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Abstract

A one parameter local group of isometries of Riemannian or more gen-
erally pseudo-Riemannian manifolds is generated by a Killing vector field
which is subjected to the commonly named Killing equations. The lat-
ter constitute an over determined system of first order partial differential
equations which are even linear and homogeneous. However, in general
such a system is not completely integrable.

A brief presentation of the well-known results on the existence of non-
trivial Killing vector fields (i.e. nontrivial solutions of Killing equations) is
provided. These results also suggest a method of constructing Killing vec-
tor fields, which consists basically of studying consequences of the so called
integrability conditions. That last part requires usually quite involved sym-
bolic computations and therefore can be aided by the appropriate computer
programs.

The method is applied to a class of pseudo Riemannian structures that
depends on two arbitrary holomorphic functions of one complex variable.
Some constraints on these functions arise as a consequence of the existence
of nontrivial Killing vector fields. The nature of these constraints and an

explicit form of a Killing field are presented as the final result.
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Resumen

Un grupo de isometrias de un parametro de una variedad Riemanni-
ana o mas generalmente de una variedad seudo- Riemanniana es genera-
do por un campo vectorial de Killing, el cual esta sujeto a las ecuaciones
comunmente llamadas de Killing. Estas tltimas se convierten en un sistema
sobredeterminado de ecuaciones diferenciales parciales de primer orden, las
cuales, también son lineales y homogéneas. En general este sistema no es
completamente integrable.

Se provee una presentacion de los bien conocidos resultados de la exis-
tencia de campos vectoriales de Killing (esto es, las soluciones de las ecua-
ciones de Killing). Estos resultados sugieren un método de construccién
de campos vectoriales de Killing, el cual basicamente consiste de estudiar
las consecuencias de las asi llamadas condiciones de integrabilidad. Esta
dltima parte requiere computaciones simbdlicas y por lo tanto se usa un
programa de computacion simbdlica apropiado.

El método es aplicado a una clase de estructura seudo-Riemanniana que
depende de dos funciones holomérficas arbitrarias de una variable compleja.
Surgen algunas restricciones sobre estas funciones como consecuencia de
la existencia de campos vectoriales de Killing. La naturaleza de las res-
tricciones y una forma explicita de los campos de Killing son presentados

como el resultado final.
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Chapter 1

Introduction

“Differential Geometry has a long history as a field of Mathematics and yet its
rigorous foundation in the realm of contemporary mathematics is relatively new.
In fact, some “old” results still require to be reformulated in terms of Modern
Mathematics”!. Given any mathematical structure a question arises about a
group of its automorphisms. And so, for a Riemannian or a more general pseudo-
Riemannian manifold one asks about a group of transformations? which preserve
inner products of tangent vectors. Such a group is called a group of isometries
of the underlying manifold. Riemannian manifolds are natural generalizations
of Euclidean spaces and originally they emerge in studies of a geometry of two
dimensional surfaces in a three dimensional Euclidean space. Pseudo-Riemannian

manifolds are their further abstraction.

Since a discovery of The Special Relativity Theory and later on The General
Relativity Theory, pseudo-Riemannian manifolds have become a basic ingredi-
ent of physical theories of space-times, in which the presence of a nontrivial
gravitational field is attributed to a nonzero curvature of the underlying pseudo-

Riemannian metric structure. The metric structure is in turn subject to the so

Kobayashi, 1963] p. v
2Let M be a C*°—manifold. A transformation of M is a diffeomorphism of M onto itself.



called Einstein equations. One of many activities in that area is devoted to the
studies of special solutions of Einstein equations and in particular their geometric
properties. One of the standard questions asked then is that about a group of
isometries and their natural generalizations: groups of homothetic transforma-

tions and groups of conformal transformations.

In [Rézga, 2001] a class of metric structures is presented, whose properties
are the subject of this work. They are a particular case of nonexplicit solutions
of Einstein equations discussed in details in [Plebaniski, 1978]. They generalize
a class of solutions presented in [Plebariski et al., 1998]. A further discussion of
that class is provided in [Plebanski and Rézga, 2002]. A problem of solutions
of Killing equations for such metric structures is treated in [Rézga, 2002]. The
method that is outlined there can be employed also to study an analogous problem

for the metric structures of [Rézga, 2001].

With these as bases, the purpose of this work is to find an explicit form of
the so called “infinitesimal isometries” or “Killing vector fields” for the class
of pseudo-Riemannian structures presented in [Rézga, 2001]. By studying and
using existing methods associated with one-parameter (local) groups of isome-
tries of pseudo-Riemannian manifolds we determine the conditions under which
the generalized pseudo-Riemannian structures presented in [Rézga, 2001] admit

nontrivial one-parameter (local) groups of isometries.

In Chapter 2 we give a brief presentation of basic concepts such as vector fields,
tensor algebra, tensor fields, affine connection, parallelism, torsion and curvature

fields, and also, pseudo-Riemannian structures and some important identities.

In Chapter 3 we present some relevant tensors such as Riemann, Ricci, Ein-
stein and Weyl tensors. In Chapter 4 we present Killing structures, which includes
one parameter groups of transformations, definitions of Killing vector fields and

Killing Equations. We close this chapter with some illustrative examples.



Finally in Chapter 5 we present the metric which is the principal subject of
this work, some geometric properties and its consequences. Also, we present the
method that we use to find explicit expressions for Killing vector fields and for
the functions which the metric and the Killing vector fields depend on. At the

end of this chapter we can find the results and a brief discussion.



Chapter 2

Review of Literature

2.1 Introduction

We follow the basic definitions and notation used in [Kobayashi, 1963] and [Helgason, 1962].
Many of our definitions have two approaches. The local approach which helps us
to view what happens in an open neighborhood, and the general one, used in the

modern Differential Geometry.

During all our work we are using the Finstein summation convention of sum-

ming over repeated indices.

2.2 Basic Definitions

Let M be a topological space’. We assume that M satisfies the Hausdorff sepa-

ration axiom?, in this case, M is called a Hausdorff space.

An open chart on M is a pair (U, ) where U is an open subset of M and ¢

[Munkres, 2000] p. 76

2The Hausdorff separation axiom states that any two different points in M can be separated
by disjoint open sets



is an homeomorphism® of U onto an open subset of R™.

Let O C R"™ and @' C R™ be open subsets of two Euclidean spaces R™ and

R™ where n and m are the dimensions of the spaces. The mapping
0:0— 0,

is called differentiable if the coordinates y; (¢ (p)) of ¢ (p) are (indefinitely) dif-

ferentiable functions of coordinates u’ (p), for p € O.

Definition 1 Let M be a Hausdorff space. A differentiable structure on M of
dimension m is a collection of open charts (Ua, p,)aca on M where ¢, (U,) is

an open subset of R™ such that the following conditions are satisfied:

M1. M= U U,.
acA

M?2. For each pair a, § € A the mapping ¢z o @1 is a differentiable mapping
of v, (Us N Ug) onto @g(Us N Ug).

M3. The collection (U,, ¢,)aca is a maximal family of open charts for which M1
and M2 hold.

A differentiable manifold (or C* manifold or simply manifold) of dimension
m is a Hausdorff space with a differentiable structure of dimension m. If M is
a manifold, a local chart on M or local coordinate system on M is by definition
a pair (U,, ¢, ) where a € A. If p € U, and ¢, (p) = (u' (p),...,u™ (p)), the set
U, is called a coordinate neighborhood of p and the numbers u’(p) are called local

coordinates of p. The mapping

0o q— (U (q),...,u"(q)), q€U,,

3Let A and B be topological spaces; f : A — B is called a homeomorphism between A and
B if and only if f is a continuous bijection with a continuous inverse. Also called a continuous
transformation.



is often denoted by {u',...,u™}. Let f be a real-valued function on C"*manifold
M. The function f is called differentiable at a point p € M if there exists a
local chart (U,, ¢, ) with p € U, such that the composite function fo o ! is a
differentiable function on ¢, (U). The function f is called differentiable if it is
differentiable at each point p € M. By a differentiable curve of class C* in M, we

shall mean a differentiable mapping of class C* of a closed interval [a, b] into M.

2.3 Vector Fields and 1-Forms

This section starts with the concept of derivation which is useful to define a vector
field, and further a tangent vector. We also provide some important notation and

local expressions.

Definition 2 Let A be an algebra over a field K. A derivation of A is a

mapping B : A — A such that:

e B is alinear mapping; that is, B (af + fg) = aBf+5Bg fora, f € K,
fgeA;

e B(fg)=f(Bg)+(Bf)g for f,ge A

Definition 3 A vector field X on a C* manifold M is a derivation of the algebra
S(M)*

Let us denote the set of all vector fields on M by D' (or (M) ).

Now, we shall define a tangent vector (or simply a vector ) at a point p of M.

4% (M) = C® (M) denotes the set of all differentiable functions on M. See [Helgason, 1962]
p-5



Definition 4 Let v (t) be a curve of class C', a <t < b, such that v (t,) = p.

The vector tangent to the curve 7y (t) at p is a mapping
X:F(p—R

defined by

xr- (L0)

Given any curve v (t) with p = v (t,), let v/ = ~7(t), j = 1,...,m, be its
equations in terms of the local coordinate system {u',...,u™} then

(P50 -5 (59),

J

In other words, X f is the derivative of f in the direction of the curve ~y (t) at

t =t,. The vector X satisfies the following conditions:

1. X is a linear mapping of § (p) into R;

2. X (fg)=f(p)X(9)+9p) X(f), forall f,gcF(p).

Definition 5 Now, let X,, denote the linear mapping

X, + 3p) — R,

Xy, + f=(X[)(p),

forp€ M and X € D'. Then the set
M,={X,: X €D (M)},

15 called the tangent space to M at p, and its elements are called tangent vectors

to M at p.

Definition 6 A wvector field X on a manifold M is an assignment of a vector X,

to each point p of M.



In terms of a local coordinate system {u!,... u™}, a vector field X may

be expressed by X =¢ (%), where & are functions defined in the coordinate

neighborhood, called the components of X with respect to {u!,... u™}.

Now, for vector fields we can define the Lie bracket [X,Y] as the following
derivation of F(M); for X and Y in D' (M):

X, Y] f =X(Y[) = Y(X[)

In local coordinate system {u',...,u™}, we write

o) vl
A R [Co—

Therefore, [X, Y] is a vector field whose components with respect to {u!, ..., u™}

are given by [fk (%) —nk <g—fj€>}, j=1,...m.

Then,

As is customary we shall often write §(X)Y = [X,Y]. The operator 6(X) is
called the Lie Derivate with respect to X.

In particular, we have the Jacobi Identity:
(X, [Y,Z]] + [Y, [Z,X]] + [Z,[X, Y]] = 0, (2.2)
for X,Y,Z €D (M) or, otherwise written

0(X)([Y,Z]) =[0X)Y,Z] + [Y,0(X)Z].

The tangent space M, has its dual® vector space M, which is called the vector

space of covectors at p.

5Let A be a commutative ring with identity element, E a module over A. Let E*, called the
dual of E, denote the set of all A — linear mappings of E into A.

8



Definition 7 An assignment of a covector to each point p € M is called 1-form

or differential form of degree 1. For each function f € F(M), the total differential
(df), of f at p is defined by

((df)p, X) = Xt for X € M,

where (,) denotes the value of the first entry on the second entry as a linear func-
tional on M), or the value of the second entry as a linear functional on My}, (since

M+ = M,).

If {u',...,u™} is alocal coordinate system in a neighborhood of p, then the
total differentials (du')p, ..., (du™), form a basis for MY. In fact, they form a

dual basis of the basis (9/0u'),, ..., (0/0u™), for M,.

In a coordinate neighborhood of p, every 1-form w can be uniquely written as
w = fjduj,

where f; are certain functions defined in that neighborhood and called the compo-
nents of w with respect to {u',...,u™}. The 1-form w is said to be differentiable
if f; are differentiable (this conditions is independent on the choice of a local

coordinate system).

A 1-form can be defined also as an §(M)—linear mapping of the F(M)—module
of the vector fields D' (M) into F(M). The two definitions are related by

(W(X)), = (wy, X, X eD'(M), pe M.

2.4 Tensor Fields

Now we shall extend the notions of vector fields and 1-forms to tensor fields with

the help of the following notation. Let ® denote the §-module of all F-multilinear



mappings of Ei)l x D x ... x ’Dll into § , where s >1 is an integer. Similarly
S t?rrnes

D" denotes the F-module of all F-multilinear mappings ;1 X D1 X ... x D into

r times

§. More generally, let ®. denote the F-module of all F-multilinear mappings
of Dy X ... XDy X D' x...xD' into F. We often write D’(M) instead of D’.

~~ ~~
r times s times

We have D = D", D% =D, and we put D = .

A tensor field T on M of type (or degree) (r,s) is by definition an element
of 7 (M). It is said to be contravariant of degree r, and covariant of degree s.
In particular, the tensor fields of type (0,0) are differentiable functions,a tensor

field of type (1,0) is a vector field, and of type (0, 1) is a 1-form.

Now for p € M, we define D’ (p), a set of all R-multilinear mappings of

* * *
g\Jpprx...ngprprx...ng,
rt%’bes s times

into R. ®%(p) is a vector space over R and it is isomorphic with the tensor

product (defined in Section (2.4.1))

M@ M,®...0 M,® M;® M ®...® M,
Tt;;nes st;’rrnes

denoted shortly by D% (p) = ®"M, ®° M}. We also put Df(p) = R.

Now given 7' € D" (M) we can define for each p € M an element T, € D’ (p)

according to

T, ((el)p,...,(eT)p,(zl)p,...,(zs)p) = T0,....0,,Z1,....2.)(p),
where 01-691(]\4), Zj E@l(M),izl,...,T,jzl,...,S.

The same equations permit us to identify 7% (M) with the set of corresponding
differentiable mappings, from M into Uyepn®%(p), providing us therefore with
alternative definition of a tensor field; as it was in case of vector fields and r—

forms.

10



2.4.1 Algebraic Operations on Tensor Fields

There are two important algebraic operations on tensor fields, which arise from
the corresponding operations on tensors (at a point). They are the tensor product

and contractions.

