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ABSTRACT

Through this work we predicted the unexpected failures of lake-ice under the
effect of moving loads at critical velocity using finite element analysis. The main
motivation was to solve the unexpected failure of the lake-ice at the Lake Ladoga
during a military operation of the World War II named “The Siege of Leningrad”
where it remained unclear why the slowly moving and heavy trucks did not break the
ice, while rapidly moving and lighter trucks did. One possibility could be explained
using the concept of critical velocity, being this the focal point of this work. We de-
veloped beam and plate viscoelastically supported models and the results produced
the exact solution when compared to metal structures with moving loads and similar
geometric and boundary scenarios. We showed that indeed the trucks reached the
critical velocity on their way back, being this the main cause of the unexpected lake-
ice failure; hence, resonance regimes were present causing instability and therefore
loss of the structural stiffness of the lake-ice. Thus, we developed a novel approach
to predict the unexpected lake-ice failure at critical velocity using the finite element
analysis and we propose the first promising explanation for the “Road of life” at
Lake Ladoga. The solved mystery is that the slowly moving heavy trucks did not
break the lake-ice, but once the cargo was delivered, the lighter trucks drove back
at higher speeds reaching velocities near the critical, creating unexpected failure of
the lake-ice.
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RESUMEN

A través de esta investigación predicimos la falla imprevista de lagos congelados
bajo el efecto de cargas en movimiento a velocidad cŕıtica, usando análisis de ele-
mentos finitos. La motivación primordial es resolver la falla imprevista de hielo en
el Lago Ladoga durante la operación militar de la Segunda Guerra Mundial llamada
“The Siege of Leningrad”, donde permanece incierto el porqué camiones lentos y pe-
sados no quebraban en el hielo, mientras que camiones rápidos y livianos lo haćıan.
Una posible explicación se obtiene usando el concepto de velocidad cŕıtica, siendo
este el enfoque principal de este trabajo. Para esto fueron desarrollados los modelos
con fundación elástica y viscoelástica de vigas y platos, y los resultados produjeron
la solución exacta cuando se compararon con estructuras de metal con cargas en
movimiento con geometŕıa y condiciones de borde similares. Demostramos que los
camiones alcanzaron la velocidad cŕıtica en su regreso, siendo ésta la causa principal
de la falla imprevista del lago congelado; por lo tanto, la resonancia estuvo presente
causando la inestabilidad y la pérdida de rigidez estructural del hielo. Por lo tanto,
desarrollamos un enfoque innovador para predecir la falla imprevista de lagos con-
gelados a velocidad cŕıtica usando el análisis de elementos finitos y proponemos la
primera explicación contundente para la “Ruta de la vida” en el Lago Ladoga. La
respuesta a este misterio es que los camiones lentos y pesados no quebraban el hielo,
pero una vez la carga era entregada, estos camiones livianos regresaban a alta ve-
locidades alcanzando velocidades cerca de la cŕıtica, creando aśı la falla imprevista
del hielo del lago.
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CHAPTER 1.
PRELIMINARY REMARKS

Through this work we plan on studying the unexpected failure of ice subject to

a moving load using the concept of critical velocity and the finite element method

(FEM). The structure being analyzed is an ice resting on calm lake water and it is

subject to a moving load on top of the ice. We plan on making two water-ice system

models: (i) beam model, (ii) and plate model. Both models are will be subject to

an identical geometry and the same moving load, and the ice will be resting over a

viscoelastic medium which best models the water under the ice. All results will be

validated against results available in the literature. In short, we will develop a finite

element based solution to predict the ice rupture under moving loads on frozen lakes

and attempt to explain the unsolved mystery of the “Road of Life” at Lake Ladoga.

1.1 Motivation

The dynamic behavior of ice-structures subject to moving loads remains a field

of interest for the Department of Transportation. This field has many applications

such as, but not limited to, train’s rails, bridges and high-speed projectile launchers.

The concept of critical velocity approach was first introduced in 1927 by Timoshenko

[1]. He stated that at critical velocity conditions, the structure becomes unstable

and buckling takes place. Similar conclusions later were stated by Kenney [2], which

presented an analytical solution for constant velocity of a moving load on beams re-

sisting over an elastic foundation. Similarly, Nechitailo and Lewis [3] used ABAQUS

to visualize the deformation behavior of the deflections and stresses.

The main motivation of this research is to solve the unexpected failure of the ice

at the Lake Ladoga, shown in Figure 1–1, during one of the most destructive military

1
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Figure 1–1: “Road of Life ”at Lake Ladoga.

operation of the World War II named “The Siege of Leningrad”. This operation was

performed for the Axis power, placing Leningrad under siege conditions with the

unsuccessful mission of capture Leningrad. During this operation, Lake Ladoga was

the only access to the besieged city, creating the so called “Road of Life”. This road

was used by military trucks to transport supplies into Leningrad over the frozen lake

during the winter, and boats during the summer. What really caught our attention

was that the slowly moving heavy trucks, fully loaded with supplies, did not crack

the ice in their way to Leningrad; however, once the cargo was delivered, on its

way back to Leningrad, the unloaded trucks traveling faster in order to escape Axis

bombardment would often break the lake-ice and sink. It was not clear why the

slowly moving and heavy trucks did not break the ice, while rapidly moving and

lighter trucks did. One possibility could be explained using the concept of critical

velocity, being this the focal point of this work.

Achieving a possible explanation for the previously stated situation was the

major motivation of this work although the applications of this work are various.

An analytical solution, which for a few idealized cases may exist, is cumbersome

and a numerical technique becomes a promising technique to predict the behavior.

Here, we plan on using the finite element method as the numerical technique.
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1.2 Problem Description

Throughout this work, we will focus our attention to the ice as the structural

component and the still water upon which it is resting will be added as distributed

spring-dampers over the domain. In other words, the still water will be modeled as

a viscoelastic material medium under the ice. The moving load is a assumed as a

point loads, although the four tires should be modeled as two moving point loads

for the beam model and four moving points for the plate model.

The finite element model will focus on try to capture the wave propagation to

predict the critical velocity. In this context, we will be able to better understand

the behavior of the critical velocity as it enters in resonance with the ice-structure

and producing the ice-cracking.

Figure 1–2 captures the problem describes in the above paragraph. The light-

weight truck is moving with a constant velocity v, over a layer of the frozen ice

resting on the still water, from left to right.

Water 

v 

Figure 1–2: Moving vehicle over the frozen lake.
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Figure 1–3: Water as elastic and viscoelastic foundations.

As mentioned previously, the still water model is that of a spring-damper, as

shown in Fig. 1–3. We describe this elastic stiffness coefficient as the buoyancy force,

defined for the beam case as

k = ρw g b (1.1)

where ρw is the water density, g the gravitational force and b the beam width. For

the plate we use

k = ρw g (1.2)

For the damper foundation, Yang [4] showed that the water damping coefficient has

very small values and it depends on the dynamic amplification factor. Within this

context, we used the recommended water damping coefficient of 0.5 [kg/m-s].

In order to simplify our foundation model, we further assumed that the ice has

a temperature of −30◦C and the water is at 5◦C. We used the following mechanical

properties:

Ice Young’s Modulus → 3 GPa [9]

Poisson’s ratio → 0.33 [9]

Ice density → 920 kg/m3 [50]

Water density → 1000 kg/m3 [51]
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Figure 1–4: Leningrad Region and problem dimensions.(Map obtained from [55])

Figure 1–4 shows that the average dimensions of the Lake Ladoga are about 219

kilometers long and 83 kilometers of width. Research at Baker Lake, Canada [40]

demonstrated that the range of the ice thickness lies between 0.0 to 2.5 m, depending

of the environmental condition. In addition, Minnesota Department of Natural

Resources1 recommend a minimum of 12 to 15 inches (0.30 m to 0.38 m) of ice

thickness for drive a medium truck over a frozen lake. Therefore, we assumed the

minimum recommended average thickness of 0.30 meters.

1.2.1 Assumptions

Throughout this work, we made the following assumptions:

1. The velocity of the moving load is constant. We are fully aware that the moving

loads may be increasing or decreasing their velocity. However, we assume that the

truck enters the ice when it has reached a steady speed. This allows us to ignore the

acceleration of the truck. We are fully aware to perform a more complete analysis,

we must consider a time-varying load as it moves through the ice; however, our

assumption by no means will downplay the results we expect in this work.

2. Beam and plate thicknesses will remain constant through the x– y domain. We

know that the ice will have a domain-varying thickness; however, this will add

complexity to our analysis because we do not know the actual varying thickness

1 http://www.dnr.state.mn.us/safety/ice/thickness.html
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function, h(x, y). Hence, for sake of simplicity we will assume an average constant

thickness throughout the model’s domain. We know that for a more complete

analysis, we should use some sort of assumed varying thickness function, h(x, y).

This inclusion may draw new and very interesting results. However, still the biggest

challenge remains that of how to predict the ice varying thickness function.

3. Shear deformation and rotary inertia were neglected through this study. This

assumption is very good as the ice-structure has a brittle-like behavior, giving very

small room for the shear deformation to act.

4. Ice is considered as isotropic material and the state of stress is that of plane stress,

as recommended by Squire et al. [9]. They also recommend that the ice be modeled

as an orthotropic material only a greater level of sophistication. Hence, future

works could be oriented in how this consideration could affect the presence of

resonant regimes.

