indicate that 99.98% of the Cn

2 data was good data. 
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Figure 5.14: Cross Covariance of HPA for the Old Scintillometer with the weather conditions 
collected by the weather station located at Magueyes Island. Data collected on August 23, 
2006. Statistical values indicate that 95.7% of the Cn

2 data was good data. 
 
 

their statistical values for each system, also for availability of the good weather data along a 

24-hour period. August 23, 2006 presented in figure 5.13 and figure 5.14 for Scintillometer 

#2 and for Scintillometer #1, respectively, shows the consistency on our method in 

illustrating the different kind of relations that exist between the different weather parameters 

and the Cn
2 parameter. The cross correlation zero lag coefficient clearly shows the 

relationship between the Cn
2 data and the Relative Humidity. In figure 5.13we show the 

inverse relationship between these two variables, although in figure 5.14 the relationship of 

these two variables, the Cn
2 with the relative humidity appears to be positive. This difference 

in this latter cross covariance may have been produced by other weather parameter affecting 

one of the systems, by example the wind, which is know it have some influence over the Cn
2 

behavior but is not part of this study. 

What is important to notice in both plots is that the cross covariance between the Cn
2 

and the relative humidity and the cross covariance between the Cn
2 and the temperature is 
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opposite and consistent in both systems. Relationships showed by the cross covariance of 

other variables like the Cn
2 with the solar radiation or between the solar radiation and 

temperature can be lost due the instability in the weather conditions during these days in the 

experiment area. These weather conditions include very cloudy days and windy days.  

During August 27, 2006 it was also possible collect good data on both systems. Data from 

the weather station located at the dock of Villa Parguera Hotel was used for the analysis 

because the data from the weather station at the islet was not available for this day. In figure 

5.15 we can observe the same behaviors observed in the data from August 23, 2006. Most of 

the different relationship showed by the cross covariance of the HPA are lost or in a minor 

scale than the ones observed in the UPRM Experiment data. But once again the HPA  

 

Figure 5.15: Cross Covariance of HPA for the New Scintillometer with the weather 
conditions collected by the weather station located at the Hotel. Data collected on August 27, 
2006. Statistical values indicate that 99.99% of the Cn

2 data was good data. (Left) Cross 
covariance between the HPA(Cn

2) with HPA(RH) and between HPA(Cn
2) with HPA(SR). 

(Right) Cross covariance between the HPA(Cn
2) with HPA(T) and between HPA(SR) with 

HPA(T). 
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Figure 5.16: Cross Covariance of HPA for the Old Scintillometer with the weather conditions 
collected by the weather station located at Hotel. Data collected on August 27, 2006. 
Statistical values indicate that 96.67% of the Cn

2 data was good data. (Left) Cross covariance 
between the HPA(Cn

2) with HPA(RH) and between HPA(Cn
2) with HPA(T). (Right) Cross 

covariance between the HPA(Cn
2) with HPA(SR), between HPA(SR) with HPA(T) and 

between HPA(RH) with HPA(T). 
 
 
 
method reveals a relationship between the Cn

2 and the relative humidity. In this plot this 

relation is a positive one, but the relation between the Cn
2 with the temperature and with the 

solar radiation respectively is negative. This confirms the direct influence between solar 

radiation and temperature and the same time that confirm the inverse relationship between 

the relative humidity and the temperature, demonstration the capabilities of our HPA method. 

Figure 5.16 which correspond to the data of the Old Scintillometer for August 27, 2006 too 

collaborate what was just describe from figure 5.15. 

 Once the data of the 3 experiments was reduced we were able to make some 

comparison of the crude Cn
2 data. Figure 5.17 show Cn

2 data set from each experiment 

discussed in this chapter, plotted as a function of time for a 24 hours period. Table 5.3 shows 

the principal characteristics which distinguish each experiment. It is clear how the turbulence 

that was mostly over the water keep always a lower order of magnitude than the other  
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            CBD 
     Experiment 

       UPRM 
    Experiment 

         HOPA VIPh 
           Experiment 

     Distance of 
    propagation     ≈ 100 meters       ≈ 90 meters            ≈ 600 meters 

        Surface      Grassy area     Over roof of a 
        building 

 Around 86% over water, 
        14% over land 

  Altitude respect 
      the surface       1.5 meters        1.5 meters            ≈10 meters 

Table 5.3: Principal differences between the 3 experiments. 
 
 
systems, been this a possible indication of the effects of presence of humidity along the 

propagation path. It is also notable how the similitudes between the three sets of data were 

they show a minimum close to the sunrise and other minimum around the sunset.  