Tensor product

We define the tensor product of two vector spaces U and V', denoted by U ® V
and also called the tensor direct product as follows. Let M (U, V') be the vector
space which has the set U x V' as a basis, i.e., the vector space generated by the
pairs (u,v) where u € U and v € V. Let N be the vector subspace of M (U, V)

generated by elements of the form
(u+u,v)— (u,v) — (W,v), (u,v+0")— (u,v) — (u,v),
(TU, U) -r (U, U) ) (U’v TU) -r (u7 U) )

where u, v’ € U, v,v" € V and r any scalar . The definition is the same no
matter which scalar field is used. We set U ® V' = M(U,V')/N. For every pair
(u,v) considered as an element of M (U, V), its image by the natural projection
M(U,V) — UV will be denoted by u®wv. Define the canonical bilinear mapping
¢pof UxVinto U®V by:

¢ (u,v) =u®wv, for (u,v) €U x V.
The following rules are satisfied,

(U,1+U2)®U = M QU+ U,
u® (v +vy) = UV +uR vy,

rlu®ov) = (ru)®@v=u® (rv).
One basic consequence is that
0®v=u®0=0.

11



A vector basis{u;} of U and {v,} of V gives a basis for U ® V, namely {u; ® v;},
for all pairs (i,7). An arbitrary element of U ® V' can be written uniquely as
> a;u; @ vj, where a; ; are scalars. If U is a n dimensional and V' is a k dimen-

sional vector space, then U ® V' has dimension nk.

The tensor product @ of two tensor fields S € D7 and T € DF is defined as

F—bilinear mapping (S,T) — S @ T of D7 xD} into Z)Zif, which sends

X1® X, 0X;® X\ 21® QL Q7@ Q Z) € DIxDF,
into
(Xi® 90X, 070 04,0X/ 0 X Qe 07D

for X;, Z; € ©' and X5 Z; € 1. In terms of components, if S is given by

1 . . m-mg
S s and T is given by T s then
<S®T)l1lr+k ‘ o Sil'"iT ‘ Tir+1""l'T+k ‘
Jidsl JiJs Js41Js+1"

We define the tensor algebra © = © (M) over M to be the direct sum of the
§—modules D% (M). D(M) = % D7 (M), so that an element of ® is of the form
> om0 K¢, where K7 € D(M )r:roe zero except for a finite number of them. Then
D (M) is an algebra over §, the product ® being defined pointwise, i.e., if K,
L € ©(M) then

(K®L),=K,®L,, forallp e M.

Similarly, if p € M we consider the direct sum D(p) = & D" (p) which is an
associative algebra over the ring R. Therefore, it is a tensor algebra over M, The

submodules

D = f;@r, and D, = i@s,

12



are subalgebras of ® and the subspaces
D (p) =Y D" (p), and D (p) = > _ D, (p),
r=0 s=0

are subalgebras of © (p) .

Contraction

Let p € M, and r, s, i, j be integers such that r,s, 7, ;7 > 1,1 < i < r,
and 1 < j <'s. Consider the R-linear mapping C : ©7(p) — D}~ (p) defined by

Ci(e1®...06,0i®...0f,) = (e [;) (€10...5...©e8 i®...0 [;8...8 ),

where ey,...,e, € My, fi,...fs € M. (The symbol™ over a letter means that
the letter is missing). Now, there exists a unique §-linear mapping C; :ON(M) —
D"~ (M) such that

(Ci(T)), = C}(T5),

for all T € ©7(M) and all p € M. This mapping satisfies the relation
Ci(X1®...8X,0wi®...0w,) = (Xi,w;) (X18...X; . ..0X,Qwi®. .. 0;®. ..Qw,),

for all Xi,..., X, € D', wi,...,ws € D1. The mapping C is called the contrac-

tion of i-th contravariant index and the j-th covariant index.

2.5 The Grassmann Algebra

Let A*D; (or A*D; (M)) be the set of alternate §—multilinear mappings of

@1 x Ol x ... x ”Di into §, where s is an integer > 1 and M denotes a C'™

-~

s times

manifold. We put A’D; = F, A'D; = D; and let AD; denote the direct
sum A = Zzio A*D; of the F-modules A*®;. The elements of AD;are called

13



exterior differential forms on M. The elements of A*®D are called differential

s — forms, or just s — forms.

Now we will define a mapping called Alternation, denoted by A. Let &,
denote the group of permutations of the set {1,...,s}. Each o € B, induces an

§—linear mapping of D' x D! x ... x D! onto itself, given by
o (X1, Xo) = (X1, Xoms) . (Xi €DY).
Thus, for each Q € ®,, the mapping Q o o~ ! is well defined and the mapping
c-Q: Q- Qoo !

is a one-to-one §—linear mapping of D, onto itself. Let € () = 1 or —1 depend-

ing if o is an even or an odd permutation. Consider the linear transformation

A, 1 D, — D,
1
A (Q5) = a1 Z e(o)o-Qy, O, €9,.

’ 0’663

If s =0, we put A, (Q25) = Q. We extend A to an F—linear mapping
A:D,— D,
by
AQ) =) A (Q)
s=0

where () = Z;)io Qg, Qs € D,. For any 0, w € A®D; we can now define the exterior

product
OhNw=A0Rw).

this turn AD! into an associative algebra. The module AD! of alternate § —
multilineal functions with the exterior product is called the Grassmann algebra

of the manifold M.

14



For each p € M we can also define the Grassmann algebra AD; (p) of the
tangent space M,. The elements of AD; (p) are the alternate, R—multilinear,

real-valued functions on M, and the product (also denoted by A) satisfies
Op Nwp=(0AW),, 0, w € ND.

This turns AD; (p) in an associative algebra containing the dual M;. 180, w € M,

then

ONw=—-wANb. (2.3)
Ifet,...,0 e M} and Wt = 23:1 ai]ﬁj, where a;; € R, then, as a consequence of
(2.3)

WAL AW =det (a) 0P AL NG
Now we write some important relationships. Let f, g € §(M), 0 € N"D,
wE NDq, X; € DL Then,
fNg= Ty,
(A 6) (X1, X,) = F0(X, o, X,
(WA g) (X1, Xs) = gw (Xq, ..., X),

(OAW) (X1, Xppy) =

1
i Z €(0) 0 (Xo(1), o Xo) @ (Ko@), ooos Xo(ras)) »

(T + S) UE®T+S

ONw=(-1)"wASb.

2.5.1 Exterior Differentiation

Let A® (M) be the Grassmann algebra over M. The Exterior differentiation d

can be characterized® as follows:

1. d is a unique R—linear mapping of A® (M) into itself such that d (A"®) C
/\7'""1@;
6[Helgason, 1962] p.20
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2. For any function f € A’D?, df is the total differential, i.e., the 1-form given
by df (X) = X f

3. Ifwe A"D! and X € A*D!, then

d(wAXN) =doANX+ (1) wAdX;
4. dod=0.

In terms of a local coordinate system, if

w = E fl-l._.irdu“ VANRRRIVAY du“",
11 < <lp

then
do= Y dfi, Adu Ao Adui

11 <<l

Now, we introduce an important concept in our work, the affine connection.

2.6 Affine Connection

Definition 8 An affine connection on a manifold M is a rule V which assigns
to each X € DY(M) a linear mapping Vx of vector space D'(M) into itself
satisfying the following conditions:

(V1) Vx(Y+2)=VxY +VxZ,

(Vo) VixigvZ =f-VxZ+g-VyZ;

(Vs) Vx(fY) = f-VxY+(X[)Y,

al f, g €F (M), X, Y, Z €D (M).

The operator V x is called Covariant Differentiation with respect to X. Vx

can be extended to tensor fields.
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Theorem 1 There exists a unique extension of Vx : D' — D1 to the tensor
algebra © (M), denoted by the same symbol V x, which possesses the following

properties:

(1) Vx is a derivation of the tensor algebra ©(M).
(11) Vx preserves types of tensors.

(7i1) V x commutes with contractions.

Example 1 Let g € Dy, X, Y, Z € D, then by(iii) and (i)

Vxg(Y.Z) = VxCICi(g@Y ® Z)]
= ClC2[Vx(g®Y ® 2)]

= CliC3[(Vxg) @Y @ Z+gR@VxY®Z+gRY @ VxZ],
Since,Vxg(Y,Z) = Xg(Y,Z). Thus,
Xg(Y,2) = (Vxg)(Y, 2) + g(VxY, Z) + g(Y, Vx Z), (2.4)

where C{, C3 are the respective contractions.

As a simple application of Theorem 1 we obtain a relation betweenV x w and

Vx Y, where X, Y € D! and w € D;. Indeed, by (i)
VY ®ow)=(VxY)®w+Y ® Vxuw,
so (#ii) implies
XwV)=w(VxY)+ (Vxw)(Y). (2.5)
Next, we discuss local representations of covariant derivatives of tensor fields.

Let (U, {u',...,u™})) be a local coordinate system on M, and let -2, ..., 52

oul’ ) Oum

be the natural basis of M, and du', ..., du™ its dual basis with respect to these
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coordinates, where p is a point of U. Then the connection coefficients Ffj with

respect to {ul,... u™} are defined by

d\ 4 0

Consequently, by (2.5)
Vojou (dv’) = =T du”.

Let X € ®! and w € ©;. We can write

X=¢ 0

5 and w = a;du’ for 1 <i<m.
u

Denoting Vs, by V;, we obtain,

_ i O\ e 0060
Vit =V, <§ W‘) =50 T pui o

A semicolon is used to denote covariant differentiation with respect to a natural

vector basis. Thus, the components of V; X, denoted by ffj, are of the form

IS .
£ 5 +§’T}k, (2.7)

and the covariant derivate of a vector field X = Ei% in direction of a vector field

Y =i 5% at pis given by

. 9
VyX = (77]5?3') (auz> :

Similarly,
Dy . .
Viw=V;(qdu') = Y — akf‘fidul,

ouw’

thus, the components of Vw, denoted by «,;, are

. 80éi
oW

Q. 4 — akffl (28)

The extension of the above argument to tensor field T of type (r, s) is straight-

forward. The covariant derivate of the tensor field whose local components are
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T;ll ]“ has the components denoted by 7" vk and they are

Tilmir aT“ erl -Js § FlhTh wdp—1ling..ir F Th...z’r
J1ogsik T auk Kl Ji--Js z : kjg J1--Jg—1ljg+1.--3s

(2.9)
Consequently for all 7' € ©7,

110 9 9 1 s
V), = (0T, () @0 (G ) @ @), @0 (@),

For any vector field X, the tensor field V xT' is also of degree (7, s). We have
thus a rule which associates a tensor field of degree (r, s) to each vector field —i.e.,

a tensor field of degree (r,s + 1). We denote this tensor field by V7.

Indeed, let us assume that 7" € D] (M). Then we define VI € D7, (M)

according to,
(VT)(WD 7w7'77XaY17"'7}/s):<VXT><WI7'” 7(")7‘7}/17"‘)YS)7 (210)
for all X,Y1,...,Y, € @' (M) and wy, -+ ,w, € D1 (M), where

(VXT) (wla"' awTaYia'~-7YS) :XT(wh awraYiv"-7}/:9)

= T(wi,+ Vxwi,- V) + Y T(wy, - VxYj,-- V) (2.11)

2.7 Parallelism

Soon we will see that the concept of affine connection is intimately tied to the
geometric concept of parallelism. Let M be a C* manifold. A curve in M is a
regular’ mapping of an open interval I C R into M. The restriction of a curve to

a closed subinterval is called a curve segment. The curve segment is called finite

"Let M, N be differentiable manifolds. A mapping ¢ : M — N is called regular at p € M if
¢ is differentiable at p and d); is one-to-one mapping of M, into Ny, ¢* is defined in Section
4.1
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if the interval is finite. Let v :t — ~(¢) (¢t € I) be a curve in M. Differentiation

with respect to the parameter will often be denoted by a dot ().

If the vector fields X and Y have local representations

X :Xii. and Y = in. on U,
out ou’

then V xY has a local representation

JOYE kvii) O
ViV = ; <ZX ik ;FUX YJ> 5% on U. (2.12)

The vector field V xY is said to be the covariant derivative of Y with respect
to X. If X = ;2 then the components of Vx(Y) = V;(Y) are denoted by Y}

and
oY’k
YF = —
3 aul

+ LY.

Suppose now that to each ¢ € I it is associated a vector Y'(t) € M, ). Assume
Y (t) vary differentiably with ¢. Let X (¢) =+ (¢) (¢t € I). Then there exist vector
fields X, Y € ©! such that

X’Y(t) =X (t) , and Y'y(t) =Y (t) (t € J) 8

The family of tangent vectors Y (t) = Y (t) 22, (t € J) is said to be parallel with

aui Y

respect to 7y, (or parallel along ;) if

for all ¢t € J. To show that this definition is independent of the choice of X and
Y € D', we express (2.13) in coordinates {u',... ,u™}. For simplicity we put

u'(t) = u'(y(t), X'(t) = X'(v(1), Y'(t) = Y'(y(1), (t € J), (L <i<m)

8J is a compact subinterval of I such that the finite curve segment v, : t — v (t) (t € J)
has no double points and such that + (J) is contained in a coordinate neighorhood U.
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Then X¥(t) = 4'(t); X and Y being as before and using the chain rule in (2.12)

we obtain
dY’* du’
2 4Tk
a i

Y7 =0 (teld) . (2.14)

This equation involves X and Y only through their values on the curve. Then

the condition for parallelism is independent of the choice of X and Y.

Definition 9 Let v : t — ~(t) (t € I) be a curve in M. The curve v is called
geodesic if the family of tangent vectors 4(t) is parallel with respect to . In other

words, v is geodesic if
V.y=0. (geodesic equation)

A geodesic 7y is called maximal if it is not a proper restriction of any geodesic.

The geodesic equation may be expressed as a system of m second order ordi-
nary differential equations. Suppose v ; is a finite geodesic segment contained in
a coordinate neighborhood U where the coordinates {u', ..., u™} are valid. Then
the equation 2.14 implies

d?u® , du’ du?
4+ Tk
dt? Yodt dt

=0 (teJ). (geodesic equation in coordinates)

Finally, a vector field X is called geodesic if

VxX =0.