5. Ice-structural behavior is elastic. Although this behavior can vary for stresses

higher than 1 MN/m2 or if loaded to failure within 2 seconds [45], it will not

downplay our confidence in the ice behavior approximation.

6. Young Modulus of Elasticity, E, is assumed constant through all the ice structure.

We are fully aware that Young Modulus of Elasticity E depends on porosity and

ice temperature [45, 46]. However, this will add complexity to our analysis because

we do not know the actual varying porosity and temperature functions. Hence, for

sake of simplicity we will assume an average constant Young Modulus of Elasticity

throughout the model’s domain. Hence, future works could be oriented in how this

consideration could affect the presence of resonant regimes.

7. The entire ice-structure is resting over still water. There might be some motion

under the water, but such motion may be ignored for lakes.

8. The frozen ice rests completely above the water. We are fully aware that the

part of the frozen ice will be submerged. However, we encounter the challenge to

know how much of it is really submerged and such analysis would require a three-

dimensional model. The scientific community should be aware that our results are



7

valid only under this assumption because submerging partially the ice most likely

will change the results we present in this work.

v 
Simply 
supported, 
fixed 

Simply 
supported, 
fixed 

Assumed free 

Assumed free 

Figure 1–5: Model Boundaries Condition.

9. The modeled boundary conditions for the ice-structure are shown in Fig. 1–6 and

can be summarized as follows: simply-supported at x = 0, L and free at y = 0, b.

At x = 0, L is the location where the trucks enter the ice and they are flushed with

the land surface. At first we assumed zero bending moment in order to validate our

model against the analytical solution. Once the results were compared, we model

using the fixed-fixed boundary conditions. In addition, since the load is applied far

from the edges y = 0, b would a good assumption to model it as free. In the finite

element model changing these boundary conditions does not add any complexity

whereas in the analytical solution it would.

10. Based on the fact that the water is an incompressible fluid, it was assumed that

when the ice deflects over the water, the water dissipates far away from the point

of action.

11. Interference between deflection fields generated by two trucks results in partial

cancelation at about 53 m separation of the maximum the deflection amplitude.

Otherwise, this interference is reinforcement at 107 m [41, 42]. In this work it
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Figure 1–6: From left to right: Increment in deflection amplitude due to interference
cancelation, interference due to vehicles approximation and vehicles are separate
enough for neglect interference.

was assumed that moving vehicles are separate enough in order to neglect these

behaviors. Figure 1–6 shows this phenomenon.

1.3 Goals

1.3.1 Overall Goals

The following statements summarize the goals and scope of this work:

1. Develop a finite element model to predict the unexpected failure behavior of the

elastically and viscoelatically ice-structure subject to a constant moving load.

2. Using the finite element analysis, determine the critical velocity for the beam and

plate models with an elastic and viscoelastic supported foundations.

3. Using developed finite element model, determine if the weight has any effect on

the critical velocity.

1.3.2 Intellectual Merit

To this day, frozen lakes are used as transportation roads, developing the in-

terest to structural engineers and researchers to predict the ice behavior. Using the

critical velocity as the resonance trigger may help to safely use lakes as transporta-

tion roads. This work presents an approach to determine the critical velocity using

the finite element analysis for unexpected ice failure, which the literature shows very

little—not to say no—work using a computational approach. In this context, this

work may be using as a framework for more complex analyses of structures subject

to moving loads at high velocity. In short, there exists very little work, not to say

none, that predicts ice-failure using resonance of the moving load; and this work

is one-of-its kind as it provides a finite element approach to predict ice unexpected
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failure due to moving loads using critical velocity.

1.3.3 Broader Impacts

This work will enrich the field of structural engineering, allowing engineers

and/or scientists to learn how critical velocities can be calculated using the Finite

Element Method. Also, history will also benefit since we are providing a possible

explanation for ice failure at “Road of life”. The applications are beyond the frozen

lake transportation roads because this project will also contribute to the safety of

common structures as bridge and train rails. Special interest exists in military

agencies. Recently, McNab et al. [6] presented an overview of the naval railgun

development program, in which the authors show the need to reach the long-term

Navy goal of 10,000-round lifetime, considering damage that occurs at high velocity.

Nechitailo and Lewis [3] stated that the proper use of materials and components as

well as optimized barrel geometry should contribute to the longevity of the launchers

and to the accuracy of the launched projectiles. This work will also help them as

they design safer railguns.
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1.4 Approach

L b 
h 

Pd(x-vt) 

Figure 1–7: Moving load over rectangular structure

The first step in this work consists in modeling the truck-ice-water system as an

Euler-Bernoulli beam under elastic and viscoelastic foundations. We plan to conduct

the analysis separately, that of elastic and viscoelastic one, in order to analyze the

effects of the damping coefficient in the critical velocity. This will help us to identify

the change in critical velocity, if any, in the two models. For the studied model,

shown in Fig. 1–7, we assumed that the load only moves along the x-axis, the main

axis of the beam. We use plan on using the following differential equation of motion

[24]:

EI
∂4w(x, t)

∂x4
+ ρA

∂2w(x, t)

∂t2
+ c

∂w(x, t)

∂t
+ kw(x, t) = Pδ(x− vt) (1.3)

where w is transverse deflection, x the spatial variable, t the time variable, E the

modulus of elasticity, I the second moment of inertia of the beam’s cross-section,

ρ the mass density of the ice, A the beam cross-sectional area, c the coefficient of

viscous damping per unit of length of the water, k the constant representing modulus

of the elastic foundation of the water, and P is the force of the moving load at a

speed v.

The second step consists in modeling the truck-ice-water system as a kirchhoff

Plate under elastic and viscoelastic foundations with loads traveling only in the
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x–axis. We use plan on using the following differential equation of motion [39]:

D

[
∂4w(x, y, t)

∂x4
+ 2

∂4w(x, y, t)

∂x2∂y2
+
∂4w(x, y, t)

∂y4

]
+ · · ·

· · ·+ ρ h
∂2w(x, y, t)

∂t2
+ c

∂w(x, y, t)

∂t
+ k w(x, y, t) = P δ(x− vt) δ(y)

(1.4)

where x and y are the spatial variables, h the plate’s thickness, D the flexural rigidity

of the plate defined as

D =
Eh3

12(1− ν2)
, (1.5)

and ν is the Poison’s ratio.

The computational models will consist is developing the weak form of the equa-

tions of motion and applying the finite element method in a home-based finite ele-

ment code developed in MATLABr. We plan to compare our results for those of

plates with elastic foundation available in the literature or develop our own ana-

lytical solution. Once we validate our finite element model, then we will proceed

to solve our frozen lake subject to moving load problem. At the end, we expect to

predict the ice-cracking at Lake Ladoga using critical velocity as a resonance failure.

1.5 Thesis Outline

Chapter 1: 
  

Preliminary 
Remarks 

Chapter 2: 
  

Beam on 
Viscoelastic 
Foundation 

Chapter 3: 
  

Plate on 
Viscoelastic 
Foundation 

Chapter 4: 
  

Final Remarks 

Figure 1–8: Thesis outline.

Figure 1–8 shows the general thesis outline for this work. Through Chapter

1 we intended to provide a general overview of the problem, the motivation, main

assumptions, our goals, and how we plan to achieve them. It is not our intention

to provide a huge literature survey in this chapter rather to provide the reader an

overview of the problem and how we plan to solve the problem. Chapter 2 will

address the problem of moving loads on ice-structures modeled using beams over

elastic and viscoelastic foundations. This chapter will include the corresponding

literature review, computational and analytical models, and the results to the beam
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model. Chapter 3 will address the problem of moving loads on ice-structures modeled

using plates over elastic and viscoelastic foundations. This chapter will include

the corresponding literature review, computational and analytical models, and the

results related to the plate model. Lastly, in Chapter 4 we provide our final thoughts

by including our conclusions and giving recommendations on how to further expand

this work.



CHAPTER 2.
FEA OF UNEXPECTED FAILURE OF LAKE-ICE

MODELED AS A VISCOELASTICALLY SUPPORTED
BEAM SUBJECTED TO MOVING LOADS AT

CRITICAL VELOCITY

The next two chapters enclose the two models for our lake-ice structure. In

this chapter we plan on modeling the Lake-ice structure as a beam. Hence, we plan

on using the finite element model to predict the unexpected failure of lake-ice when

modeled as a viscoelastically supported beam subject to moving loads. The still

water on which the ice rests is assumed as a viscoelastic foundation, as previously

discussed in Chapter 1. Here, we present the weak form of the equations of motions

and a method to predict the unexpected failure of ice-water structures though a

novel approach consisting of determining the ice-structure resonance by using the

critical velocity. Our model obtained the exact results when compared to the an-

alytical model of steel viscoelastically supported beams subject to moving loads.

With this approach, we provide a first possible explanation for the “Road of life” at

Lake Ladoga phenomena using a beam model.

2.1 Background

In the literature, we find two beam models: (i) beams with elastic foundation,

(ii) and beams with viscoelastic foundation. However, very little information is

known in terms of ice-behavior when modeled as beam under the above foundations.

2.1.1 Concept of Stability

What we are trying to prove is that the main cause of the unexpected catas-

trophic lake-ice failure is the loss of stability due to resonance at the critical velocity.