 

 
Figure 5.17: Plot of Cn

2 data of the three different experiments. The bottom plot represents 
the data collected on August 27, 2006 at La Parguera, Puerto Rico. The Middle one show 
data collected at the Cheseapeake Bay Detachment, Maryland, US, on November 9 2003. 
The top one show Cn2 data collected over the Physics Building roof at Mayagüez Puerto 
Rico on March 9 2006. 
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Chapter 6: Conclusions 

In this project the optically measured atmospheric turbulence structure parameter, 

Cn
2, has been studied under different environment conditions. Also new and innovative 

techniques for analysis of the time series are been tested and developed. 

For our first approach to study the possible influences of the humidity upon the Cn
2 

parameter, we analyzed datasets provided by E. Oh of the Naval Research Laboratory.  We 

verified the inverse relationship of Cn
2 with relative humidity as reported by Oh et al.[14]. 

This data was the motivation to look for new analysis techniques which allow us to correctly 

analyze time series which do not possess stationary properties.  

The introduction of the Empirical Mode Decomposition method (EMD) to this data 

was one of the most important steps for the success of this work. The identification of all the 

Intrinsic Mode Functions (IMFs) of the data and the ability to subtract the trend, allowed us 

to convert our non-stationary time series signal into a time series signal with stationarity 

properties.  We could then apply standard statistical analysis methods with confidence and 

more importantly we were able to study in more detail the faster oscillations in our data. The 

development of the Hilbert Phase Analysis (HPA) in this work provides now what promises 

to be a powerful tool for the study of multiparameter time series data.  

The HPA technique was consistent in the results of the analysis of our data for the 

three different experiments. The three experiments were distinct in geographical position, 

geometry and weather conditions, yet the method revealed the inverse relationship claimed in 

previous work between the Cn
2 and the relative humidity. Also it was very consistent in 
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identifying different relationships already known in the other weather parameters, 

specifically the relation between the solar radiation with the temperature and the inverse 

relation between the temperature and the relative humidity. Maybe the greatest contribution 

of the method due to this work is to show that the relative humidity is possibly a more 

consistent indicator for fluctuations in the Cn
2 parameter than the direct bulk parameters of 

temperature and pressure implemented by Monin-Obukhov similarity based theory which is 

used in predictive models of Cn
2 such as PAMELA [14]. This can be corroborated by 

comparing the results of  table 5.1 for the CBD experiment where the eight cases studies 

show an inverse cross covariance between the Cn
2 and the relative humidity, versus just four 

cases which the show the proportional relationship between Cn
2 and temperature.  During the 

UPRM and HOPA VIPh experiments the cross covariance between the HPA of the different 

variables show in all the cases a relationship between the Cn
2 and relative humidity. In three 

of the cases study for the HOPA VIPh experiment the relationship showed for the Cn
2 with 

the relative humidity it was positive, but there was an inverse relation between Cn
2 and 

temperature indicating the inverse relation between relative humidity and temperature. The 

presence of this relationship between the relative humidity and temperature is a strong 

indicator o the confidence of our method because show relations described by the theory and 

by other methods.  

In conclusion the HPA method shows itself to be a very interesting new technique for 

the analysis of the time series signals, keeping their physical properties present during the 

analysis. This method shows it capabilities at a qualitative level and still undergoing 

improvement to allow for a quantitative level of analysis, which would allow us to determine 

the amount of influence of the different weather parameters upon the Cn
2 parameter. 



 49

Also as a result of this work a database for all the Cn
2 and weather data collected 

along the three different campaigns has been created for public access and can be accesses 

through the website http://physics.uprm.edu/~cfont/. 
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Appendix B 
 
 

Journal Paper 

Submitted to Applied Optics in June 7 2006. Revise on November 9 2006. Pre-print 

available on ArXiv server physics/0606075. 
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