2.8 Torsion and Curvature Fields

Let M be a manifold with an affine connection V. The torsion tensor T of V is

the -bilinear function 7: D'x®' — D! given by
T(X,)Y)=VxY —-VyX —[X,|Y], (torsion tensor)
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for all X,Y € ©Y(M). In particular,
T(fX,)Y)=T(X, fY) = fT(X,Y),

for f € §(M). Because of that the value T'(X,Y')|, depends only on the values
of X, and Y. Consequently, 7" determines a bilinear mapping M, x M, — M,
at each point p € M. Using the skew symmetry ([X,Y] = —[Y, X]) of the Lie

bracket for vector fields it is easy to see that T'(X,Y) = —T(Y,X). Hence T
)

is skew symmetric. Let 57, .

. %Lm be the natural basis with respect the local

coordinates {u',...,u™}. Since [aiw %} =0 forall 1 <1i,j < m, it follows that

0 0N w0
T(@%)—@w U3) gu

Clearly, the torsion tensor provides a measure of the nonsymmetry of the con-
nection coefficients. Hence, T' = 0 if and only if these coefficients are symmetric
in their subscripts. An affine connection V with 7' = 0 is said to be torsion free

or symmetric.

The curvature R of V is a function which assigns to each pair X, Y € D! the

F-linear mapping R(X,Y) : ©'— D' given by

R(X,Y)Z =V xVyZ —VyVxZ -V xyZ, (curvature)

for all Z € ®'(M). The curvature R provides a measure of the noncommutativity
of Vx and Vy. The torsion and the curvature represent tensor fields. Note that
R have the following properties: R(X,Y)Z = —R(Y, X)Z and R(fX, gY)hZ =
fghR(X, Y)Z for all f, g, he (M), X, Y, Z € DY(M).

Indeed, the torsion tensor field is defined as an §F-multilinear mapping

T:D,xD'xD' —F(M),

T(w,X,)Y)=w(T(X, Y)),
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for all X, Y € D! and w € D;,which is an element of D1.

T is given in local coordinates by

0 A .
_ mk i
T—Tij%@)du ®du3,

where

T’fij = Ffj — Ffl (torsion components)

Similarly, the curvature tensor field is defined as an §-multilinear mapping

R : D xD'xD'xD' — F(M)
R : (w, Z, X, Y)—w(R(X, Y)2),

according to

R(w, 7, X,Y) = w (R(X,Y)Z), (2.15)
for all X, Y, Z € ®! and w € D;. Therefore R is an element of D}.

In local coordinates R is given by

i 0 j
R= Rj5-@de @ du® @ du!,

where the curvature components R’ are of the form,

or,  ori,

R ju = ouk ou!

+ (0iThe —Thilha) - (2.16)

kj~ ma

Thus, the tensor fields 7" and R are of type (1,2) and (1, 3), respectively.

Notice that R';, = —R';;. Furthermore, if X = Xiaii, Y = Yia‘zi, Z =

A 8?” and w = w;du’, then

) ) 0
_ 7 kvl
R(X,Y)Z = Ry 2 XM,

and,

Rw, Z,X,Y)=w(R(X,Y)Z) = R jw: 2’ X*Y".
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Consequently, one has R (dui, %, %, %) = ;kl

Let p € M and suppose Xi,...,X,, is a basis for the vector fields in some
neighborhood N, of p, that is, each vector field X on N, can be written as
X =Y, fiXi where f; € F(N,). We define the functions I'j;, T%;, R¥. on N,

by the formulas

VX, = I'tX,.

2 1)

T(X;, X;) = T*

]

X

R(X;, X)X, = R, X

lij

2.9 The Pseudo-Metric Structure and the Rie-

mannian Connection

A pseudo-Riemannian metric g for a manifold M is a smooth symmetric tensor
field of type (0,2) on M which assigns to each point p € M a nondegenerate? inner
product g, : M, x M, — R of signature (—,...,—,+,...,+). If the components
of g in local coordinates are g;;, then the nondegeneracy assumption is equivalent

to the condition that the determinant of the matrix (g;;) is nonzero.

Definition 10 Let M be a C*°-manifold. A pseudo-Riemannian structure on M

is a tensor field g (or pseudo—Riemannian metric g) of type (0,2) which satisfies:

(a) g(X,Y) =g¢g(Y,X) (symmetric)

(b) For each p € M, g, is a nondegenerate bilinear form on M, x M,,.

9Here nondegenerate means that for each nontrivial vector v € M, there is some w € M,
such that g, (v, w) # 0.
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A pseudo Riemannian manifold is a connected C'*°-manifold with a pseudo-
Riemannian structure. If g, is positive definite for each p € M, we speak of a

Riemannian structure and Riemannian manifold.

If the matrix (g,;) has s negative eigenvalues and r = n — s positive eigenval-
ues, then the signature of g will be denoted (r, s). For each fixed p € M, there
exist local coordinates (U, {u',...,u™}) such that g, = g|a,can be represented
as the diagonal matrix diag {—1,...,—1,1,...,1}. For each pseudo-Riemannian
manifold (M, g) there is an associated pseudo-Riemannian manifold (M, —g) ob-
tained by replacing g with —g. Aside from some minus change of sign, there is
no essential difference between (M, g) and (M, —g). Thus, results for spaces of
signature (s,r) may always be translated into corresponding results for spaces of

signature (r, s) by appropriate sign changes and inequality reversals.

Theorem 2 On a pseudo-Riemannian manifold there exists one and only one

affine connection satisfying the following two conditions:

(i) The torsion tensor T is 0, i.e., VxY — Vy X = [X,Y] for all X, Y € D!;

(77) The parallel displacement preserves the inner product on the tangent spaces,

ie,Vxg=0,X € DL

A proof of this theorem can be found in [Helgason, 1962] p.48

From (2.4), the local representation form of (i) and (iz) is

gjk
Vigjk =0= adz - Féjglk - Fikgjh
so that,
99k l l
u L5906 + Tirgi.

Now due to (7), the symmetry of the connection coefficients, we have:

agjk: n Ogii _ 59ij _ ’
ou’ ow  OuF k



So the connection coefficients are,

1 Ogu; 0gir 0gij
It = —g" J T 2.17
i1 = 99 <8u’ T ow T auk ) (2.17)

where ¢¥ are defined by
90 = 52 For 1 <i,j <m,

and represent local components of the (2,0) tensor called the inverse pseudo-

metric tensor and denoted further by g=*.

2.10 Some Important Identities

2.10.1 Bianchi Identities

The curvature R and the torsion T satisfy the so called Bianchi identities. The

general form of the first Bianchi identity is

RX,Y)Z+R(Y,Z)X +R(Z,X)Y =
T(T(X,Y),Z)+T(T(Y,Z),X)+T(T(Z X).,Y)
+(VxT) (Y, Z) + (VyT) (Z,X) + (V1) (X,Y)), (2.18)

Similarly, the second Bianchi identity

(VZR) (X,Y)+ (VxR)(Y,Z)+ (VyR) (Z,X)+ R(T (X,Y), Z)
+R(T(Y,Z),X)+ R(T(Z,X),Y) =0 (2.19)

A particular case occurs when the affine connection is torsion free. Then the first

and second Bianchi identities become simpler,
R(X,)Y)Z+R(Y,Z)X+R(Z,X)Y =0, (2.20)

and
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(V4R) (X,Y) + (VxR) (Y, Z) + (VyR) (Z,X) =0 (2.21)

respectively.

In local coordinates,
R! ikj + leik + R ki =0 (first Bianchi identity)
R! kjich T R! khji T R! king = 0, (second Bianchi identity)

since Fé.l- = Féj. A demonstration of those identities can be found in [Okubo, 1987]

p-130

2.10.2 Ricci Identity

The second mixed covariant derivatives of tensor fields do not commute. In fact,

let w = w;du’ be an arbitrary 1-form, a computation shows that
Whiij — Wh;ji = leijwl - wk;lTlij‘ (2.22)

Equation (2.22) is referred to as Ricci Identity.

In the case where the affine connection is torsion free the Ricci Identity become
as follows,

Whiij — Wkiji = Rl,ﬂ-jwl. (2.23)

We arrive at equation (2.23) from the commutativity of partial derivatives,
the symmetry of connection coefficients, the Leibnitz rule of differentiation, and
finally, from the definition of curvature R, more specifically from the curvature
components equation (2.16). Similarly, from the definition of curvature R,we can

achieve the Ricci identity for vector fields.
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More generally, we can get the Ricci identity for a tensor S of type (r,s).

. Sil...ir

S
o 01 .0y m
]ljs,lk - Z S j1~~~ja71mja+l-~st jakl
a=1

Sil...iT

J1--Jsikl

™ . (2.24)

J1---Jsim

T

. 110 bp— 1 Mipt1... 00 ip Qi1
> S e BB e =5
b=1

When covariant differentiations are used in place of ordinary differentiations, the
Ricci’s identity must be used in place of the ordinary condition of commutativity
for ordinary differentiations. If covariant differentiation is applied to (2.9) we

obtain the second covariant derivative of T in components 7%, . . These

Ji-
quantities are not symmetric in the indices £ and [ as in the case of ordinary

second derivatives. In torsion-free case (2.24) is reduced to:

s

Sil...i,«

Q1. _ E 210 ) ) m
Ji.--Jsskl S JiJsilk T S jl---ja—lm]a+l~-~]sR Jakl

a=1
T
il...ibflmib+1ml'r ib
—E S g B ke (2.25)
b=1

We can get a detailed explanation of (2.23) in [Detweiler, 2003] and for (2.25) in
[Goldberg, 1970]

2.11 Natural Isomorphism of Tangent and Cotan-

gent Spaces and Induced Isomorphisms

Let (M, g) be a pseudo-Riemannian m dimensional manifold. Let p be a fixed

point of M and M,,, M the corresponding tangent and cotangent spaces.

We define the linear mapping
b M, — M,

according to

»(X) = X" = g(X, ),
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for X € M,.

The following proposition is just a well known fact from Linear Algebra, called

by some authors, Riesz representation theorem.
Proposition 3 b : M, — M is an isomorphism of vector spaces.

Proof. One-to-one. Indeed, let X;, Xy € M, and X} = X} then

9(X1,Y) = g(Xy,Y) for all Y € M,
so g(X1,Y)—g(Xe,Y) = 0
9(X1 — X5,Y) = 0.
Since g is nondegenerate we have that X; = X5. Then b is one-to-one.
Let @ € M. We look for a X € M, such that X* = @, in other words g(X,-) = @
or g(X,Y) =@(Y) forall Y € M,. In fact it suffices to prove that for a basis
of M,. So, let X1,...,X,, be a basis of M, and w?,...,w™ its dual basis. Now,
o=@ and X = )?ij . where X’ and @; are the components of X and @
respectively.
J(5.3)
g(XX; %) = @)
Xig(X;, X)) = @0l

ngjk = C‘N)k

If (¢'7) denotes the inverse matrix of (g;;), then X7 = &,g*. Therefore b is an

isomorphism of M, onto M, . m

Now, let # = b™', be the inverse function of b. If & € M} then we denote

# (@) by ©*. Another way to define @ is the following.

Definition 11 Let w € M} then O" is a unique element of M,, such that
g(@*)Y) = (0,Y) for all Y € M,

29



We can check that the components of &* are the same as the components of

X, which is defined by X” = &, (see Proposition 3).

Since @ = W', and using a basis {X;} instead of Y, we obtain,

(&%) 9(X;, Xy) = Dp.

In as much ¢ is nondegenerative, so

and then

Now the mappings b, # and the identities mappings of M,, and M, can be
used to determine the induced isomorphism of the tensor spaces of types (r,s)

and (I, m), where r + s = + m.
We provide examples of such induced isomorphisms.
Example 2 We define:
# ®id®id: M; @ M; @ M7 — M, ® M; @ M.
Let T € M, ® M; @ Mj, then
(#@id®id)T) (0, X,Y) =T (w*, X, Y),
Jor all X, Y € M, and w € M. In local components,

T

Jitigp. . i
G1jegs Y ijjs =T

J2J3’?
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Example 3 We define:
#@b®id: M) @ M, ® My — M, ® My ® M,

by,
(#@>2id)T) (w, X,Y) =T (w#, X°,Y),

JorT € My ® M, ® My, all X, Y € M, and w € M. In local components,

12 171 i __ i
T — ginzg T = T

J1 Js J1 J3 J2J3°

Remark 1 The isomorphisms of the tensor spaces at p determine the corre-
sponding isomorphisms of the modules of tensor fields. Those new isomorphisms

are denoted by the same symbols as the ones of respective tensor spaces.

Finally we point out a property of the inverse pseudo-metric tensor ¢! which

can be used to define g~! as well.
Proposition 4 ¢! = (# @ #)g

Proof. Let h : My xM} — R be a tensor of type (2,0), determined by

h(w,®) = g(w#,&%). Then the components of h are,
h = h(w',w’)
= g ((W)* ()7).
However, it can be shown that (w®)# = ¢** X}. Indeed,
g ()" k) =o' (X0) = 3

and

(wi)# _ gika
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is a unique solution of that equations. So,

9 (9" X, ¢ X)) = "¢ g(Xp X,)
= 9" g

= ¢*5], =g,

and therefore h" = ¢/, m
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Chapter 3

Some Important Tensors

3.1 Riemannian Tensor and Sectional Curvature.

Now we shall define the Riemann Tensor which is also known as the covariant
curvature tensor. It is obtained if the upper index of the curvature tensor is

lowered. In local components,
Rijii = gailR"jp- (covariant curvature components)
Alternatively, one may define the Riemann tensor R as the (0, 4) tensor such that
R(W,Z, X,Y) = g(W,R(X,Y)Z),

which possesses the following properties,

Antisymmetry : R(W,Z X,Y)=—-R(Z, W, X,Y,)=—-R(W,Z,Y, X)3.1)
Cyclicity : R(W,Z,X,Y)+ R(W,Y,Z,X)+ R(W,X,Y,Z) = 0(3.2)
Symmetry : R(W,Z,X,Y)=R(X,Y,W,Z) (3.3)
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Therefore components of so understood Riemann tensor satisfy the following

identities:
Rijii = Riiij = —Rjirn = —Rijie,  Rijr + Riyy + Ragr = 0. (3.4)
Let m be a plane, that is a 2-dimensional subspace, in M, and let X; and X,

be an orthonormal basis for 7. For each plane 7 in the tangent space M, the

sectional curvature K () for m is defined by
K <7T) - R(X17X27X1;X2) =g (Xh R<X17X2) Xz)-

K (m) is independent on the choice of an orthonormal basis for 7. In fact, if W)

and W5 form another orthonormal basis of w, then
W1 = CZXl + bXQ, W2 = le — GXQ,
where a and b are real numbers such that a® + * = 1. Using (3.1), we have that

R(X17X27X17X2> == R(Wl7 W27 Wl7 WQ) .