Now, buckling is defined as failure due to excessive displacements (loss of structural

13
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stiffness), and/or loss of stability of an equilibrium configuration of the structure

[53]. The buckling load is the load at which the current equilibrium state of a

structural element, or structure, suddenly changes from stable to unstable, and is,

simultaneously, the load at which the equilibrium state suddenly changes from that

previously stable configuration to another stable configuration with or without an

accompanying large response. Thus, the buckling load is the largest load for which

stability of equilibrium of a structural element or structure exists in its original (or

previous) equilibrium configuration. Now, when resonance occurs in the structure

it also causes loss of stability. Hence, there has to be a velocity that causing the

lake-ice structure to act as if it had buckled.

Timoshenko [1] was one of the pioneers to relating a moving load over a structure

with the buckling load. He compared the effect of the moving load speed and the

beam deflection with an increase of additional compressive force. He stated that

the effect of the moving load speed, v, on the deflection is analogous to that of

an additional compressive force, S, which may be determined using the following

relationship:

S = ρA v2 (2.1)

where ρ is the density of the structure, A the cross-sectional area and v the speed

of the moving load. Timoshenko [1] has also stated that in the case of a long beam

resting on an elastic foundation subjected to a gradually increasing longitudinal

force, S, the beam becomes unstable due to loss of its structural stiffness, enforcing

the presence of beam buckling. This phenomena occurs when the critical value of

compressive force becomes

Scr = 2
√
E I k (2.2)

where Scr is the critical compressive force, E the elastic modulus, I the beams’s

cross-sectional moment of inertia, and k the elastic foundation constant. Now,

combining Eqs. 2.1 and 2.2, we can obtain an expression for the critical value of

the load speed, where the structure losses its structural stiffness, and defined it as
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follows [1]:

v2
crρA = 2

√
E I k → vcr =

√
2
√
E I k

ρA
(2.3)

The velocity of the moving load has an effect on the wave propagation [2, 25].

Kenney [2] presented a time invariant solution to Eq. 1.3 and Seong-Min et al. [25]

studied its dynamic response. Both studies showed that when the moving load has

lower speeds, the solution approaches to the static solution, decreases exponentially

with the distance from the load, that the solution is localized. In order words, the

deflected shape is symmetric with respect to the vertical axis, which passes through

the center of the load. As velocity increases, more pronounced fluctuations occur and

the deflected region is even more widely spread. In other hand, for speeds greater

than “critical speed”, the responses behind and ahead of the load are very different.

The frequency of the fluctuations in front of the load is larger than the ones behind

the load, and the amplitudes of the fluctuations in front of the load are smaller than

ones behind the load. As the velocity increases, the amplitudes of the fluctuations in

front of the load decrease significantly. The frequency of the fluctuations in front of

the load increases with an increase in velocity while corresponding frequency behind

the load decreases.

Seong-Min et al. [25] also studied the effect of the loaded length and a moving

harmonic load. They showed that as the loaded length increases, the maximum

displacement decreases, but the critical velocities occur at almost the same value.

Also, the distance lag between the maximum amplitude point and the center of

the load increases proportionally with the load length. For larger load lengths, the

distance lag increases with increasing velocity until it approaches the critical velocity.

Near the critical velocity it suddenly drops to a negative value but then it increases

again.

2.1.2 Elastically Supported Beam

We may study elastically supported beams subject to moving loads using either

Euler-Bernoulli or Timoshenko beam models. As previously stated, we plan to us

the Euler-Bernoulli Beam Theory. Timoshenko [1], Kenney [2] and Nechitailo and
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Lewis [3] showed that the vibration induced by a moving load on a structure may

increase its dynamic deflection and stresses when compared with its static state.

The equation of motion for a viscoelastically supported beam is:

EI
∂4w(x, t)

∂x4
+ ρA

∂2w(x, t)

∂t2
+ c

∂w(x, t)

∂t
+ k w(x, t) = Pδ(x− vt) (2.4)

The Timoshenko beam model, which takes into account shear deformation and ro-

tational inertia effects, may also be used to study the effects of a moving load on

elastically supported beams [7]. As compared to the Euler-Bernoulli beam model

suggesting one critical velocity, the Timoshenko beam model produced total of three

critical velocities. Also the displacements, rotation and bending moments increase

in an unbounded manner when the load speed approached these critical velocities.

Nechitailo et al. [3] compared the results obtained from a finite element software,

for load speeds near the shear wave and longitudinal wave speeds in hypervelocity

launchers rails. The results did not reveal any resonance at these values, demon-

strating that the lower critical velocity stated by Timoshenko are the only significant

in terms of beam deflection.

Although various authors [1–3, 5, 7–15, 24–26], have contributed to the study

of moving loads on elastically supported beams, especially in the transportation

area, very little work has been presented regarding the study of the effect of moving

loads on unexpected failure of lake-ice structures when elastically supported using

finite element analysis and its influence in the loss of beam’s stability at the critical

velocity.

2.1.3 Viscoelastically Supported Beam

Kenney [2], Seong-Min et al. [25] and Achenbeck et al. [11] incorporated damp-

ing in their respective works. They all concluded that an increase in the damping

ratio, results in a significant reduction of the beam’s maximum amplitude and bend-

ing moment. Furthermore, Seong-Min et al. [25] showed that when we analyze the

resulting mode shapes, the damping turns the deflected shape into a not too long

but a symmetric one, creating a lag between the maximum amplitude point and the
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center of the load. They also stated, that the damping ratio has no effect on the

critical frequency.

Finite element analysis had been used for the modeling of moving loads over

different viscoelastic foundations. As an example, Andersen et al. [26] modeled

an infinite Euler beam over a linear elastic Kelvin foundation with linear viscous

damping. They demonstrated how useful the finite element models are for obtaining

results were no analytical solutions can be found. But similar to the case of elastic

foundation, the most of the work exists in the transportation area [16–22]. However,

very little work has been presented regarding the study of the effect of moving loads

on unexpected failure of lake-ice structures when viscoelastically supported using

finite element analysis and its influence in the loss of beam’s stability at the critical

velocity.

2.2 Computational model

As we previously mentioned, the main goal of this work is try to solve the

phenomena around the “Road of life” at Lake Ladoga. Here, we will use the critical

velocity as the basis to try to solve this problem. We will do so by modeling the

ice-structure as an elastic and viscoelastically supported Euler-Bernoulli beam.

2.2.1 Elastically Supported Beam: Analytical

z 

x h 

b 

L 

P 

v 

Figure 2–1: Simply supported beam over elastic foundation with moving load.
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First, we will deal with the analytical solution and then develop the finite

element model. Analytical solutions for beams has been developed by various re-

searchers [1–3, 13, 14, 24]; however, we will use the solution presented by Mallik et

al. [5] for infinite beams. Although our lake is not an infinite one, the line of mo-

tion of the truck is very long and it may be considered long enough to approximate

it as infinite. We will later show that the results for beam with a ratio less than

b/L = 0.379 give the same critical velocity.

The behavior of a undamped elastically supported beam under the effect of

moving loads, as shown in Fig. 2–1, is defined by

EI
∂4w(x, t)

∂x4
+ ρA

∂2w(x, t)

∂t2
+ k w(x, t) = P δ(x− vt) (2.5)

Let us rearrange the above equation and introduce the following two new constants:

n2 = k/EI and m = ρA/2EI. This leads us to the following equation

∂4w(x, t)

∂x4
+ 2m

∂2w(x, t)

∂t2
+ n2w(x, t) =

P δ(x− vt)
EI

(2.6)

We can show that the solution to the transverse deflection to Eq. 2.6, is:

w(x, t) =

∫ ∞
−∞

w∗(γ, t)e−iγxdγ (2.7)

where

w∗ =

∫ ∞
−∞

w(x, t)e−iγxdx (2.8)

and Equations 2.7 and 2.8 constitute a Fourier transformation pair. Now, we multi-

ply both sides of Eq. 2.6 by e−iγx and integrating by parts over x from −∞ to +∞,

and assuming that in w its space derivatives vanish at x = ±∞, to get the following

expression:

γ4w∗ + n2w∗ + 2m
d2w∗

dt2
=

P

EI
e−iγvt (2.9)

Now, substitute w∗ = W ∗e−iγvt in Eq. 2.9 to get

(γ4 + n2 − 2mvγ2 v2)W ∗ =
P

EI
(2.10)
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Now, we use Eq. 2.7 to get

w(x, t) =
P

EI

1

2π

∫ ∞
−∞

eiγ(x−vt)

γ4 − 2mv2γ2 + n2
dγ

=

(
P

EI

)(
1

2π

)
2πi
∑

R,

(2.11)

where R are the residues at four simple poles γ1 to γ4 given in Appendix A (Mallik

et al. [5]). Once we get our residues, the solution to Eq. 2.5, for ξ > 0, where

ξ = x− vt, is defined by

w(x, t) =
Pe−Mξ

4EInMN
[N cosNξ +M sinNξ], (2.12)

where for convenience we introduce M = n−mv2
2

and N = n+mv2

2
. Similarly, for ξ < 0

the solution is defined as

w(x, t) =
Peαξ

4EI mM N
[N cosNξ −M sinNξ] (2.13)

Equations 2.12 and 2.13 show that when M = 0, the division by zero results

that the deflection of the beam shoot up to infinity. It can be noticed that M = 0

occurs when v = n/m, which is called the critical parameter. Rearranging v in term

of the original system parameters results in the following equation:

vcr =

√
2
√
EIk

ρA
= 4

√
E g h

3 ρ
(2.14)

which matching that obtained by Timoshenko’s expression for critical velocity, Eq. 2.3.

Thus, at the critical velocity, the beam’s deflection reaches its maximum value, which

will be the basis of the proposed formulations.