Definition 12 If K (7) is a constant for all planes m in M, and for all points

p € M, then M is called a space of constant curvature.

Proposition 5 If X1, X5 is a basis (not necessarily orthonormal) of a plane
in M,, then
R (X17 X27 X17 XZ)

K (m) = 5.
9 (X1, X1) g (X, Xo) — (g9 (X1, X2))

Proof. We obtain the formula making use of the following orthonormal basis

for 7 :
Xy

(9(X1,X4))

where a = {g(X1,X1) [g(X1.X1) g (X2, X5) — (g (Xl,Xz)ﬂ} . u

1
, 5[9 (X1,X1) Xo — g (X1, X5) Xq],

=

(NI
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Theorem 6 (F. Schur.) Let M be a connected Riemannian manifold of dimen-
sion > 3. If the sectional curvature K (m), where m is a plane in M,, depends

only on p € M, then M 1is a space of constant curvature.
We can find a proof of this theorem in ([Kobayashi, 1963]) p.202

Remark 2 [t is important to note that Definition 12, Proposition 5 and Theorem
6 are valid only for Riemannian Manifolds. To see why, let N be a 4-dimensional

pseudo-Riemannian manifold with metric tensor h and signature — + + + . Let

X1, Xo, X3, X4 be a pseudo-orthonormal basis of M,. Then

h(X1, X)) = h(Xe,Xy)=h(X3,X3)=—-h(Xy,Xy) =1
and h(X;, X;) = 0 fori#j.
Let Yy = X1+ X5 and Yy = Xy — Xy be spanning the plane o, but we have that
h(Y1,Y2) =0 and h (Y2, Ys) = 0. So in this case we can not define the sectional
curvature K () according to Proposition 5. Consequently, we cannot define the
space of constant curvature by Definition 12. For pseudo-Riemannian manifolds

we define the spaces of constant curvature by means of the following equation

which is result of theorem of Schur for Riemannian spaces.

Corollary 7 For a Riemannian space of constant curvature k, we have

R(X,Y)Z=k[g(Z,Y)X — g(Z,X)Y]. (3.5)

3.2 Ricci and Einstein Tensors

Definition 13 Let M be a manifold with affine connection V. The Ricci cur-
vature, denoted by Ric, is the symmetric tensor field of type (0,2) defined for all
p in M as follows: For all X, Y € M,, Ric(X,Y) is equal to the trace of the
mapping W — R(W,Y)X of M, into itself, where W € M,,.
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If M is a pseudo-Riemannian manifold and if {e;,... e, } is a basis of M,

and {w!,...,w™} its dual, then,
Ric(X,Y) = (W', R(e;,Y) X)

One may express X and Y in the natural basis, X =X (%) .Y =Y (%), and
then write

where

Rij = R%,;. (Ricci curvature components)

The Ricci Tensor is the (1,1) -tensor field which corresponds to the Ricci curva-
ture. The components of the Ricci tensor may be obtained by raising one index
of the Ricci curvature. It does not matter which index is raised since the Ricci

tensor is symmetric. Thus,

Rj- = g“iRaj = g“iRja (Ricci tensor components)

The trace of the Ricci curvature is said to be the scalar curvature T. Traditionally,

7 has been denoted by R. That is,

T=R=R!=g"R;

From the second Bianchi identity for the Riemann Tensor we obtain:
9" [Riijnk + Riikjin + Riinksj] = 0,

and consequently
Rjijh;k + Rjikj;h + R]ihk;j =0,
since g’j"C =0 and g;.; = 0 (we can take g in and out of covariant derivative at

will). Using the antisymmetry on the indices j and k we get:
R]ijh;k - R]ijk;h + R]ihk;j =0
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SO

Ringe — Rigpn + Rjihk;j =0 (3.6)

These equations are called the contracted second Bianchi identity. By a similar
process applied to (3.6), it follows that.
9" [Rink = Rin + Rl yp] = 0
Ry—RY) - R, =0
R;k - 2Rh]€,h - O
or Qth;h - R;k - O
However, since Ry = 6} R.j.
1
[RZ — —55;1%] = 0.
2 5

Raising the index k with ¢*, we arrive at

1
|:Rhl_§gth:| = 0.
h

We define the Einstein tensor by

Ghl — Rhl o %gth

and we infer that
hi
G |l - O
Notice that the tensor G* was constructed only from the Riemann tensor and

the metric.

3.3 Weyl Tensor

The components of the Weyl’s conformal tensor C,p.q are given by

i i T i i
Cim = R+ (m— 1) (m — 2) (gjk5l - gjl5k)

1 A . . .
T _2 (Rjzfsz - Rjk(;; - gijE - gle;c) ) (3-7)

m —
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which has the symmetries

C’abcd = _Cbacd = _Cabdc = Ccdaba Ca[bcd} =0

The case m = 3 is of special interest. Indeed, by choosing a pseudo-orthonormal
coordinate system, the diagonal of (g;;) is £1 at a point , and it is readily shown

that the Weyl conformal curvature tensor vanishes.

Proposition 8 The Weyl tensor satisfies that
=0 (3.8)

gil —

Proof. From the equation (3.7), we have

i i T i ;
C'i = R+ I (9;i0; — 9:1)
_—m 5 (le(gi — Rjiél — gjiRl — glel,)
then,
i T
C'u = Ru+ (m—1)(m—2) (g1 — gm)
1
—— (Bym = 2R — gq7) = 0
n

The Weyl tensor is completely traceless, i.e., the contraction with respect to

each pair of indices vanishes.
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Chapter 4

Killing Structures and Related

Themes

4.1 Mappings of Manifolds

Let M and N be manifolds (not necessarily of the same dimension) and let
®:M— N

be a C*mapping. In a natural manner, we can compose ® with a function
f N — R and define &,.f = fo® : M — R. Similarly, in a natural way, ®
“carries” along tangent vectors at p € M to tangent vectors at ® (p) € N— i.e.,
it defines a mapping
O* 2 M, — N
as follows: for A € M, we define ®*A € Ng,) by
(*A) (h) = A(ho®)

for all smooth functions h : N — R. Note that ®* is linear and may be viewed as

the “differential of ® at p”. By the known implicit function theorem * ® : M — N

![Dieudonné, 1970] p.270
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will be one-to-one in a neighborhood of p if ®* : M, — Ng,) is one-to-one.

Remark 3 The matriz of ®* in the coordinate basis of a coordinate system {u'}
at p and a coordinate system {v’} at ® (p) equals the Jacobian matriz of the

mapping ®, expressed in local coordinates i.e.,

@ = (5n) (1)

In the same way, we can use ® to “pull back ” covectors at ® (p). We define

the mapping
O, : N ‘It(p) - M;

by requiring that for all A € M, and p € Ny,

(®.p1) (A) = p (O7A).

We can extend the action of ®, to a mapping of tensors of type (0,s) at ® (p) to
tensors of type (0, s) at p by:

((I)*T) (Ah T ’AS) =T (((I)*Al) PR ((I)*As)) )

for A; € M,,, 1 <14 < m. Similarly, we can extend the action of ®* to a mapping

of tensors of type (r,0) at p to tensor of type (r,0) at ® (p) by

((I)*T) (Hlv T mur) =T (((I)*,Ul) ) (q)*,ur)) )

for u,; € Nq*)(p), 1 <4 < n. However, in general we can not extend ®* or ®, to
mixed tensors since ®* does not deal with lower index tensors, while ®, does not

with upper index tensors.

Definition 14 A C*°—mapping ® : M — N s called a diffeomorphism of M
onto N if ® is a one-to-one mapping of M onto N and ®~1 is C*°. A diffeomor-

phism of M onto itself is called a transformation of M.
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If & is a diffeomorphism (which necessarily implies dim M = dim N), then
we can use @' to extend the definition of ®* to tensors of all of types by using

the fact that (@‘1)* goes from Ng(,) to M,. If T“;:j are the components of

a tensor T' of type (r,s) at p, we define the components of the tensor (®*7T) at
® (p) by,

((I)*T) (:ula e 7/%71417' e 7As) = T((q)*/h)a“' ; ([@71}*145)) .

In the same way we can extend the mapping ®, to all of tensors. However, it is

not difficult to show that ®, = (®~!)", so we need only ®* and (®~1)".

A transformation ® of M induces an automorphism ®* of the algebra AND,

of differential forms on M and, in particular, an automorphism of the algebra

§ (M) of functions on M :

(@.f)(p)=f(®(p), [feF(M), and pe M.
It induces also an automorphism ®* of ©! by
(@°X), = (27), (Xy),
where @ (q) = p, X € D!. They are related by

D, ((*X) f) = X (.f)2 for X € D' and f € F(M). (4.1)

Although any mapping ® of M into N carries differential forms w on N into

a differential form ®, (w) on M, in general, ® does not send a vector field on M

2

. [(2°X) f] = [P (Xo-1) f]
D, [Xg-1(f o)
¢, (Xf)
Xfod

X (®.f)
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into a vector field on N. We say that a vector field X on M is & -related to
vector field Y on N if
(D.), Xp = Yap),

for all p € M.

If ® is a transformation of M, its differential ®* gives us a linear isomorphism
of the tangent space Mg-1(,) onto the tangent space M, This linear isomorphism
can be extended to an isomorphism of the tensor algebra D (®~! (p)) onto the
tensor algebra ® (p) ?, which we denote by ®. Given a tensor field T’ we can define
a tensor field T by

(3T) =& (Tar) .
p
for p € M. In this way, every transformation ® of M induces an algebra auto-

morphism of © (M) which preserves types and commutes with contractions.

Remark 4 If ® is a transformation of M and T is a tensor field on M, we can
compare T with oT. If ®T = T, then even though we have “moved T” via P,
it has “stayed the same.” In other words, ® is a symmetry transformation for
the tensor 1. In the case of the metric g a symmetry transformation, i.e., a

diffeomorphism ® such that (®*g) = g is called an isometry.

4.2 Vector Fields and One-Parameter Groups of

Transformations

Definition 15 A global 1-parameter group of differentiable transformations of
M denoted by ®; (—oo <t < o0) is a differentiable mapping of Rx M into M,
RxM — M

(t7 p) — q)t (p) )
3We used Proposition 2.12. of [Kobayashi, 1963].
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which satisfies the following conditions:

(1) For each t € R, ®;: p+— D (p) is a transformation of M.
(17) For all t, s € R, and p € M,
Pris(p) = 4 (D5 (p))

(iid)
O, = idy;. (4.2)

The 1-parameter group of transformations ®; induces a vector field X on M

defined by the equation

(Xf) (p) = lim

t—0

t

where f is an arbitrary differentiable function. The limit is assured by the differ-

entiability of the mapping (¢,p) — @, (p) .

On the other hand, a vector field X on M does not necessarily induce a global
1-parameter group of transformations ®, on M. However, associated with a point
p of M there is a neighborhood U of p and a constant € > 0 such that for |¢t| < e

there is a (local) 1-parameter group of transformations @, i.e., a differentiable

mapping
(—e,e) xU — U

(t,p) — (I)t<p>>

satisfying the conditions:
(i)' For eacht € (—¢,e), ®; : p— @, (p) is a transformation of U onto ®, (U) ;
(43)" For all [t|, |s|, |s +t| < e and p € U, is that if ®, (p) € U then,

Diis (p) = 4 (D5 (p)) (4.4)

43



(4ii)’
o, = idy (4.5)

Moreover, ®; induces the local vector field X, that is equation (4.3) is satisfied
for each p € U and differentiable function f. Indeed, let p € U. Then (—¢,¢) >
t — &, (p) is a curve passing through p for ¢ = 0. From (4.3)

d

Xp = %‘I’t (p) li=o0-

We can summarize it in the following theorem.

Theorem 9 Let X be a vector field on a manifold M. Then for each pointp € M
there exist its open neighborhood U and exactly one local 1-parameter group of

transformations ®, in U such that the vector field induced by that group coincides

on U with X. (for a proof see [Kobayashi, 1963], p.13)

If a vector field determines a (global)l-parameter group of transformations,

then the vector field X is said to be complete.
Proposition 10 * On a compact manifold M, every vector field X is complete.

Proposition 11 Let ® be a transformation of M. If a vector field X generates a
local 1-parameter group of transformations ®,, then the vector field ®* X generates

the group ® o &, 0 &1

Proof. It is clear that ® o ®, o ®! is a local 1-parameter group of trans-
formations. To show that it induces the vector field ®* X, let p be an arbitrary
point of M and ¢ = &' (p). Since ¥, induces X, the vector X, € M, is tangent
to the curve z (t) = ®; (¢) at ¢ = x (0) . It follows that the vector

(@°X), = ®* (X,) € M, (4.6)

4[Kobayashi, 1963] p.14
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is tangent to the curve

y(t):@o@t(q):Cbo(I)to(I)_l(p).

Corollary 12 A vector field X is invariant by @, that is, ®*X = X, if and only

if ® commutes with .

Proposition 13 °Let X and Y be vector fields on M. If X generates a local

1-parameter group of transformations ®,, then

.1 x
X, Y] = lim > [V — (@) V],
More precisely,
1 x
.Y, = lim — [, — (&) Y)p], pe M.

The limit on the right hand side is taken with respect to the natural topology of

the tangent vector space M,,.

Corollary 14 With same notations as in Proposition 13 we have more generally

()7 [X,Y] = lim + [(82)"Y — (Byyr)" Y]

t—0

for any value s.

Proof. For fixed value of s, consider the vector field (®,)"Y and apply the
Proposition 13. Then we have

X,(8,)'Y] = lim s [(®)°Y — ()" o (8,)"Y]

t—0 t

= hml [((I)s)* Y - <(I)s+t)* Y] )

t—0 t

SFor a proof see [Goldberg, 1970] p. 101

45



since, ®,0®; = @, ;. On the other hand, (®,)* X = X by the Corollary 12. Since

(®,)" preserves the bracket, we obtain

(@) [X, V] = [X, (®)" Y]

Remark 5 The conclusion of Corollary 1/ can be written as

(d(®:)"Y) \
ek Nl 7} — (D) [X.Y
() -y
Corollary 15 Suppose X andY generate 1-parameter groups of transformations

O, and 1, respectively. Then ®i0 h, = 1, o Oy for every s and t if only if
(X, Y] =0.

Proof. If &0 ¢, =1, o ®, for every s and ¢, Y is invariant by every &, by
Corollary 12. By Proposition 13, [X,Y] = 0.

Conversely if [X,Y] = 0, then (d@ét)*y) = 0 for every t by the remarks of
Corollary 14. Therefore (®,)"Y is a constant vector at each point p so that Y is

invariant by every ®;. By Corollary 12, every ¢, commutes with every ¢, m

4.3 Lie Derivative

Let X be a vector field on M and ®; a local 1-parameter group of transformations
generated by X. We shall define the Lie derivative £xT of a tensor field T" with
respect to a vector field X as follows. For simplicity, we assume that ®; is a
global 1-parameter group of transformations of M. For each t, let ®, be an
automorphism of the tensor algebra ®© (M) . Then for any tensor field 7" on M,
we set

£5T = lim © [T - étT} , (4.7)

t—0 t



where all tensors appearing in Equation 4.7 are evaluated at the same point p.
The mapping £x of ® (M) into itself, which sends 7" into £xT, is called the Lie
Differentiation with respect to X.

Proposition 16 °®Lie differentiation £x with respect to a vector field X satisfies

the following conditions:

(a) Lx is a derivation of © (M), that is, it is R— linear and satisfies
Ex(TRT)=(£xT)@T' +T & (£xT"),
forall T, 7" € © (M);
(b) £x is type-preserving: £Lx (DL (M)) C D% (M);
(¢) £x commutes with every contraction;
(d) £xf = X[ for every function f;

(e) £xY =[X,Y] for every vector field Y.

Proposition 17

(Lxw)(YV)=X(w((Y)) —w([X,Y]), for weD;. (4.8)

Proof. Let w € ®;, X, Y € D'. By (a) we have that,

£X(W®Y): (£Xw)®Y+w®(£XY)

SFor a proof see [Kobayashi, 1963], p.29

47



Now, we apply the respective contractions and by (b) and (c), we get,

Lx (W) = C[(£xw) Y]+ we (£xY)];
X (w(Y))

(£xw)(Y)+w(£xY), (4.9)

by (e) we have,
(£xw) (V) = X (w(Y)) —w([X,Y]).

Now, we work out the components of the Lie derivatives. From (2.1), we
obtain that
fxyi = (fXY)i = [X> Y]i = fknfk - kalk (4-10)

Similarly, If w = w;du’, then
£xwy = (£xw); = Ewip +with. (4.11)

Finally, we obtain

i1 ip krpiq--ip ipeeekeeip i1ip k
A e e I I A +ZT111___,€__] (4.12)
l

where [ = 1,..r and m = 1, ...s7

The result of applying the procedure used in (4.8) gives us its generalization,
(£xT) (Vi Ys) = (X, T (Vi Vo) = T (Vi o [X, Y] 1Y,
for T being a tensor field of type (1,7), X,Y,...,Y, € DL,
and,
(£xw) (Vi Y) = [Xow (Vi V)] —w (Vi [X, YY)
forw € ®,.

We provide an important lemma about derivations. For a proof see [Kobayashi, 1963]

p-30.
"We can find a detailed explanation of (4.10), (4.11) and (4.12) in [Yano, 1955] Chapter I §3
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Lemma 18 Two derivations Dy and Dy of © (M) coincide if they coincide on
S (M) and D' (M) .

This Lemma 18 permits us to infer the following propositions.

Proposition 19 For any vector fields X and 'Y we have that
Lixy) = [£x, £y].

Proof. By virtue of Lemma 18, it is sufficient to show that [£x, £y] has the
same effect as £xy) on § (M) and D' (M) . For f € F (M), we have

[(Lx, £y f = XY [=YX[=[XY]f=Lxn/f

For Z € ®' (M), we have
[°€X7£Y]Z = [X7 [sz]]_[Y7[X7ZH
= [[X’Y]vZ]:‘f[va}Z

by the Jacobi identity. m

Proposition 20 Let ®; be a local 1- parameter group of local transformations
generated by a vector field X. For any tensor T, we have
d (ét (T))

&, (£xT) = — p

t=s
Proof. By definition,

£T =iy [7 - (b7

Replacing T' by ®, (T'), we obtain

£x (és (T)) _ lim%[és (T) — (&, (cis (T))]

t=s
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Our problem is therefore to prove that @, (£xT) = £x (Cf)s (T)> ,Le., £xT =
é[:);l o £x o ®, (T) for all tensor fields T' It is a straightforward verification to see
that Ci)s_l o £xo®, is a derivation of D (M) . By lemma 18, it is sufficient to prove
that £x and ®;' o £x o ®, coincide on F (M) and D' (M). We already noted
in the proof of Corollary 14 that they coincide on @' (M) . The fact that they

coincide on § (M) follows from the following formulas
O, [(2°X) f] = X (2.f)
(I)_lf = ./,

which hold for any transformation ® of M and from (®,)" X = X. (See(Corollary
12)). m

Corollary 21 A tensor field T is invariant by ®; for everyt if and only if £xT =
0.

Remark 6 To study the action of £x on an arbitrary tensor field, it is helpful
to introduce a coordinate system on M where the parameter t along the integral
curves of X is chosen as one of the coordinates. Without loss of generality we may
consider it as u', so X = %. This always can be done locally in a neighborhood
where X # 0. The action of ®, corresponds then to u* — u' +t, with u?, ..., u™

held fixed. From FEquation 4.1, we have (@*); = 53- and hence, the coordinates

basis components of ®iT at the point p whose coordinate are (u',... u™) are
sy iLeey 1 i1 i 1
(®;17)" ]?1“']'5 (u e ,um) =T (u —t,. .. ,um) )

Consequently, the components of the Lie derivative of T' in a coordinate system

adapted to X are simply

- oT
11Uy . J1Js
ExT g = —a
Thus, in particular, ®; will be a symmetry transformation of T if and only if the

components T i a coordinate system adapted to X are independent of

Ji-Js

coordinate u'.
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4.4 Killing Vector Fields and Killing Equations

Definition 16 Let g be the Riemannian or pseudo-Riemannian metric on M and
let g;; be its components in a local chart {u',...,u™} of M. A local 1-parameter

group of transformations ® is called a local 1-parameter group of isometries if
(P)*g=g

Definition 17 A vector field X induced by the local 1-parameter group of isome-
tries is called Killing vector field.

This obviously means that X leaves g invariant. In other words, X is a Killing

vector if and only if £xg = 0. (See Corollary 21).

Proposition 22 For any vector field X
£xgi5 = Kijj + Ky
where K = X° (= g(X,-)) is the 1-form dual to X.
Proof. Let U be a coordinate neighborhood with local coordinates {u', ..., u™} . Then
g = gi;du’ ® du? in U. Applying the derivation £x to g and (4.11) we obtain,
(£xdu’), = (Xdu'), + &6 =€,
and
(£xg9) = (Xgiy) du' @ du’ + gijffl du! @ du? + gijffl du® @ du!
= Fgun du' @ du’ + gi]ffl du' ® du’ + gijﬁfl du’ @ du'
= (& gijk + gri&5 + gal’) du’ @ du?

It follows that
£x9i5 = gij + gyl + g’ (4.13)
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On the another hand, we have that the right hand side of (4.13) is equal to

K;; + Kj,;. Indeed, we can write
L£x9i; = gijin + g€l + gz‘kff}
By natural isomorphism b, we have that

(Xb)i = gikgk = K.

So, since, g;j.x = 0,

K = (gikfk);j = fkgz‘k;j + gikffj = gz‘kffj-

Hence

£xgij = Kij + Kjai.

(4.14)

In Proposition 22 we worked out an expression for £ xg;; in terms of covariant

derivatives instead of partial derivatives. The advantage of (4.14) over (4.13) is

that the terms in the right hand side of (4.14) are components of tensor fields

which is not true for the corresponding terms of (4.13).

In addition, we have that
£ng'j =0,
from (4.13)
& gij + gri€h + g’ =0,
if and only if
K,; +Kj; =0,
S0,
£xgij = Kijj + Kji =0,
where

Ki;j == Ki,j - F§7,K7”

52

(4.15)

(4.16)

(4.17)

(Killing equations)

(4.18)



Thus,

(4.19)

(4.17) or (4.19) is a system of W scalar, linear, homogeneous differential

equations on m scalar functions K, ..., K,,. To put it into a standard form we

introduce additional dependent variables K; by,

Kij = Ki
which are subject to
Kij + Kji - O
Consequently,
Kijiw = Kigji

Finally, we arrive at the following system of equations

IK;
Ky = K. In other words, %ju
0K;;
Kijx = —K,R};;. In other words, aukjjtm

To prove (4.21b) we differentiate covariantly (4.20). We obtain
Kijr + Kji, = 0.
If those equations are satisfied, so also are
Kijk + Kjige + Kigyg + Kiiyj — (K + Kij) = 0.
From the Ricci identity it follows that
Kijiw — King = Kn Rl
Using the preceding equations we have
2Kijik = Kijie — Kjix
= (Kiji — Kigg) + (K — Kjir) + (Kpjyi — Kiigj)
= —K;, (R, + R" + R";)

J kij
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So

J kij

In consequence of the first Bianchi identity these equations reduce to

Thus (4.21b) holds.

Remark 7 *If £xg = 0 and £yg = 0 then £ixy)g = 0. So the set of Killing

vector fields is a Lie algebra over R.

Remark 8 An important consequence of Equation (4.24) is that the Killing vec-
tor field, X, is completely determined by the values of X* (or K;) and K;; at any
point p € M; if we are given X' (or K;) and K;; at p, then X' and K;; at any
other point q are determined by integration of the system of ordinary differential

equations

XilG; = XKy

h _k
XkKij;k = _KthijU

along any curve connecting p and q, where X; denotes the tangent vector to the

curve. Two important consequences of this result are:

e [f a Killing vector field X has X' = 0 and K;; = 0 at a point p, then

X =0 everywhere.”

m(m+1
2

e On a manifold of dimension m, there can be at most ) linearly inde-

pendent Killing vector fields.

8See [Kobayashi, 1963] p.238
9There is more detail in [Kramer et al., 1980] p.100
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Now, we consider under what conditions equations (4.16), or their equivalent
(4.17), admit one or more solutions. The following theorem helps us in this

direction.

Theorem 23 °When and only when M is a space of constant curvature, the

m(m+1)
2

equations of Killing admit solution involving parameters; in all other cases

there are fewer parameters.

Proof. We assume that M is a space of constant curvature. (See Definition

12 and Remark 2)

From the Ricci identity (2.23) for two times covariant tensor K;; we have

Kijia — Kijar = Knj Ry + K R (4.25)

On the other hand, differentiating (4.24) covariantly,
Kij;kl = _Kthhkij - Kthkij;l?

and

h h
Kijaik = =K Ry — KnRY, 4,

SO

Kij;kl - Kij;lk — —Kthh + th-Rhl,L] + Kh (Rhlz_j7k - th?’l],l) 5 (426)

kij
subtracting by sides (4.25) and (4.26) we get
Ky (R0 — RY) + Knj Ry + Kin Ry + KR — KR = 0. (4.27)

Since the space has constant curvature, the equations (4.27) which are the con-

ditions of integrability of (4.21a) and (4.21b) are satisfied.

10[Eisenhart, 1933] p.215
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If we write (4.24) in the form

0K,
8ukj = KT+ Kihryk — Kthkij, (4.28)

and observe that by definition

0K;
ouw’

= K} + Ky (4.29)

we see that a solution of (4.21a) and (4.21b) is a solution of the system of equations

(4.28) and (4.29) in the m (m + 1) quantities K; and Kj;;. Since (4.20) are holding
(m+1)

the general solution of above system involves 5= parameters.
Conversely, from (4.27) we have that
thij;l - Rhlij;k; =0 (4.30)

and from the other terms of (4.27) we have

th (5§Rhlkl - 5§)Rh‘kl + (SlpRh - (52Rh ) - O,

j kij lij
from which, because of (4.20) it follows that

OPRM—OIRP +5§Rhik,—6?Rpikl—6th-kl+5?Rpjkl—5§Rh +5’,;Rplij:o. (4.31)

kij kij j lij

Contracting the indices for [ and p, we have in consequence of (3.4) and the

definition of Ricci curvature components,

(m—2) R + (0! Ry — 0" Ry) + R, + R"y; = 0

By Bianchi identity we have that thik + ha-kj = Rh,m-j. Then,
1
th;ij = m—1) (5?Rik - 5?3]‘19) (4.32)

Multiplying (4.32) by gn and summing over h we obtain

1

Rypii = ———
"I (m = 1)

(g1Rix — guRjk) - (4.33)
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Multiplying (4.33) by ¢ and summing over k and ; results in
mRj; = Rgj,
so that from (4.33) we obtain

R
Riyij = ———— (9j19ik — gagjk) »
s = i = 1) (9191 — Gugjr)

where R = ¢ R;;. Hence M is a space of constant curvature!*. From (4.32) we
get
o R

R = (5?gik - 5?9;’1@) . (4.34)

m(m —1)
Then (4.31) is satisfied identically, as well as (4.30) a consequence of the fact

that g;; and g” are behave like constants under covariant differentiations'?. Then

the theorem follows. m

From (4.27), using the natural isomorphisms b and # for vectors and covectors,

we get
K" (Rrrijg — Reiiji) + KL Ryigg + K Rpji + K Rypiy — K Ry = 0. (4.35)

We have that R,iiju — Ryuijie = Rijrkg — Rijre and from the Bianchi identity

Rijriey + Rijirik = —Rijrir- Then raising the index ¢ we obtain
K'Ry.. + KRy + K'Ryjiy + KR, + K} R, =0 (4.36)
This equation (4.36) is nothing else than (see(4.12))
Ly#Rly =0, (4.37)

where K# = X is a contravariant vector resulting from applying the isomorphism
# to K. Equation (4.37) is the first set of integrability conditions for (4.21a) and

(4.21b). The others can be obtained in a similar form.