2.2.2 Elastically Supported Beam: FEA

In order to create a FE-based solution to Eq. 2.5, we will start by developing the

weak formulation. Let us multiply Eq. 2.5 with a test function ϑ and integrate over

the domain [54]. Note that the formulation is developed for one arbitrary element,

being this the reason to use local coordinates 0 < x̄ < `e. Here `e is the length of
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the beam element as shown in Fig. 2–2. This leads to∫ `e

0

ϑ

[
EI

∂4w(x̄, t)

∂x̄4
+ ρA

∂2w(x̄, t)

∂t2
+ k w(x̄, t)− P δ(x̄− vt)

]
dx̄ (2.15)

After integrating by parts and applying the corresponding boundary conditions, we

get1 ∫ `e

0

(
EI

∂2ϑ

∂x̄2

∂2w

∂x̄2
+ ρAϑ

∂2w

∂t2
+ k ϑw − P ϑ

)
dx̄ (2.16)

1 2 N N+1 

l1 l2 le lN 

le 

1 2 

x 

w1= u1 w2=u3 

Figure 2–2: Discretization of a beam elements.
Now, we proceed to continue to discretize the beam’s domain as shown in

Fig. 2–2. For the time dependent problems, we use a semidiscrete formulation

which involves approximation of the spatial variation of the dependent variable.

The discretization of Eq. 2.16 leads to

w(x̄, ts) =
n∑
j=1

uej(ts)φ
e
j(x̄) =

n∑
j=1

(usj)
eφej(x̄)(s = 1, 2, ...) (2.17)

1 Note that for now we will write Pδ(x− vt) as P . We will deal with the moving
load later in Section 2.2.4.
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where (usj)
e is the value of u(x̄, t) at time t = ts and at node j of the element e. Let

us choose the test function as the shape function, ϑ = φi(x), and substitute Eq. 2.17

into Eq. 2.16, to obtain

0 =

∫ `e

0

{
EI

d2φi
dx̄2

(
n∑
j=1

uj
d2φj
dx̄2

)
+ ρAφi

(
n∑
j=1

d2uj
dt2

φj

)
+ · · ·

· · ·+ k φi

(
n∑
j=1

ujφj

)
− φiP

}
dx̄

(2.18)

For simplicity, we may write the above equation may in its matrix form

[K]u+ [M ]ü = {F} (2.19)

where

[K] =

∫ `e

0

{
EI

d2φi
dx̄2

d2φj
dx̄2

+ kφiφj

}
dx̄

[M ] =

∫ `e

0

ρAφiφj dx̄

{F} =

∫ `e

0

φiP dx̄

(2.20)

2.2.3 Viscoelastically Supported Beam: FEA

z 

x h 

b 

L 

P 

v 

Figure 2–3: Simply supported beam over viscoelastic foundation with moving load.

Now, we formulate the finite element beam model for a viscoelastic foundation,

as shown in Fig. 2–3. The main difference is that now we include the damping

coefficient to the previous model. This viscosity is not of the lake-ice structure but
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of the still water acting on the beam. The following equation of motion describes

this scenario:

EI
∂4w(x̄, t)

∂x̄4
+ ρA

∂2w(x̄, t)

∂t2
+ c

∂w(x̄, t)

∂t
+ kw(x̄, t) = P (2.21)

We use a similar procedure as for the case of elastically supported beam, by formu-

lating the differential equation into its weak formulation and later the discretizing

it. Equation 2.21 is multiplied by the test function ϑ and after integration by parts

and applying the corresponding boundary conditions, the weak form is obtained as

follows:

0 =

∫ `e

0

{
EI

∂2ϑ

∂x̄2

∂2w

∂x̄2
+ ρAϑ

∂2w

∂t2
+ c ϑ

∂w

∂t
+ · · ·

· · ·+ k ϑw − P ϑ} dx̄
(2.22)

Substituting the displacement approximation given in Eq. 2.17 into Eq. 2.22 we get,

0 =

∫ `e

0

[
EI

d2φi
dx̄2

(
n∑
j=1

uj
d2φj
dx̄2

)
+ ρAφi

(
n∑
j=1

d2uj
dt2

φj

)
+ · · ·

· · ·+ cφi

(
n∑
j=1

duj
dt
φj

)
+ kφi

(
n∑
j=1

ujφj

)
− φiP

]
dx̄

(2.23)

For simplicity, we will write the above equation in its matrix form

[M ]ü+ [C]u̇+ [K]u = {F} (2.24)

where the damping matrix is defined by

[C] =

∫ `e

0

cφiφj dx̄ (2.25)
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2.2.4 1D Moving Finite Element Method

Now, we will explain how we dealt with the moving load. For this we plan on

using Figs. 2–4 and 2–5 for this discussion. We will call the approach used here

as the moving finite element (MFE) method. The MFE method treats the moving

load as a moving part of the entire system, so that the transverse inertial effects

caused by the moving mass may easily be taken into account [47]. When a beam

is subjected to a concentrated force P , the forces on all the nodes of the beam are

equal to zero except the nodes of element e that are subjected to the concentrated

force. Therefore, the force vector takes the following form [48]:

{F} = {0 0 0 · · ·F e
1 (t)F e

2 (t)F e
3 (t)F e

4 (t) · · · 0 0 0} (2.26)

where F e
i (for i = 1, . . . , 4) represents the equivalent nodal forces of the element e

where the force is applied,

{F e(t)} = {F e
1 (t)F e

2 (t)F e
3 (t)F e

4 (t)}T = P{φ} (2.27)

and φi(x) (for i = 1, . . . , 4) represents the shape functions.

Fig. 2–4 shows the element and node of the beam that are subjected to the

concentrated force that cannot be zero. Here, `e is the length of the element and

x the distance along the element to the point of application of P . We defined ∆t

as the time interval for our model. This time interval is divided in tst time steps.

Therefore the total time is defined as:

ttotal = tst∆t (2.28)
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F1=P·∅1 

F2 = P∙∅2 

F3=P·∅3 

F4 = P∙∅4 

P at t0 

F1=P·∅1 

F2 = P∙∅2 

F3=P·∅3 

F4 = P∙∅4 

P at t2 

At x=0 

a 

At x=a 

P at t3 

P at4 

d 
At x=d 

At x = le 

F1=P·∅1 

F2 = P∙∅2 

F3=P·∅3 

F4 = P∙∅4 

F1=P·∅1 

F2 = P∙∅2 

F3=P·∅3 

F4 = P∙∅4 

(a) 

(b) 

(c) 

(d) 

Figure 2–4: The equivalent forces of the element e subjected to a moving load P .
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Start with MFE

Place all forces on all the 

nodes of

the beam equal to zero except 

the nodes of element e

The concentrated force is applied to 

the left node of the element e at t0

See Fig.2.4 (a)

The concentrated force is applied at 

distant “a” from the left node of the 

element e at t1.  Distance “a” is used for 

calculate the shape function.

 See Fig.2.4 (b)

The concentrated force is applied at 

distant “d ”  from the left node of the 

element e at t2.  Distance “d ” is used for 

calculate the shape function.

See Fig.2.4 (c)

The concentrated force is applied to 

the right node of the element e at t3.

See Fig.2.4 (d)

End

Figure 2–5: Moving Finite Element approach for a single element e.
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In Fig 2–4 (a), the concentrated force is applied just over the left node of the

element `e. Then, for the following time step tst, the load is applied at distance a

from the left node of the element `e, as shown in Fig 2–4 (b). This position of the

load at any time t = r∆t (where r goes from 1 to tst) is given by

xp = V r∆t (2.29)

and the element e where the moving concentrated force is applied at any time t can

be know from

e =

(
The integer part of

xp(t)

`e

)
+ 1 (2.30)

Thus, the shape functions φi(x) are written in term of this local distance. Thus the

shape functions are redefined as φi(ς), making the shape functions depending of ς

instead of x, where ς is defined as

ς =
xp(t)− (e− 1)`e

`e
(2.31)

where `e is the length of the beam element. It should be noted that when ς is an

integer, there is only one nodal force, as we would expect, since an integer value for

ς means that P is coincident with a node [48].
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2.2.5 Newmark Time Integration Scheme

In order to obtain the dynamic response of the force vibration created by the

moving load, we used the well-known Newmark time integration scheme. The New-

mark integration method is based on the assumption that the acceleration varies

linearly between two instants of time. Figure 2–6 outlines the procedure.