H'\When Rhijk = p(9nkGi; — 9njgix), p must to be a constant and M is called a space of
constant curvature. See [Okubo, 1987] p.215

12See [Eisenhart, 1926] p.29
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Now, we consider more closely the system (4.28) and (4.29) whose integrability
conditions are equations (4.37). If these equations are satisfied identically with
respect to K; and Kj;, the system (4.29) is completely integrable (Frobenius’
theorem, see Appendix C). Otherwise, we have a sequence of equations which
must be compatible, if equations (4.24) are to have solutions. The following
theorem due to L. P. Eisenhart gives us the guide to find solution of (4.21a)
and (4.21b) providing us with the complete list of integrability conditions for the
systems (4.21a) and (4.21b).

Theorem 24 In order that a pseudo-Riemannian manifold M with metric g =
gijdu' @ du? may admit a group of isometries, it is necessary and sufficient that

there exists a positive integer N such that the first N sets of the equations

£Xgij = 0,

£xR . = 0,

£xV Ry = 0,
£xVy, Vi Ry = 0,

and so on are compatible in X' and K;;, and that X* and K;; satisfying these

1
m(77;+) _r

equations satisfy the (N + 1) — equations identically. If there are
linearly independent solutions in the first N set of equations except the first set of
equations, then the solution of Killing equations depends on r parameters. (The

dimension of the algebra of Killing is r.)
4.4.1 Examples

Flat Spaces

In the context of Riemannian or pseudo-Riemannian spaces, we say that the space

is flat when the curvature tensor is zero. In RY, we define an inner product by
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(z-y) = gi;x'y’. (x - y) is not necessarily positive definite, but it is nondegenerate.
In spaces of constant curvature and in particular when the curvature is zero, the
Killing equations are completely integrable and we can use a coordinate system

{z'} in which g, the metric, is constant, i.e,

g= gijd:vidxj,
where (g;;) is equal to a constant. Then, it follows from (2.16) and (2.17) that
Rhij,€ = 0. So it is zero in every coordinate system'®. The covariant derivative,

denoted by “;” and the partial derivative denoted by “,” have in such coordinate

system the same meaning, and the Killing equations read:
K;;+ K, =0. (4.38)

Consequently
Ki,jk - O .

Therefore, K; are linear functions of 2¥s. Since

K;;=A;
and from (4.38) we have
Ajj+ A, =0.
Therefore,
A;j = —A;; (antisymetry). (4.39)
We obtain,

K; = Aya” + B,
where A;; and B; are arbitrary constants, restricted by (4.39). The vector field
X = K# is given by

Xi — gil Kl

Xt = Zxk—l—B",

13[Eisenhart, 1933] p.188
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where A%, = g Ay, and B® = ¢ B, (remember that g are constants).

On the other hand, since Remark 7, the Killing vector fields form a Lie algebra
over R. We construct a basis for that algebra. We see that B* and A} are

independent sets of constants. If we put B! =1, B' =0 for all i # 1, and A} =0

we obtain X; = %. By a similar method we obtain the other Killing vector
fields,
0 0
Xo=—,.., Xn=——=. 4.40
2 aan s XN 83:N ( )

Next, because of (4.39) we construct first a basis for the vector space of N x N

skew-symmetric matrices.
Since
Aji = giA'y,
then

gt Ay + g A, =0

so, the basis can be chosen according to
AL — (5;55 - 5;:5;?) Jforl<f<a<N

that is one matrix A%’ﬁ ) for each ordered pair (o, 3). Then each skew symmetric
matrix can be written in the following form
A= Aug (5;55 - 5355) .
1<B<a<N
Further,
AZ (e,8) _ giadg o gll@éz
For each ordered pair (a, 3), and B* = 0, we obtain the following Killing vector
field.

1o i3 s 9
Xap = o (gl 55—9%) O
Xap = (27" —a%¢") pr where 1 < g <a < N. (4.41)
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Therefore, the Killing vector fields which form a basis of the Lie algebra of
Killing vector fields have the form presented in (4.40) and (4.41). There are

NIVHD of them
5 )

Example 4 If N = 3, and g is positive definite, then g = dx* + dy? + dz?, in the

global cartesian coordinates {x,y, z}. Thus,

100
(95)=(")=] 01 0
00 1

According to (4.40) and (4.41) the Killing vector fields are:

o 0 0
—_— = 4.42
Ox’ Oy’ Oz (4.42)
and
(mﬁgm — a:agw) %, where 1 < < a < 3.
If
6 =1, a=2 then z—— 9
YT oy Vow
0 0
B =1, a=3 then T T ias (4.43)
0 0
—= 2 = _— —_—
I} , a=3 then y&z Z@y

Now for those Killing vector fields it is interesting to see the one parameter

groups of transformations generated by them. For example:

for —
or 9
we obtain,
j—i = 1, thenz =X+ 1z,
Z_?)/\ = 0, then y = y,,
Z—i = 0, then z = z,.
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where z,, y, and z, are the coordinates of p and lambda is an affine parameter.
The equations for x, y, z are called the integral curves of a% passing through p.
Also such equations represent a one parameter group of transformations, which

assign to each value of A a point transformation of R?. Next,

forxg— ﬁ
oy Yor
o
A
S0,

d*x dy
= =7
d\? d\

Thus, the solution for this differential equation is
x = Acos(\) — Bsin(\),

and

dx :
y=-—7= Asin(\) + B cos(A).

Still, we must express x and y in agreement with the initial conditions. We are

looking for integral curves which for A = 0 cross the point p. Then

x,=A, y,=B.

9

Therefore the integral curves for Tgs — ya% and passing through p are

T = x,c08(\) — y,sin(N),
y = x,sin(A) 4y, cos(N),

z = Z,.

So, for each value of A we have a (x(\),y(\),z(\)) which represent a point
transformation of R3. Therefore, the Killing vector fields in (4.42) generate the
well known translations and those in (4.43) generate the rotations. All of the one

parameter groups of transformations are global.

62



Minkowski Space-Time

Minkowski space-time'* is the manifold M = RY | N > 1 together with the
metric

N
g = ds* = —dx,® + dezz,
i=2

which is globally of hyperbolic signature. For that reason M is called a pseudo-
Euclidean space. The geodesics of Minkowski space-time are the straight lines of

the pseudo-Euclidean space RY.

We study the Killing vector fields and the one parameter groups of trans-
formations that they generate in a Minkowski space-time of dimension 4, with

coordinates {z,y, z,t} € R and g = dz? + dy? + dz? — 2dt®. Therefore,

1 00 O
. 01 0 O
(gij) = (gw) =
001 0
00 0 —¢

We obtain the Killing vector fields using the same arguments as in Section 4.4.1.
Thus, the Killing vector fields forming a basis of the Lie algebra of Killing vector
fields are:

. (4.44)

SS

9 90 90
ox’ Oy’ 0z’

and
a i

, 0
B o
(a%g" —a%g”) 55

4[Beem et al., 1996], p. 174-179
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where 1 < a < <4 and (2!, 22, 23, 2%) = (2,v, 2z,t). We obtain,

a = 1, =2 then yg— 0

5 oy (4.45)
0 0
a = 1, =3 then Y T T (4.46)
0 0
a = 2, =3 then Za_y ~ Yy (4.47)
0 0
a = 1, =4 then To + t% (4.48)
a = 2, =4 then g—i— t3 (4.49)
- o P Yot T oy ‘
0 0
o = 37 6 =4 then Z& + t& (450)

The one parameter groups of transformations for Killing vector fields gen-
erated by (4.44), (4.45)-(4.47) have similar presentation as in Example 4. The
only difference is in additional equations t = t,. But, a one parameter groups

generated by (4.48)-(4.50) have different form.

For xg + t2
ot ox’
we obtain,
g% - g; — (4.51)
% = 0, then y = v,, (4.52)
% = 0, then z = z,. (4.53)

The solutions are represented by means of hyperbolic functions. From (4.51)

we obtain
d*x dt
= =g,
d\?  d\
then we find that
r = x,cosh(\) + t,sinh()\), (4.54)
t = x,sinh(\) 4 t, cosh(A). (4.55)
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Thus the corresponding integral curves are represented by equations (4.52)-(4.55).

A special case of transformations in Minkowski space-time are Lorentz trans-

formations. We recall hyperbolic trigonometric identity
cosh? (\) — sinh? (\) = 1.
Let
(B = tanh (X).

Now if A — oo then § — —1, and if A — —oo then  — 1. So, since tanh () is

a decreasing function of A\, —1 < 3 < 1.

Next,
g = sinh? (\) B cosh® (\) — 1
~ cosh®’(\)  cosh?(\)
1
and, cosh (\) = —————,sinh(\) = L

- %—ﬁ__ﬁ;‘;mmmo)
t = to;‘jjoﬁi :V(to“—xoﬁ)

4.4.2 Killing Vector Fields and Geodesics

To infer an explicit form of Killing vectors we have to integrate Killing equations.
Some simplification of that process can be obtained if we know nontrivial geodesic

vector fields. The following proposition is an useful tool for that.

Proposition 25 Let X be a Killing vector field and let Z be a geodesic vector
field, i.e. VzZ =0. Then
Zg(Z,X)=0, (4.56)

that is, g(Z, X)) is constant along any geodesic v which is an integral curve of Z.
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Proof. Indeed, using the components of Z and X we have

ZV (2" X)) = (Z2'VZ™) X+ 272V i X,
= Z"Z'ViXp
= —Z2'7"V X,
= —Z2"V,(Z2'X;) + (Z2"Vn2") X;
= 2"V, (Z'X;).

Hence

29(Z,X) = ZiV, (2" X,n) = 0

Remark 9 We have even stronger assertion that a vector field X on M defines
an “infinitesimal isometry” if and only if the inner product of X and a unit vector
tangent to a geodesic in M is constant along the geodesic. ( [Okubo, 1987], p.
573)

That fact has an important application in physics. Then in the global coor-

dinate system {z,y, z,t}
ds* = (dz)” + (dy)® + (dz)* — ¢ (dt)”.

Now we consider a timelike geodesic. Such a geodesic can be parameterized by ¢

or by the proper time 7, which is defined by the equation
Adr? = —ds®.

Along the geodesic,



ds* = (= +v?) (dt)®
2
ds* = —c (1 - F) (dt)* = —Pdr?
V2
Hence, dr = 1 ——dt,
c

if we require dr > 0 for dt > 0. Let X = % and let Z be a vector tangent to

that particular timelike geodesic. Then along this geodesic

dt
X, Z)=—=A
9(X,2) cdt !
where A; is a constant. Therefore,
dt
A
dr 16
S0,
1
= Alc
1%
mc?
= Aymc® (4.57)
V2

where ¢ is the velocity of light. Then (4.57) tells us that the total energy for a

particle of mass m is conserved

Now, let X = a%l and let Z be as before. Then

dx
X, Z)=—=A
9(X.,2) cdt ?
where A, is a constant. Then,
dx
— = Asc.
dt 2¢
So,
1 dx
—_ = AQC
1_ Z_j dt
mvt
Asme (4.58)
=



where ¢ is the velocity of light. Equation (4.58) tells us that the momentum of
a particle of mass m in the x direction is conserved. Next, we can see that for
X = % or %, the equations are similar. So ¢ (%,X) , g (C%Q,X) , g (%,X)
tell us that the momentum of a particle of mass m which moves at velocity v
is conserved. In this way, the inner product of each Killing vector field with a

vector tangent to a geodesic defines a physical quantity of a particle, which is

conserved in time.

4.5 Null Tetrad formalism

Now, we consider the case for a four-dimensional pseudo-Riemannian manifold,
with matric tensor g of hyperbolic signature + + +—. That fact implies that lo-
cally there exist four pointwise linearly independent vector fields {ey, es, €3, €4} ,where

es, e4 are real vectors and e, is a complex conjugate of e;.

Definition 18 The null tetrad {e,},a = 1,....,4 are four vector fields in which

g (eay 612) = YGab,

01 00
1 0 00
(gab) =
0001
0010
The tetrad vectors
0
e = ey S (4.59)
determine the linear differential forms
e = epdut (4.60)
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where =1, ..., 4. {e!, €% €3, e} is an 1-forms basis, and {ey, €2, €3, €4} is its dual
basis. Their members are called the null tetrad 1-forms and the null tetrad vector

fields respectively. They possess this property:

g(€1,€2) = g(62,€1) =1= g(€3,€4) = g(€4,63)

and otherwise

g(ei7€j> = 0, Z,j = ]., ,4

The tensor g, is sometimes called the line element ds?. In terms of the null

tetrad 1-forms the metric is given by:
ds* =2 (6162 + 6364) .
The scalar product of two vectors X, Y € M, is given by
XY = gk’

where ¢%, 1’ are the components of X and Y respectively. Two vectors are
orthogonal if their scalar product vanishes. A non-zero vector X is said to be
spacelike, timelike, or null, respectively, when the product X - X = g,»¢%° is

positive, negative or zero. In a coordinate basis, we write the line element ds? as
2 _ i
ds® = gydu'du’.

5

In space-time'®| an orthonormal basis {E,} consists of three spacelike vectors F,

and one timelike vector E4 = t, such that

{Ea} = {Ea,t} = {Er, By, Es, 1},

gy =  EigBhp + EagFoy + Ezg sy, — tagta

<~ Ea-Eb:(Sab, t-t=-1, E,-t=0.

5This is a common term used by physicist to call a Pseudo Riemannian four- dimensional
differentiable(C'>°, Hausdorff) manifold (M,g) of signature (1,3)]1i.e., diag(— + ++)]. See
[Beem et al., 1996] p.25
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We also illustrate the action of the natural isomorphism b on the vector fields

e;. We have that

So,

1, ¢ ifi=2

0, . otherwise.

Thus,

In the same way we obtain

(62)b = el (63)b = et (64)b = e3.

We can get the reciprocal equalities using #, the inverse of b. In tensor com-

ponents, we have that
3 _ v v __ ,uv, 3
eu =C9w, €4 =49 e,u

and so on.

Now we present the components of Ricci and Weyl tensors in terms of null
tetrad. We can contract (Ric ® e, ® e;,) and the tetrad components of the Ricci

tensor R, are

R = Ry etel (4.61)

If we do the same with the Weyl tensor, we obtain

Cabcd = Caﬁw/egefegega (462)

C’aﬁw/ = Cabcdege%ezeg~ (463)
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4.6 Algebraic Properties of the Weyl Tensor

The analysis of an algebraic structure of the Riemann tensor as a linear mapping
was first developed by Petrov [Kramer et al., 1980]. It was reduced to certain
eigenvalue problem so he could give invariant characterization of the Weyl tensor
at a point. We shall not present the details of his work here. Instead we call some
of the conclusions. We provide them in terms of (tetrad or tensor) components
of the corresponding object. In general, there exist precisely four distinct null
directions (i.e., nontrivial null vectors [*, defined up to scaling {* — Al*) which
satisfy the relation

Pl Coppealy) = 0, (4.64)

where Cpeq is the Weyl tensor defined by equation of (3.7). Those null directions
are called principal null directions of the Weyl tensor. In fact, every nontrivial
tensor satisfying the algebraic conditions of the Weyl tensor possesses, in general,

four principal null directions.

In special cases some of these null directions coincide (in which case they
satisfy stronger relations than (4.64), resulting in fewer than four principal null
directions. Weyl tensor is said to be algebraically special if it admits at least one

multiple principal null direction.
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Algebraic Classification of Weyl Tensor C;.q # 0

Type | Description Conditions satis-
fied by multiple
principal null di-
rection [°
1 Algebraically general; four lblcl[fCa]bC[dlg} =0 N
distinct principal null direc- <N
tions
- - 1
II Two of principal null direc- | I’I°Cypepaly) = 0
. o 7 N\
tions coincide
| o ) 1
D Two pairs of principal null | I°I°Cypealy) = 0 (two
directions coincide solutions) A
. . m
111 Three principal null direc- | [*Cypealy; = 0
. o N\
tions coincide
N All four principal null direc- | [°Clipeq = 0 1T
tions coincide
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Chapter 5

Special Class of Metrics and their
Killing Vector Fields

5.1 Introduction

We present a method of studying the nontrivial solutions of Killing equations.
The method is applied to a class of pseudo-Riemannian structures that depends on
two arbitrary holomorphic! functions of one complex variable. Some constraints
on these functions arise as a consequence of the existence of nontrivial Killing
vector fields. First of all we present the pseudo-Riemannian structure, i.e., the
metric tensor, and some characterization of the Ricci and the Weyl tensors, then,

we present and apply the method.

IThey are functions defined on an open subset of the complex number plane C with values
in C that are complex-differentiable at every point. This condition implies that the function
are infinitely often differentiable and can be described by their Taylor series.
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5.2 Metric Tensor

The class of metric used in this work is a generalization of the metrics presented
in [Plebanski and Rézga, 2002]. It is a class of pseudo-Riemannian metrics g on

a space-time manifold M with signature + + + — . M is given by
M={(t r yeRxC,yeOCC, W>0},

where

W= {lrs Aol - P ew -5 Goraaud)] b )

and O C C is a domain of two holomorphic functions H and A. It has to be
added that, g belongs to a general class detailed in [Plebanski, 1978].

In [Plebariski and Rézga, 2002] there is employed a coordinate system {u', u?, u3, ut} =

{r,t,y,y} where 7 is the complex conjugate of y. The metric tensor is
g = 2(e'e®+e’et) (5.2)
or g = gudu'du’, (5.3)

where

el i=(r+A,)dy+ {ﬁexp (——t 2A>} dy

A, H are holomorphic function of the complex variable y € O and A, H their
complex conjugate functions respectively. C' # 0 is a real parameter and e? is the

complex conjugate of e'. ( Complex conjugation is to be denoted by a bar).

The range of coordinates {r,t,y,y} is restricted by the condition:

W >0, (5.5)
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where W is defined by (5.1). This is a physical condition?. The two additional
conditions we impose are,

e* Nde® #£0, (5.6)
and

H # 0, everywhere. (5.7)

The former condition (5.6) tells us that e® can not be expressed as a multiple of

the differential. It is equivalent to

Ay —A,#0, forally € O. (5.8)

And the latter condition (5.7) guarantees that the curvature tensor and in

particular the Weyl tensor are everywhere nontrivial.

5.2.1 Geometric Properties

One of the properties of the null tetrad vector fields {ey, e, €3, €4} is the geometric

®

one related to the covariant derivatives. We verify it using Maple 7,

Ve3€i =0= Ve46i7 (59)

for 1 <1 < 4. As aresult of (5.9), the vector fields e3 and ey are geodesic and
the family of tangent vectors corresponding to each ey, e, e3, €4 is parallel along
the integral curves of ez and ey (see 2.7). In particular, the vector fields e3 and
e4 span the tangent space of a totally geodesic two dimensional surface. Also, in

the coordinate system {r,t,y,7}

€3 =

ey = ——.

2See [Plebanski and Rézga, 2002] pg. 6037
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If X is a Killing vector field, then esg (e3, X) = 0 and e4g (e4, X) = 0, see (4.56).
Thus ¢ (e3, X) and g (eq, X') represent physical quantities which are conserved,

when a particle moves along the corresponding geodesic.

5.2.2 Ricci and Weyl Tensors

In addition, this metric possesses the properties related to the curvature, to be

specific, the properties of the Ricci and Weyl tensors.

We find , using Maple 7® that the Ricci curvature can be written in a form
of
Ric = —pe® @ é°. (5.10)

Its components in local coordinates are,
_ 3.3
R, = —pe,e,,
and its components with respect to {e1, e, e3,e4} are

Ry = Ric(eq,ep)

= —pe* (ea) € (o)

= —pd25;.
Ry = —p
(The only nonzero null tetrad component is Rz3 = —p). Thus the 1-form 3 =

ouH

eldu’ (or equivalently the vector field e, = €} 9_) is distinguished by the Ricci

curvature.

Also, we have that the Weyl tensor is of an algebraic type N, i.e., the Weyl

tensor is not trivial and fulfills the condition

C(X,Y,Z,eq) =0, for all XY, Z € M,,. (5.11)
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The only algebraically independent components of the Weyl tensor and of
the Ricci tensor, with respect to the basis {eq,es, e3,e4}, which is dual of the
one-forms basis{e!, €2, €3 e1} | are respectively?

H(r+Ag) exp [~ (t+54)]
2w ’

03131 = -

and _ _
_ —2HHexp [—% (2t +yA+ @A)}
W

33 —

5.3 Integration of Killing Equations

We apply the Proposition 25 to the metric tensor (5.2), which have the property
that the vector field Z of the form

0 0
Z:aa—f'bg,

where a, b are arbitrary constants, is geodesic.

We obtain the following equations on the first two components of the Killing

one-form K, where K = g(X,-), for X a Killing vector field,

0K
88_[21 =0
St = 0
That is equivalent to,
Ki=1tq(y,9) +»,(y,9) (5.12)
Ky =—rq(y,y) + ¢,(y,9) (5.13)

3For a detailed explanation about components of the Weyl tensor and the uniqueness of the
direction of e4 in Equation 5.11 see Appendix B.
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where the functions g, ¢, ¢, are real-valued functions of y, §. There are no restric-
tions on K3, K, which are complex-valued functions of all four variables and K4
is the complex conjugate of K3. Now, after we have established the dependency
on r and t of Ky and K5, we look at the remaining seven out of the ten Killing
equations. First we concentrate on the four Killing equations which involve the

derivatives of K3 and K, with respect to r and ¢. They have the form:

K3y = —Kig, (5.14)
Ksy = —Kas, (5.15)
Ky = —Kua, (5.16)
Kio = —Kay. (5.17)

In addition, (5.16) and (5.17) are complex conjugates of (5.14) and (5.15) respec-
tively. From (4.18) we obtain an explicit form of those equations. So, (5.14) and

(5.15) read

8K3 aKl
i A3, Ky — 2T, Ky = 205 Ky + 2T, Ky — oy
OK. OK.

8—;’ — 3Ky — T4, Ky = 2Tk Ky 4 2I%,K, — 8—;.

Where K; and K, can be substituted from (5.12) and (5.13).

On the other hand, we use the Ricci Identity (2.23) to obtain integrability
conditions of the system (5.14)-(5.17) and the result is the following system of
linear algebraic equations on K3 and Ky :

R§12K3 + R§12K4 = _R§12K1 - R§12K2

+Ki.30 — Ko31, (5.18)

R}, K3+ Rypo Ky = =R}, K1 — R3,Ky

+K140 — Koy (5.19)
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The matrix of the above system turns out to be nonsingular. Therefore we
can obtain from it a unique expressions for K3 and Kj. In that way one gets an
explicit dependence of K1, ..., K4 on r and t. Still however, we have to make sure
that those functions satisfy (5.14)-(5.17). And so, we substitute them back into
(5.14)-(5.17), and we get a system of equations involving the functions of y and
Yy:iq, e, ¢,

Also we obtain that (5.14) and (5.16) are identically satisfied while (5.15) and
(5.17) are not. The numerators of Killing equations involving K3 and Ky, are
polynomial functions of degree < 4 in r, whose coefficients are expressed in terms
of ¢ and ,. Exploring that fact we infer that ¢, and ¢ must be constants, and
these are the only conditions from (5.15) and (5.17).

Now, we pass through a similar process with the remaining three Killing
equations
K3;3 =0
K4;3+K3;4 =0

K4;4 = 0.

These equations result in some conditions on ¢ , H and A.

We can obtain and integrate the constraints on ¢, ¢ , H and A applying
a separation of variables arguments, due to the simple dependencies of Killing
equations on r and ¢. We have used the symbolic computation program Maple®7

to execute a quite long computation.

The results are discussed in the next section.
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5.4 Results

Theorem 26 The nontrivial Killing vector fields for the metric (5.2) exist in the
following cases. In each of these cases the corresponding Lie algebra of Killing

vectors fields is one-dimensional.

5.4.1 Case 1

A>yyy = —ip (Avyy )2

and
Ay 70 # 1.
Then,
q=20
g = —H(y = v )in(uy — ;'V) +yp(a—1) + by
H, - (ys — 2ipC + AV + ﬂ/v)LH7

Ci (py —iv)
p =aV¥ where,

U= [gy+ (inA—s) §— (in A+35)y—vA—vA -]

0 =aq, and « #0

2

where «, (3, u are real and s , v, a, b are complex constants.

e For this case we get the following contravariant components for the Killing

vector field:

K' = —«
K2 _ o [(Afy _Au?_> v+ A\I]’ﬂ _quvy}
A,@_A,y
.-

K3 o— %%

Ay—Ay

aWv
K4 — _ Y

A;— A



5.4.2 Case 2

p=20
and
Ay #0
then,
Avyyy:()
q=0
%
A==+4+2ay+a
2v
ys+ Av + 3
H, =H|———
Y < CV )
254+2v [ Ad 2
H :=hexp Yt Vf y + 20y
2vC

3

Where, s= —2asv and /Ady = % +ay 2 +ayy

Y, =« (gjy—sgj — Sy — v/_l—\_/A—ﬁ)
©, =, a#0

where «, (3 is real as, a1,v, h are arbitrary complex constants.

e For this case we get the following contravariant components to Killing vector

K' = —a«
K* = —a(yj+ 2yasv + 2jav — 3)
K3 = va
K* = va
5.4.3 Case 3
Ayy = 0, and
/Ly_Aay 7& 07



then,

0

as y + a;.Where, a, # ay

H {ky + s}

Cly+b)
hexp{ky—i-(k—sg)ln(ijb)}’

(52 — ag)w — élb—QC,

b(as — az) — a;.
0, ,77=0, ¢, ,s=a a#0
oy y + by + by + w),

0.

where «, w are real constants, as, ay,s, h, b, k are complex constants.

e For this case we get the following contravariant components to Killing vector

K' =0
e oo @ [(31 —@b)y + (asb —a))g+ab—ab] N
B (az — az)
P a(y+b)
(ag — 52}
K4 — CK( b)
(a2 — az)
5.4.4 Case 4
(phy?? =0
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then,

qg = 0
A = ayta
H vy + w]
H = —tJT7
v C(1+1iB)
y (vy + 2w)
H = h A A
eXp{QC(l—Hﬂ)}

where, w = 7n(3az—az) — (1 +1if)a
v = (1-if) (@ —a)
Orwy = 0, 0,5, =0.
p, = all+if)y+A—if)y+n], a#0

e, = 0.

where «, (3, n are real constants, v, w, as, a;, h, are complex constants.

e For this case we get the following contravariant components to Killing vector

K' =0
= 2 ti8)y—a(l—if)y+na—a)
(az — ap)
+a51 (14+iB) —ay (1 —if)
(a2 —ap)
(az — a2)
4 @ (1—1iB)
= (a2 — az)
5.4.5 Case 5
(‘Olvyy =0
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then,

qg = 0
A = ayy+a;
Hlv w
-
v 2w
H = hexp{—y( Z;g )}
where, w = 1 (3 —ag) —ia;
v = i(ag—a)

(plvyy = 0’ (plvgg = O
o, = alig—iy+n], a#0

p, = 0

where «,n are real constants, v, w, as, aj, h, are complex constants.

e For this case we get the following contravariant components to Killing vector

K' =0
K2 (0% [iagyj + Zégy + ’I’}(ag — 52) + iél + ial]
(az — az)
X6
K} = —
(ag — ag)
1
K* = —/———
(3 — az)

5.4.6 Some Local One -Parameter Groups of Transforma-

tions

We can obtain the local one parameter group of transformations for Case 2 in-
tegrating the contravariant components of the Killing vector fields K¢ i =1,...4

with respect to affine parameter A\, we obtain,
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—aA+ 71,
NMvla?  Na

—a | o+ 5 [Yov + 5oV + 2 V[ (a2 + 22)]
—aA [|yo| + 2y,Vas + 2y,vas — (] + 1,

va + v,

va + Y,
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5.5 Discussion

Explicit expressions for nontrivial Killing vector fields have been found based on
the properties of metric (5.2), under conditions (5.5)-(5.7). In some cases we
have found explicit formulae of a local one parameter group of transformations,
in special cases when the dependency of K% i = 1,...,4 on y and ¥ is at most

linear.

The expressions for the Killing vector fields have been worked out for the

specific coordinate system, without an attempt to change it as in Remark 6.