Start

Set initial condition 

0000 uuu 

Determine stability and 

accuracy parameters
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Calculate Equivalent Stiffness 

Matrix

Solve for force vector at ts and ts+1

K̂

F̂

Find the Deflection at ts +1

FKu ˆˆ
1

s+1

Find the Acceleration and Velocity 

Vector at ts +1

1su and 1su

End

?totaltt

No

Yes

Figure 2–6: Newmark integration scheme flowchart.
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The matrix form of our weakened equations of motions, takes the following

form:

[K̂]s+1{u}s+1 = {F̂}s,s+1 (2.32)

where [
K̂
]
s+1

= [K]s+1 + a0[M ]s+1 + a1[C]s+1

{F̂}s,s+1 = {F}s+1 + [M ]s+1(a0{u}s + a2{u̇}s + a3{ü}s) · · ·

· · ·+ [C]s+1(a1{u}s + a4{u̇}s + a5{ü}s)

{ü}s+1 = a0({u}s+1 − {u}s)− a2{u̇} − a3{üs}

{u̇}s+1 = {u̇}s + a6{ü}s + a7{üs+1}

(2.33)

where

a0 =
2

∆t2
, a1 =

α

β∆t
, a2 =

1

β∆t
,

a3 =
1

2β
− 1, a4 =

α

β − 1
, a5 =

∆t

2

(
α

β
− 2

)
,

a6 = (1− α)∆t, a7 = α∆t

Here α and β are the parameters that determine the stability and accuracy of the

scheme (Reddy [49]). Note that the calculation of [K̂] and {F̂} requires the knowl-

edge of the initial conditions {u}0, {u̇}0 and {ü}0. For this work, since the moving

load begins on the left support, {u}0, {u̇}0 and {ü}0 are zero.
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2.3 Results and Discussions

2.3.1 Model Validation

For purpose of validating our model, we used the work by Nechitailo and

Lewis [3]. The only difference between the two models was that they used a pressure

load and we found an equivalent point load. Their maximum static deflection at

the center of the beam resulted in 1.615 mm. In order to find an equivalent point

load which results in the same static deflection, we used the analytical solution pre-

sented by Hetényi [52] for hinged beams with a load at the center and solved for the

equivalent point load:

wst =
Pλ

2k

sinhλL− sinλL

coshλL+ cosλL
= 1.615 mm (2.34)

where λ = 4

√
k

4EI
. Thus, solving for P we get P = 449, 839 N. The results are shown

in Fig. 2–7 .
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Figure 2–7: Comparison between Nechitailo and Lewis [3] and our model.
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Nechitailo and Lewis [3] studied the dynamic behavior of a rail in hypervelocity

electromagnetic launchers due to a projectile motion using a finite element software.

The calculated analytical critical velocity, based on Timoshenko’s equation, was of

1240 m/s. Their results showed a dimensionless deflection, defined as the ratio of

peak deflection to static deflection, of 5 at 1185 m/s, that is 95.6% of the rail’s critical

velocity. As we can see from Fig. 2–7, our model better captured the phenomena

occurring at the critical velocity, that of reaching an infinite value for the dynamic

amplification. In our model, we got a dynamic amplification factor of 12.6 at 1240

m/s as predicted by Timoshenko’s equation; hence, we obtained the exact solution

from a theoretical perspective. Also, from Eq. 2.12 and Eq. 2.13 we see that when the

load reaches its critical value the deflections shoot up to infinity. This explains why

our model gives a dynamic amplication factor higher by 2.5 than the one obtained

by Nechitailo and Lewis [3]. This validates our model and we proceeded to model

the truck-ice-water structure.

2.3.2 Relationship of the Critical Velocity vs. Width-to-Length Ratio

To solve the problem with the full dimensions it would be an extensive compu-

tational effort and perhaps unnecessary, as we explain in the next couple of lines.

For this, we studied the effect of various width-to-length beam ratios on the critical.

Figure 2–8 shows that for a beam ratio of b/L < 0.4, we obtain the same critical

velocity. In our case, b/L = 83/219 = 0.379 which is less than 0.4 and thus as far as

we keep the same ratio the results should be the same. Thus, we used the following

values: L = 1, b = 0.379, h = 1.370× 10−6.



31

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

Width to length ratio (b/L)

C
rit

ic
al

 v
el

oc
ity

 r
at

io
 (

v/
vc

r)

Figure 2–8: Critical velocity with respect to width-to-length ratio.

2.3.3 Convergence Plot
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Figure 2–9: Finite element convergence plot for the critical velocity for the elastically
supported beam (left) and viscoelastically supported beam (right).

Figure 2–9 shows that when using 200 elements we reach convergence for the

elastically supported lake-ice and 300 elements for the viscoelastically supported

lake-ice. Hence, there is no need to use any finer mesh than that of 300 elements.

We ran all our analysis using 400 elements to ensure convergence throughout our

analysis.
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2.3.4 Effect of the Elastic Foundation on the Critical Velocity

When the truck-ice-water structure is modeled, our results demonstrated that

the transition from the quasi-static regime to a resonant regime occurs gradually,

instead of dramatic transition as predicted by Nechitailo and Lewis [3]. This is as

a result of a low elastic foundation coefficient presented by the water’s buoyancy

force, showing that the resonant regimes presence depends also on the foundation

properties. Figure 2–10 shows the dynamic amplification for three different elastic

foundations. Results show that a higher elastic foundation will produce a smaller

nondimensional maximum deflection and greater critical velocity, which is expected.
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Figure 2–10: Beam’s maximum lake-ice deflection with different foundation.

2.3.5 Effect of Damping on the Critical Velocity

Now, we proceed to analyze the effect of the viscoelastic foundation on the

critical velocity. The big question was if a change in the damping coefficient would

cause any change in the prediction of the critical velocity and maximum nondimen-

sional deflection (actual deflection/static deflection). Figure 2–11 shows that when

damping is included, the influence on the predicted critical velocity and maximum
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nondimensional deflection is very little. Similar behavior was observed by Nechitailo

and Lewis [3], Kenney [2] and Seong-Min et al. [25]. Hence, a water damping factor

of 0.5 is very small to mitigate large amplitudes and resonance effects of the moving

load over ice.
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Figure 2–11: Maximum nodimensional beam deflection of lake-ice when water was
modeled as an elastic and viscoelastic foundation.

2.3.6 Maximum Beam Deflection Analysis at the Critical Velocity

Now we intend to explain the behavior of the mode shape as the load moving

through the Lake-ice structure. Figure 2–12 shows the mode shape obtained when

the load travels at three different velocities: half the critical velocity, critical veloc-

ity, and twice the critical velocity. As we can see, for velocities less than critical

velocity, the beam’s shape is similar to that of the static case where the maximum

displacement is obtained where the load is located, which is expected since no reso-

nance has occurred. When the velocity approaches its critical value, the frequency

of fluctuations in front of the load increases compared with the fluctuations behind

the load, showing a “resonance-effect”. As the velocity continues increasing above

the critical velocity, the frequency of the fluctuations in front of the load increases

as well, and the amplitudes of the fluctuations in front of the load are smaller than
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those behind the load. This shows that indeed there is a resonance-effect at the

critical velocity.
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Figure 2–12: Beam mode shapes at different critical velocity ratio.

2.3.7 Effect of Different Boundary Conditions on the Critical Velocity

We modeled our lake-ice structure using a simply-supported boundary condi-

tion. However, as discussed in Chapter 1, the most-realistic boundary conditions for

our problem should be fixed-fixed. Figure 2–13 shows the comparison between the

simply-supported and fixed-fixed boundary conditions. We see that the maximum

nodimensional deflection for simply-supported occurs at about 155 km/h and for

fixed-fixed occurs at 159 km/h which is a 3% difference. Also, we can observe that

for the fixed-fixed boundary condition the structure reached 84% of the maximum

deflection reached per simply supported, which is expected. Hence, when modeling

the Lake-ice as a beam, either boundary condition will produce the resonance effect

for roughly the same critical velocity.
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Figure 2–13: Maximum nondimensional beam deflection and critical velocity for
simply-supported and fixed-fixed comparison.

Figure 2–14 is used to show where the maximum nondimensional deflection oc-

curs along the moving loads main axis, the x–axis. The three-dimensional plot shows

the maximum nondimensional displacement obtained throughout the beam’s length

for velocities below, at, and above the critical velocity. We see that the maximum

nondimensional deflection for simply-supported boundary conditions occurs at the

critical velocity at about 85% of the beam’s total length (0.85L). Figure 2–15 is

used to show where the maximum nondimensional deflection for fixed-fixed condi-

tions. Here, we see that the maximum nondimensional deflection, occurs at about

77%.
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Figure 2–14: Maximum nondimensional beam deflection for simply-supported
boundary conditions.
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Figure 2–15: Maximum nondimensional beam deflection for fixed-fixed boundary
conditions.
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2.3.8 Effect of Different Load on the Critical Velocity

Figure 2–16 shows that the weight of the truck only influences the magnitude

of the beam’s deflection but not the value of the critical velocity. Recall that at the

critical velocity the structure losses its stability and the deflection goes to infinity.

It is assumed that the trucks were probably moving at about 75% of the critical

velocity which would explain why the lake-ice did not break on their way to deliver

the supplies. However, on their way back they were traveling at speeds exceeding

the critical velocity which would have caused resonance and the unexpected lake-ice

failure.

This is our explanation to the unsolved mystery of the “Road of Life” at Lake

Ladoga. The possible explanation of why the slowly moving heavy trucks, fully

loaded with supplies, did not crack the lake-ice and the unloaded trucks traveling

faster did.
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Figure 2–16: Beam’s maximum nondimensional lake-ice deflection with different
loads.



CHAPTER 3.
FEA OF UNEXPECTED FAILURE OF LAKE-ICE

MODELED AS A VISCOELASTICALLY SUPPORTED
PLATE SUBJECTED TO MOVING LOADS AT

CRITICAL VELOCITY

In the previous chapter, we presented the finite element model to predict the

unexpected failure of lake-ice when modeled as a viscoelastically supported beam

subject to moving loads, here to do so for the plate with the same scenario. We

develop the weak form of the equations of motion for plates and in an attempt

to predict the unexpected failure of ice-water-truck structure at the critical veloc-

ity. The novelty of the approach consists of determining the ice-structure resonance

at the critical velocity. We obtain the exact behavior when comparing the results

against the analytical solution of steel plates when viscoelastically supported foun-

dation under moving point loads. The plate and beam models, from the previous

work, produced the same results. With this approach, we claim the first possible

explanation for the “Road of life” at Lake Ladoga phenomena.

3.1 Background

From the literature, following two plate models are of our interest: (i) plates

with elastic foundation, (ii) and plates with viscoelastic foundation. However, very

little work is found in lake-ice behavior under moving loads when modeled as plate

under elastic and viscoelastic foundations.

3.1.1 Elastically Supported Plate

The lake-ice beam, from our previous work, and plate models under moving

loads is very useful for the Department of Transportation. The analysis of plates is

not a new field and many researchers haver worked in the field [24, 29–39], especially

using Fourier Transform. The so-called technique of “moving force” provides good

39
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approximations for the vehicle-plate interaction when the vehicle-plate mass ratio

is small (∼ 0.15) or the vehicle travels at low speeds (13–209 m/s) [27]. It has

been shown that the mode shape of plate deflection induced by a moving vehicle is

different from the mode shape produced due to static forces. The partial differential

equation of motion describing the dynamic response of an elastically supported plate

under a moving load along the x-axis only is described by [24]:

D

[
∂4w(x, y, t)

∂x4
+ 2

∂4w(x, y, t)

∂x2∂y2
+
∂4w(x, y, t)

∂y4

]
+ · · ·

· · ·+ ρ h
∂2w(x, y, t)

∂t2
+ c

∂w(x, y, t)

∂t
+ k w(x, y, t) = P δ(x− vt) δ(y)

(3.1)

Note that in the above equation, the units of k are [F/L2] and c are [F/(L2·s2)].

Hence,

k = ρw g, c =
0.5

b

Although plate models are more complete over the beam models as they provide

us with a better understanding of the structure’s behavior, in a few cases both models

may capture the same behavior. As for an example, for velocities less than those

of the critical, the deflected shapes are similar to those of the static case where the

maximum displacement is obtained at the location of the load [31, 33]. For the

mode shapes, in the moving direction, the maximum displacement increases with

more pronounced fluctuations and the deflected region is more widely spread as the

velocity increases [31, 33]. For the deflected shapes along the y-axis, the maximum

displacement increases and the deflected region is also more widely spread as the

velocity increases, but there are no additional fluctuations with increasing velocities.

The value of the foundational stiffness will influence the critical velocity. In

fact, it is been shown that the critical speeds of a system increase with an increase

in the values of the foundation modulus, whether or not the inertia of the load is

considered. Moreover, these critical speeds are greater than those of rectangular

plates not resting on an elastic foundation [29]. When the plate structure rests

on a weak elastic foundation, almost the entire structure is affected by load and

the resonant velocity is small. The area of the plate structure affected by the load
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becomes narrower and resonant velocity becomes larger when the foundation stiffness

increases [33].

There is some work done using the finite element analysis to study plates sub-

jected to moving loads. Taheri et al. [28] compared the results obtained using finite

elements against the results obtained using the structural impedance method [27].

They found that the rate of convergence for both methods is almost the same. FEM

method has been also very useful for plates with various prescribed boundary con-

ditions [28], demonstrating that the deflections of the simply-supported rectangular

plate are higher than those of the simple-clamped plate.

Our major contribution is to present a FEM method regarding prediction of

unexpected failure of lake-ice structures when elastically supported and subject to

moving loads using the critical velocity to predict the loss of plate’s stability.

3.1.2 Viscoelastically Supported Plate

The dynamic behavior of a viscoelastically supported plate under moving loads

has been previously studied [28, 31, 33]. The damping the decrease the maximum

amplitude in the x-direction (the direction of the moving load) and creates a lag

between the position of the maximum displacement and the location of the load.

This behavior has not been observed in the y-direction, where the damping has very

little effect on the maximum displacement.

3.1.3 Moving Loads on lake-ice

Frozen lakes and oceans had been used as a transportation medium for decades,

and are still being used, especially in the Arctic. There has been a number of exper-

imental researches conducted in an attempt to determine the behavior of ice sheets

under moving loads. The results of these experimental showed that the behaviors

captured by the theoretical beam and plate models are similar when compared to

the data.

In 1955, over the Mille Lacs field, a deflectometer was used to measure the

lake-ice displacement caused by a moving vehicle across the field. It was noticed

that at slower speeds the behavior resemble a simple static deflection profile and

that this deflection increased with the vehicle’s velocity until the sheet reaches its
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maximum deflection of 2.5 times the static value. This maximum deflection occurs

when the vehicle reaches the critical velocity [41], which varies significantly with the

ice conditions [44]; after this, the deflection begins to decrease. At this speed, the

deflection profile becomes wavelike, with short waves ahead of the load and longer

waves behind it [41]. Similar results were obtaining in other scenarios showing a low

amplification factor of 2.8, suggesting that inelastic processes were present [43].

Squire et al. [9] did a lot of work of moving loads over ice structures using

testing facilities. Most of their work is focused on moving loads over floating ice

sheets. They presented some analytical models, validated by test data. However,

very little work has been done in predicting failure of lake-ice plates resting on water

using analytical or finite element models at the resonant speed. This is the main

motivation of our work that to provide a computational model to predict unexpected

lake-ice failure.

3.2 Computational model

As we previously mentioned, the main goal of this work is try to solve the

phenomena around the “Road of life” at Lake Ladoga. Here, we will use the critical

velocity as the basis to try to solve this problem. We will do so by modeling the

ice-structure as elastic and viscoelastically supported plate.

3.2.1 Elastically Supported Plate: Analytical

Before we proceed to develop our finite element model, let us derive an analytical

expression for the critical velocity of an elastically supported plate under the effect

of a moving load in the x-direction. Let us start with the plate equation of motion

without damping, from Eq. 3.1, which is:

D

[
∂4w(x, y, t)

∂x4
+ 2

∂4w(x, y, t)

∂x2∂y2
+
∂4w(x, y, t)

∂y4

]
+ · · ·

· · ·+ ρ h
∂2w(x, y, t)

∂t2
+ k w(x, y, t) = P δ(x− vt) δ(y)

(3.2)

Let us assume a solution to the transverse deflections as following:

w(x, y, t) = c1 e
i(N1(x−vt)+N2(y−vt)) (3.3)
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Figure 3–1: Simply supported plate over elastic foundation with moving load.

Since we assumed no motion in the y direction, Eq. 3.3 reduces to

w(x, t) = c1 e
i(N1(x−vt)) (3.4)

where c1 is a constant representing deflection amplitude and N1 is a real number.

Substituting Eq. 3.4 into Eq. 3.2 and simplifying we get the following expression:

DN4
1 + ρ h V 2N2

1 + k w = 0 (3.5)

Denoting N2
1 ≡ Z, Eq. 3.5 can be presented as a quadratic equation

DZ2 + ρ h V 2 Z + k w = 0 (3.6)

whose roots are:

N2
1 = Z1,2 =

ρ h V 2 ±
√
ρ2h2V 4 − 4Dk

2D
(3.7)

Recall, that N1 was assumed to be real number, hence, Eq. 3.7 requires that the

squared expression be positive or equal to zero, i.e.,

√
ρ2h2V 4 − 4Dk ≥ 0 → vcr =

√
2
√
Dk

ρh
= 4

√
E g h

3 ρ (1− ν2)
(3.8)
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The above derivation is identical as the one recommended by Hsi-Ming [39] who

recommended to use the same beam expression but replacing EI by D [39]. Equa-

tions 2.14 and 3.8 show that the critical velocity for plates is slightly higher than

the one calculated for beam. This is mainly because of the inclusion of the Poisson’s

ratio.

3.2.2 Elastically Supported Plate: FEA

In order to develop the finite element model, we develop the weak form of Eq. 3.2

and then discretize the model using quadrilateral elements, shown in Fig. 3–2.
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Figure 3–2: Rectangular finite element.

We find the weak form of Eq. 3.2 by multiplying it by a weighted function ϑ,

integrating it over the domain and finally using the Green’s Theorem to get:∫∫
Ωe

{
∂2ϑ

∂x2

(
D
∂2w

∂x2
+
∂2w

∂y2

)
+
∂2ϑ

∂y2

(
D
∂2w

∂x2
+
∂2w

∂y2

)
+ · · ·

· · ·+ ϑ ρ h
∂2w

∂t2
+ ϑ k w − P δ(x− vt) δ(y)

}
dx dy = 0

(3.9)

We assume that the approximate displacement function is:

w =
n∑
j=1

∆e
j(ts)φ

e
j(x̄, ȳ) =

n∑
j=1

(∆s
j)
eφej(x̄, ȳ) (3.10)
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where (∆s
j)
e is the value of w(x̄, ȳ, t) at time t = ts and at node j of the element e.