All of the results are local. To make global statements would require taking
into account other properties of the manifold, such as topological, analytical and
so on. A paper by Nomizu [Nomizu, 1960] would be helpful to move in that

direction.

The assumption of existence of Killing vector fields and the properties of
the class of metrics let us find conditions on functions ¢,, A and H, and then
explicit expressions of those functions. The metric is independent of ¢,, while
components of the Killing vector field, K, i = 1, ..., 4, are not, due this fact, we

find the presence of v in all K* expressions, i.e., the Lie algebra is one-dimensional.

One can be tempted to ask why we had to apply this particular method. In
fact often, given a metric we can find Killing vector fields just by inspection. For
this purpose we look for a coordinate on which the metric is independent. For

example given the following metric,

2
g=- (1 — g) cdt? + iLQ_M + 7 [d9? + (sin® ) dy?)

where M is a positive constant. In a coordinate system {t,r,9J, o}, we can see
that it is independent on ¢ and ¢, consequently % and % are Killing vector fields.
However, they are not the only ones. Indeed, there are more. The point is, when

we work with a non flat manifold with a metric not necessarily “pretty”, it is
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difficult to find Killing vector fields without studying the integrability conditions

and the restrictions which arise as consequence of those.
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Chapter 6

Conclusions

1. Only under conditions presented in Case 1 to 5 nontrivial Killing vector

fields exist for the metric (5.2).
2. The Lie algebra of Killing vector fields is one dimensional

3. The geometric property (5.9) is very important to find the dependency of
covariant components Ki, K,, K3, K, on two real variables r, t instead
of four; r, t, y, y. This fact, is decisive to obtain explicit expressions for
functions ¢, A, and H, and further explicit expressions for the contravariant

components of Killing vectors fields.

4. For the metric (5.2), the 1-form e? is distinguished by the Ricci curvature,
and the Weyl tensor, which is of algebraic type N. As a consequence of that
the tetrad components C313; of Weyl tensor and Rs33 of Ricci curvature are

the only algebraically independent components of those objects.

5. We found explicit expression for local one parameter groups of transforma-
tions in the case when the dependency of K%, i = 1,...,4 on y and ¥ is at

most linear. In general, it is difficult to find “nice” expressions for a local
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one parameter group of transformations, as in the most general Case 1, be-
cause three of four components of contravariant Killing vector field depend

on ¥ and A and their first derivatives.

89



Bibliography

[Beem et al., 1996] Beem, J., Ehrlich, P., and Easley, K. (1996). Global
Lorentzian Geometry. Number 202 in Monographs and Textbooks in Pure

and Applied Mathematics. Marcel Dekker. Inc, New York, second edition.

[Detweiler, 2003] Detweiler, S. (2003). Notes on General Relativity. Notes on
course PHZ 7608: Special and General Relativity. Section 3287X.
http://www.phys.ufl.edu/~det /7608 /grnotes.pdf.

[Dieudonné, 1970] Dieudonné, J. (1970). Foundations of Modern Analysis, vol-
ume 1 of Monographs and Textbooks in Pure and Applied Mathematics. Aca-

demic Press, New York, second edition.

[Do Carmo, 1994] Do Carmo, M. (1994). Riemannian Geometry. Birkhauser,

Boston, first edition.

[Eisenhart, 1926] Eisenhart, L. P. (1926). Riemannian Geometry. Princeton Uni-

versity Press, Princeton, first edition.

[Eisenhart, 1933] Eisenhart, L. P. (1933). Continuous Groups of Transforma-
tions. In [Eisenhart, 1926], first edition.

[Ernst, 2004] Ernst, F. J. (2004). Petrov Type N Twisting Solutions of Einstein’s

Equations. http://pages.slic.com/gravity /relativity /tnt /preface.html.

90



[Goldberg, 1970] Goldberg, S. (1970). Curvature and Homology. Reprint by
Dover publications, Inc.1982, New York, first edition.

[Helgason, 1962] Helgason, S. (1962). Differential Geometry and Symmetric

Spaces. Monographs and textbooks. Academic Press, New York.

[Kobayashi, 1963] Kobayashi, S. (1963). Foundations of Differential Geometry,
volume I of Interscience Tracts in Pure and applied Mathematics. John Wiley

and Sons, New York, first edition.

[Kramer et al., 1980] Kramer, D., Stephany, H., MacCallum, M., and Herlt, E.
(1980). FEzact Solutions of Einstein’s Field Equations. Cambridge University

Press, Cambridge, second edition.

[Markushevich, 1977] Markushevich, A. I. (1977). Theory of Functions of Com-
plex Variable. Chelsea Publishing Co., New York, second edition.

[Misner et al., 1973] Misner, W., Thorne, K., and Wheeler, J. (1973). Gravita-
tion. W. H. Freeman & Co, New York.

[Munkres, 2000] Munkres, J. (2000). Topology. Prentice Hall, New Jersey, second

edition.

[Nomizu, 1960] Nomizu, K. (1960). On Local and Global Existence of Killing
Vector Fields. Annals of Mathematics, 72(1):105-120. Printed in Japan.

[Okubo, 1987] Okubo, T. (1987). Differential Geometry. Number 112 in Mono-
graphs and Textbooks in Pure and Applied Mathematics. Marcel Dekker. Inc,
New York, first edition.

[Plebaniski, 1978] Plebanski, J. (1978). Solutions of Einstein equations G, =
—pk,k, determined by the condition that k, is a quadruple Debever - Penrose
vector. Unpublished.

91



[Plebaniski et al., 1998] Plebanski, J., Przanowski, M., and Formanski, S. (1998).
Linear Superposition of Two Type-N Nonlinear Graviton. Phys. Lett. A, 246.

[Plebaniski and Rézga, 2002] Plebanski, J. and Rézga, K. (2002). On certain
Twisting Type-N solutions of Einstein Equations with Pure Radiation Energy-
Momentum Tensor and Nonvanishing Shear. Class. Quantum Grav., 19 pags

6025-6048.

[Rézga, 2001] Roézga, K. (2001). On a Certain Class of Solutions of FEinstein
Equations. XV Seminario Interuniversitario de Investigacion en Ciencias

Matematicas, Humacao, Puerto Rico.

[Rozga, 2002] Roézga, K. (2002). Geometric Properties of Certain Solutions of
FEinstein Equations. XVI Seminario Interuniversitario de Investigacion en Cien-

cias Matematicas, San German, Puerto Rico.

[Sternberg, 1964] Sternberg, S. (1964).  Lectures on Differential Geometry.

Prentice-Hall,Inc, New Yersey, first edition.

[Vilasi and Vitale, 2002] Vilasi, G. and Vitale, P. (2002). On the
SO(2,1) Symmetry in General Relativity. http://arxiv.org/PS_cache/gr-
qc/pdf/0202/0202018.pdf.

[Wald, 1984] Wald, R. (1984). General Relativity. The University of Chicago
Press, Chicago, first edition.

[Weinberg, 1972] Weinberg, S. (1972). Gravitation and Cosmology Principles and
Applications of the General Theory of Relativity. John Wiley and Sons, New
York, first edition.

[Yano, 1955] Yano, K. (1955). The Theory of Lie Derivatives and Its Applica-
tions, volume 3 of Bibliotheca mathematica, a series of monographs on pure and

applied mathematics. North-Holland Publishing Co, Amsterdam, first edition.

92



Appendix A

Conformal Transformations

Definition 19 Let M be an m-dimensional Pseudo-Riemannian manifold with
metric g. A metric g* on M is said to be conformally related to g if it is
proportional to g, that is, if there is a function p > 0 on M such that g* = p*g ,
which does not change the angle between two vectors at a point. By a conformal

transformation of M is meant a transformation ® of M with the property that
g = p’y
where p is a positive function on M. If p is a constant function, ® is said to be

homothetic transformation. If p is identically equal to 1, ® is nothing but an

isometry.

If the Pseudo-Riemannian metric g is conformally related to a Pseudo-Riemannian
metric g* which is locally Pseudo-Euclidean, the Riemannian manifold M with
the metric ¢ is said to be conformally flat. Clearly then, the Weyl conformal

curvature tensor of M vanishes.

Proposition 27 A necessary and sufficient condition for a Pseudo-Riemannian
manifold of dimension m > 3 be conformally flat is that its Weyl conformal

curvature tensor vanish.
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Appendix B

Related with Weyl Tensor for the
Metric g

Proposition 28 The Weyl tensor satisfying the condition (5.11) is of the form
C = 405313 N et @ €3 A el + 40593062 N €2 @ e A €.

Thus, it is nontrivial if and only if C3131 # 0

Proof. We assume that the Weyl tensor is not trivial. In components (5.11)

reads
Capuvey =0
From (4.63) we have
Cabcdegegeiegez =0
C’abcde‘;e%e;iéff =0
b
Cabc4egéeﬁez = 0.

Therefore,Cypes = 0, for all a, b, c. Because of symmetries of the Weyl tensor,

Ca4cd = 0, C4bcd = 0 and Cab4d = 0 fOI‘ all a, b, C, d
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On the other hand, from (4.62) we get

gaboabcd =0.

So, if ¢ = 4 or a = b we have that C,.q = 0 and by symmetries the only non

trivial are g**Cypeq, but they vanish. So we have to verify what happens when

each a,b, ¢, d are 1, 2, 3. We show that if ab = 12 then (5.4 = 0.

if gbcCIbCQ
Chi22 + Ch2i2 + Clzaz + Clas

50, Ch212

if " Cupes
Chi2z + Ch213 + Cizaz + Class

S0, Ci213

if " Copes
Ca123 + Ca913 + Cagas + Coyss

S0, Cia23

Hence,

Cchd =0.

0

Now we check what happens when ab = 13. The only components that remain to

investigate are C’13327 C’13237 C’13137 and 02323

Since,

g"Cspes = 0

then,

Csia3 + Cs213 = 0

—Clgo3 —Cizes = 0
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SO,

C'1323 = 0.

Consequently,

C =Chpae® e’ ® e Q e
C=Cpipe'@c?@e' @e® —Cizzie! @e* @ @€’
+ Cy131° @e' @ e* ®@e' — Cypize! @ €* @ e @ e® + (similar terms for Chaos)
=Cppe' @@ (e’ - @e') + Caze’ @e' @ (e’ —e' ®@e?)
+ (similar terms for Cyza3)
= C5131 (63 Rel—el'® 63) ® (63 el —el® 63) + (similar terms for Cosa3)

= 40313163 A 61 X 63 A 61 + 40323263 A 62 (059 63 VAN 62.

Hence, if C' # 0 then Cs3; # 0, since e = el, and Cyo30 = Cips1.

The converse is trivial. m

Proposition 29 If K is a null non trivial vector and C (X,Y,Z, K) =0, for all
X, Y, Z € M, where C # 0, then the direction of K is unique, i.e., if there is
another non trivial vector L such that C(X,Y,Z,L) =0 for X,Y,Z € M, then
L 1s proportional to K.

Proof. We can choose a null tetrad {eq, s, €3, €4} so that K = e,. Then,

L= A@l + BGQ + D€3 + E64.
Next,

C(X,Y,Z,L) = 0
AC (X,Y,Z,e1) + BC(X,Y, Z,es) + DC (X,Y, Z,e3) + EC(X.,Y, Z,es) = 0

AC(X,Y,Z,e1) + BC(X,Y,Z,es) + DC(X,Y, Z,e5) = 0
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We recall that Cupeq = C (€, €p, €c, €q) . Let (X,Y, Z) = (e e1,e3), then

AC (63,61, €3, €1> + BC (63, €1, 63,62) + DC (63,61,63,63) = 0
AC3131 + BC3135 + DC5133 = 0

ACs3131 = 0

and consequently,

since,

C(3131 7& 0.

Similarly with (XY, Z) = (es, e2,e3 ) we obtain B = 0, because Csa32 # 0 and
if we set (X,Y,Z) = (e1,e3,e1) we infer D = 0. So E' # 0 since L is not trivial.

Therefore L is proportional to e;,, m
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Appendix C

The Theorem of Frobenius

Definition 20 'Let E, F' be two Banach spaces over K, A, (resp.B ) an open
subset of E (resp. F) , U a mapping of A x B into the Banach space L (E; F)
of linear and continuous transformations from E to F. A differentiable mapping

u of A into B is a solution of the total differential equation

y =U(z,y) (C.1)

if, for any x € A, we have

' (x) =U (z,u(x)). (C.2)

Remark 10 When E = K, L(FE; F) is identified to F, and a total differential

equation is thus an ordinary differential equation
¥ =f(tx).

When E = K™ is finite dimensional, a linear mapping U of E into F is defined
by its value at each of the m basis vector of E, and, by definition, C.2 is thus

equivalent to the system of m “partial differential equations”

Dy = fi (z',...,2™,y) (1<i<m) (C.3)

!This section is taken from [Dieudonné, 1970], p.307 - 311
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Definition 21 Let U be a mapping of Ax B into the Banach space L (E; F') ;where
A, B are open subsets of E, F respectively. Equation (C.1) is completely inte-
grable in A x B if, for every point (x,,y,) € AX B, there is an open neighborhood
S of x, in A such that there is a unique solution u of (C.1), defined in S, with

values in B, and such that u(x,) = yo.

Theorem 30 (Frobenius) Suppose U is continuously differentiable in A x B. In
order that (C.1) be completely integrable in A x B, it is necessary and sufficient
that, for each (z,y) € A x B, the relation

DU(x,y) - (s1,82) + DoU(z,y) - (U(z,y) - $1,82) =

DyU(z,y) - (s2,81) + D2U(,y) - (U(z,y) - 52, 51) (C.4)

holds for any pair (s1,s9) in E X E.

Remark 11 When E = K™, the Frobenius condition (C.4) of complete integra-
bility is equivalent, for the system (C.3), to the relations

d m 9 m m

61:].]01 (xlv"wx Jy)—i_a_yfl (xla”'wr 7y) f] ('rl””ax 7y) =
d m 9 m m
—axifj (xl,...,x ,y)+a—yfj (xl,...,ac ,y) fi (a;l,...,x ,y)

where it must be remembered that 2 f; (x',...,az™,y) is an element of L (F;F
9y

(a matriz if F is finite dimensional), and f; (x',...,a™,y) an element of F').

99