By substituting ϑ = φi(x̄, ȳ) and Eq. 3.10 into Eq. 3.9 we get:∫∫
Ωe

{
D

[
d2φi
dx̄2

(
n∑
j=1

∆e
j

d2φj
dx̄2

+
d2φj
dȳ2

)
+ · · ·

· · ·+ d2φi
dȳ2

(
n∑
j=1

∆e
j

d2φj
dx̄2

+
d2φj
dȳ2

)]
+ · · ·

· · ·+ φi ρ h

(
n∑
j=1

d2∆e
j

dt2
φj

)
+ φi k∆e

j φj − P φi

}
dx̄ dȳ = 0

(3.11)

Conveniently, we express it in its matrix form as follows:

[K] ∆e + [M ] ∆̈e = {F} (3.12)

where

[K] =

∫ a

0

∫ b

0

{
D

[
d2φi
dx̄2

(
d2φj
dx̄2

+
d2φj
dȳ2

)
+
d2φi
dȳ2

(
d2φj
dx̄2

+
d2φj
dȳ2

)]
+ kφiφj

}
dȳ dx̄

[M ] =

∫ a

0

∫ b

0

ρ hφi φjdȳ dx̄

{F} =

∫ a

0

∫ b

0

P φidȳ dx̄

3.2.3 Viscoelastically Supported Plate: FEA

For the case of viscoelastically supported plate, we use Eq. 3.1 that includes

the damping. Using a similar approach as for the elastically supported plate, the

weak form is∫∫
Ωe

{
∂2ϑ

∂x̄2

(
D
∂2w

∂x̄2
+
∂2w

∂ȳ2

)
+
∂2ϑ

∂ȳ2

(
D
∂2w

∂x̄2
+
∂2w

∂ȳ2

)
+ · · ·

· · ·+ ϑ ρ h
∂2w

∂t2
+ ϑ c

∂w

∂t
+ ϑ k w − P ϑ

}
dx̄ dȳ = 0

(3.13)

After substituting the approximate displacement function, Eq. 3.10, into Eq. 3.13

we can express the weak form in its matrix form as follows:

[K] {∆e}+ [M ] {∆̈e}+ [C] {∆̇} = {F} (3.14)
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where the only new component is the damping term and is defined as follows:

[C] =

∫ a

0

∫ b

0

c φiφj dȳ dx̄ (3.15)

We do not discuss the Newmark’s time integration scheme because it was de-

scribed in Section 2.2.5 for the case of beam models and it applies to plate models

as well.

3.2.4 2D Moving Finite Element Method

v 

F 1=P ∅1 

F 2=P ∅2 

F 3=P ∅3 

F 4=P ∅4 

F 5=P ∅5 

F 6=P ∅6 

 

F 7=P ∅7 

F 8=P ∅8 

F 9=P ∅9 

F 10=P ∅10 

F 11=P ∅11 

F 12=P ∅12 

Figure 3–3: Moving Finite Element of the 2D element e.

Here we plan to explain our approach to the 2D moving finite element (MFE)

method which has been previously developed [47, 48] and modified by us. We start

by stating that the forces on all the nodes of the plate are zero with the exception

of the nodes of element e that are subjected to the concentrated moving load P .

Thus, the force vector will take the following form:

{F} = {0 0 · · ·F e
1 (t)F e

2 (t)F e
3 (t)F e

4 (t)F e
5 (t)F e

6 (t)F e
7 (t)F e

8 (t) · · ·

· · ·F e
9 (t)F e

10(t)F e
11(t)F e

12(t) · · · 0 0 0}
(3.16)

where F e
i (for i = 1, . . . , 12) represents the equivalent nodal forces of the element e

where the force is applied,

{F e(t)} = {F e
1 (t)F e

2 (t)F e
3 (t)F e

4 (t)F e
5 (t)F e

6 (t)F e
7 (t)F e

8 (t) · · ·

· · ·F e
9 (t)F e

10(t)F e
11(t)F e

12(t)}T = P{φ}
(3.17)
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and φi(x̄, ȳ) (for i = 1, . . . , 12) represents the elemental shape functions. Figure 3–3

shows that the elements and nodes of the plate that are subjected to the concentrated

force that cannot be zero. It can be further seen that for our case, we placed the

force in the lower edge of the element. Therefore, the x position of the concentrated

load P in the element is varying while the y position remains constant.

Similar to the beam model, this x position of the load is defined as

xp = V r∆t (3.18)

and the element e where the moving concentrated force is applied at any time t can

be know from

e =

(
The integer part of

xp(t)

a

)
+ 1 (3.19)

Again, the shape functions φi(x̄, ȳ) are written in term of this local coordinated.

Thus the shape functions are redefined as φi(ς), making the shape functions de-

pending of ς instead of x and y, where ς is defined as

ς =
xp(t)− (e− 1)a

a
(3.20)

where a is the length of the plate element in the x-coordinate. It should be noted

that based on the fact that y remain constant for the hole time ∆t, ς depends only

of x.
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P at t0 

F 1=P ∅1 

F 2=P ∅2 

F 3=P ∅3 

F 4=P ∅4 

F 5=P ∅5 

F 6=P ∅6 

 

F 7=P ∅7 

F 8=P ∅8 

F 9=P ∅9 

F 10=P ∅10 

F 11=P ∅11 

F 12=P ∅12 

y 

P at t1 

F 1=P ∅1 

F 2=P ∅2 

F 3=P ∅3 

F 4=P ∅4 

F 5=P ∅5 

F 6=P ∅6 

 

F 7=P ∅7 

F 8=P ∅8 

F 9=P ∅9 

F 10=P ∅10 

F 11=P ∅11 

F 12=P ∅12 

y 

P at t2 

F 1=P ∅1 

F 2=P ∅2 

F 3=P ∅3 

F 4=P ∅4 

F 5=P ∅5 

F 6=P ∅6 

 

F 7=P ∅7 

F 8=P ∅8 

F 9=P ∅9 

F 10=P ∅10 

F 11=P ∅11 

F 12=P ∅12 

y 

a 

At x = 0 

At x = a 

At x = le 

(a) 

(b) 

(c) 

Figure 3–4: The equivalent forces of the 2D element e subjected to a moving load
P .
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Start with MFE

Place all forces on all the 

nodes of

the plate equal to zero except 

the nodes of element e

The concentrated force is applied to 

the left bottom node of the element e 

at t0

See Fig.3.4 (a)

The concentrated force is applied at 

distant “a” from the left bottom node of 

the element e at t1.  Distance “a” is used 

for calculate the shape function.

 See Fig.3.4 (b)

The concentrated force is applied to 

the right bottom node of the element e 

at t2.

See Fig.3.4 (c)

End

Figure 3–5: Moving Finite Element approach for a 2D element e.
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3.3 Results and Discussions

3.3.1 Convergence Plot
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Figure 3–6: Finite element convergence plot for the critical velocity for the plate
elastic (left) and viscoelastically (right) supported.

Figure 3–6 shows that we need 720 elements to reach convergence for the elasti-

cally supported lake-ice and 900 elements for the viscoelastically supported lake-ice.

Hence, there is no need to use a finer mesh than that of 900 elements. However,

we ran all our analysis using 1200 elements to ensure convergence throughout our

analysis.

3.3.2 Effect of the Elastic Foundation on the Critical Velocity

First, we wanted to study the influence of the elastic foundation on the criti-

cal velocity. When we validated our model with the behavior of the hypervelocity

rail presented by Nechitailo and Lewis [3], we found that the mayor difference was

the transition from the quasi-static regime to the resonant regime. For the truck-

ice-water structure, that regime occurs gradually. Figure 3–7 shows a very similar

behavior compared with the beam model. Results show that a higher elastic foun-

dation will produce a smaller nondimensional maximum deflection and a slightly

higher critical velocity. This behavior matches the one obtained in the beam model.
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Foundation = k x 10; Vcr = 266 km/h

Figure 3–7: Plate’s maximum lake-ice deflection with different elastic foundations.

3.3.3 Effect of damping on the Critical Velocity

Next, we studied the effect of the viscoelastic foundation on the critical velocity.

Figure 3–8 shows, as it was the case of the beam model, that the damping coefficient

of the water is too small to make significant changes on the critical velocity. These

results are in agreement with those found through experimental data by Kim et

al. [31], Taheri et al [28] and Huang et al,[33] who concluded that the damping

coefficient will have an effect on the maximum deflection but not on the critical

velocity. Also, as presented in the previous chapter, a water damping factor of 0.5/b

is too small to mitigate large amplitudes and resonance effects of the moving load

over ice.
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Figure 3–8: Maximum nodimensional plate deflection of lake-ice when water is mod-
eled using an elastic and viscoelastic foundation.

3.3.4 Maximum Plate Deflection Analysis at the Critical Velocity

In this section, we study how the critical velocity affects the plate’s mode shape.

Figure 3–9 shows the mode shape obtained when the load travels at half of the

critical velocity in the direction of the moving load (y = 0). These results show that

for velocities less than the critical one, the deflected plate shows a similar behavior

to that of the static case where the maximum displacement is obtained where the

load is located, which is expected since no resonance has occurred. Also, when we

compare the mode shape of the plate model to the one in the beam model, we see

that the plate model has more similarity compared to the static case. It almost

seems like the beam model would be incorrect. In fact it is not, it is giving the

results for y = 0.5 for the plate model. As we decrease the ration b/L we would see

that both results coalesce. In this context, we see that the plate model has better

prediction when compared with the beam model, which is expected for such a high

b/L ratio.
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When the load’s velocity approaches the critical value, the frequency of fluctu-

ations in front of the load increases compared with the fluctuations behind the load,

showing a “resonance-effect”, as shown in Fig. 3–10. The behavior is similar to that

of the beam model. The difference of the mode shapes in both models is because,

as discussed earlier, the plate captures the behavior better that the beam model.

Figure 3–11 shows that the plate’s mode shape at twice the critical velocity. We

see that as the velocity continues increasing above the critical velocity, the frequency

of the fluctuations in front of the load increases as well, and the amplitudes of the

fluctuations in front of the load are smaller than those behind the load. This shows

that indeed there is a resonance-effect at the critical velocity.
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Figure 3–9: Mode shapes from the beam and plate models at half critical velocity.
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Figure 3–10: Mode shapes from the beam and plate models at critical velocity.
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Figure 3–11: Mode shapes from the beam and plate models at twice critical velocity.
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3.3.5 Effect of Different Boundary Conditions on the Critical Velocity
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Figure 3–12: Maximum nondimensional plate deflection and critical velocity for
simply-supported and fixed-fixed comparison.

As it was in the case of the beam, we first modeled our lake-ice structure using

a simply-supported boundary conditions at x = −L/2, L/2 and free-end boundary

conditions at y = −b/2, b/2. However, as discussed in Chapter 1, the most-realistic

boundary conditions for our problem should be fixed-fixed boundary conditions at

x = −L/2, L/2. Figure 3–12 shows the comparison between the simply-supported

and fixed-fixed boundary conditions at x = −L/2, L/2. We see that the maximum

nondimensional deflection for the simply-supported boundary (y = 0) occurs at

about 157 km/h and for fixed-fixed boundary (y = 0) occurs at 163 km/h which

is a 3% difference. Hence, when modeling the lake-ice as a plate, either boundary

condition will produce the resonance effect for roughly the same critical velocity.
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3.3.6 Effect of Different Load on the Critical Velocity

Figure 3–13 shows similar results when compared with those obtained by the

beam model. It reinforces the conclusion that the critical velocity does not depend

on the load size. Hence, we reiterate that the trucks were probably moving at about

75% of the critical velocity on their way to deliver the supplies and did not break

the lake-ice. However, on their way back they were traveling at speeds higher that

the critical one which would have caused resonance and the unexpected lake-ice

failure. This is our explanation to the unsolved mystery of the “Road of Life” at

Lake Ladoga. Figure 3–14 shows that both plate and beam models for this problem

produce the same critical velocity.
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Figure 3–13: Plate’s maximum nondimensional lake-ice deflection with different
loads.
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Figure 3–14: Maximum nondimensional lake-ice deflections for the beam and plate
models.



CHAPTER 4.
FINAL REMARKS

4.1 Conclusion

In this work, we used a finite element-based dynamic response approach to

determine the nature of the unexpected failure of lake-ice at the critical velocity.

The results of our model against the analytical solutions provided the exact solution

whereas no other finite element software was able to do so. Results show that when

the moving load reaches values around the critical velocity, a resonant regime is

present and is independent of the load size. Also, the transition from the quasi-static

regime to a resonant regime occurs gradually, showing that the resonant regime’s

presence depends also on the stiffness and damping properties of the water. The

results for the viscoelastic case show that the water viscosity does not play a big role

in the critical velocity. Through this work, we developed a novel approach to predict

the unexpected lake-ice failure at critical velocity using the finite element method

and we propose the first promising explanation for the Lake Ladoga mystery. The

solved mystery is that the slow and heavy trucks did not break the lake-ice, but

once the cargo was delivered, the lighter trucks drove back at higher speeds reaching

velocities near the critical, creating unexpected failure of the lake-ice.

4.2 Future Work and Recommendation

There is plenty of room to expand this work and of great interest to the De-

partment of Transportation and military agencies as they continue to use lake-ice

as transportation roads. First of all, we assumed that the moving load velocities

were constant as they crossed the lake-ice; however the fact is that this may not be

true. This would lead to a complex time-varying system in which it would be very

interesting to see how the critical velocity would change.
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Another, are of expansion would be to approximate the ice thickness using some

probabilistic model allowing the engineers to learn how ice thickness would help or

weaken the ice-water system. Further, we assumed throughout this work that the ice

rested completely over ice, which is absolutely not accurate. It would be interesting

to show how the partially submerged ice would affect the results by developing a

three dimensional finite element model for this purpose.

Another subject for study is the case where the moving load is producing a

harmonic moving load instead of the static one studied in this work. Previously,

Seong-Min et al. [25] studied the effect of a moving harmonic load. They showed

that for a moving harmonic load, the critical frequency decreases with an increase in

velocity for velocities smaller than critical and the reverse occurs for velocities larger

than this critical velocity. For load frequencies smaller than the critical frequency

of a stationary harmonic load, there are two critical velocities defined as follow [25]:

vcr1 = vcr

(
1− f̄

fcr0

) 7
10

(4.1)

vcr2 = vcr

(
1 +

f̄

fcr0

) 2
3

(4.2)

fcr0 =
1

2π

√
k

ρA
(4.3)

where f̄ is the frequency of the moving harmonic load in hertz and fcr0 the critical

frequency of a stationary harmonic load (v = 0). Note that the critical frequency,

fcr0 is independent of the flexural rigidity of the beam and the size of the loaded

length. Equations 4.1 and 4.2 show that as the load frequency increases, the first

critical velocity decreases and the second increases. For load frequencies larger than

the critical frequency of a stationary harmonic load, only the second critical velocity

exists. Now, we may solve equations 4.1 and 4.2 for the critical frequencies: For

load velocity (v) ≤ vcr

fcr = fcr0

[
1−

(
v

vcr

)1.43
]

(4.4)
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For load velocity (v) ≥ vcr

fcr = fcr0

[(
v

vcr

) 3
2

− 1

]
(4.5)

One last suggest area of expansion is of including the blowing air on top of the

ice creating an aeroelastic type of effect. This aeroelastic behavior will definitely

influence the critical speed as resonance regimens will be shifted.
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APPENDIX A.
ANALYTICAL SOLUTION FOR THE ELASTICALLY

SUPPORTED BEAM

In Chapter 2, we mentioned the solution to the following equation of motion

for an elastically supported beam:

EI
∂4w(x, t)

∂x4
+ ρA

∂2w(x, t)

∂t2
+ k w(x, t) = P δ(x− vt) (A.1)

Here we plan on showing the step-by-step solution to the above equation. Let us

start by dividing in both sides of Eq. A.1 by EI and defining two new parameters

(for ease of derivation) n2 = k/EI and m = ρ/2EI. By doing so, we get:

∂4w(x, t)

∂x4
+ 2mA

∂2w(x, t)

∂t2
+ n2w(x, t) =

P

EI
δ(x− vt). (A.2)

Now, the transverse deflections of a beam subjected to a moving load can be sought

using the following expression

w(x, t) =

∫ ∞
−∞

w∗(γ, t)e−iγxdγ. (A.3)

where

w∗ =

∫ ∞
−∞

w(x, t) e−iγx dx (A.4)

Equations A.4 and A.3 constitute a Fourier transformation pair. Let us multiply

both sides of Eq. 2.6 by e−iγx and integrate by parts over x from −∞ to +∞, and

assuming that the space derivatives of w vanish at x = ±∞, we get:

γ4w∗ + n2w∗ + 2m
d2w∗

dt2
=

P

EI
e−iγvt. (A.5)
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After substituting w∗ = W ∗e−iγvt in Eq. A.5, we get the following expression:

(
γ4 + n2 − 2mv γ2v2

)
W ∗ =

P

EI
(A.6)

Now, Eq. A.3 becomes:

w(x, t) =
P

EI

1

2π

∫ ∞
−∞

eiγ(x−vt)

γ4 − 2mv2γ2 + n2
dγ (A.7)

or

w(x, t) =

(
P

EI

)(
1

2π

)
2πi
∑

R, (A.8)

where R are the residues at four simple poles γ1 to γ4, shown in Fig. A–1.

Re 

Im  

C2

  

  

C1

Figure A–1: Position of poles.

In order to find the residue calculation, let us use the following expression:

q(γ) = γ4 − 2mv2γ2 + n2 (A.9)

We find the poles at γ as follows:

q(γ) = 0 =⇒ γ4 − 2mv2γ2 + n2 = 0 (A.10)

Thus,

γ2
1,2 = mv2 ±

√
(mv2)2 − n2 (A.11)
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Assume v2 < n/m where the critical velocity is given by v2
cr = n/m. If v < vcr, then

γ2
1,2 = mv2 ± i

√
n2 − (mv2)2

γ2
2 = mv2 − i

√
n2 − (mv2)2

(A.12)

The two roots of γ from Eq. A.12 are

γ1 = N + iM

γ3 = −(N + iM)
(A.13)

where

M2 +N2 = n

N2 −M2 = mv2
(A.14)

Solving the above system of equations, we get:

N =

√
n+mv2

2
, M =

√
n−mv2

2
(A.15)

Similarly, the other two roots for γ from Eq. A.15 are

γ2 = −N + iM

γ4 = −(N − iM)
(A.16)

These four poles are as shown in Fig. A–1. For ξ(x − vt) > 0, one considers the

contour C1 and

w(x, t) =
iP

EI
[R at γ1 + R at γ2]

=
iP

EI

[
eiγ1ξ

(γ1 − γ2)(γ1 − γ3)(γ1 − γ4)
+

eiγ2ξ

(γ2 − γ1)(γ2 − γ3)(γ2 − γ4)

] (A.17)

Now, substituting the γi’s in terms of M and N we get:

w(x, t) =
P e−Mξ

4E I nM N
[N cosNξ +M sinNξ] (A.18)

Similarly for ξ < 0, considering the contour C2

w(x, t) =
P eMξ

4E I nM N
[N cosNξ −M sinNξ] (A.19)



APPENDIX B.
MATLABr CODE FLOW CHART
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integration 
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Display Critical 
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End
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Figure B–1: Programming code flowchart.
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[17] Frýba, L., “A rough assessment of railway bridges for high speed trains,”. En-

gineering Structures, 2001, Vol. 23 pp. 548556.
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