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Motivados por las factorizaciones en elementos comaximales Anderson y Frazier
crearon el concepto de factorizaciones generalizadas o teoria de 7-factorizaciones
sobre dominios integrales. Sea D un dominio integral, U(D) es el conjunto de las
unidades y 7 una relacién simétrica sobre el conjunto D¥, el conjunto que consiste
de los elementos distintos de cero que no son unidades en D. Un elemento xz € D¥
tiene una 7-factorizacion, si * = Az * * * z,,, donde A € U(D) y x;7z; para todo
i # j. También se dice que, = es un 7-producto de los z.s, cada z; es un 7-factor
de z o z; T-divide a x. Un ejemplo que Frazier consideré fue la relacion 7,y sobre
Z# definida por x;7x; siy solo si x; — z; € (n). Es importante reconocer que
cuando n > 2, la relacién 7,y coincide con la relacién de equivalencia médulo n en
Z7. Con esta relacién ella solo permitié que dos enteros se pudieran multiplicar si
ambos estaban en la misma clase de equivalencia. Este nuevo producto resulté con

nuevas interrogantes de teoria de niimeros.

En 2008, Ortiz generalizo el concepto algebraico de maximo comun divisor. En

caso de que se considere la relacién 7(,), definimos d como el maximo 7,-factor en
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comun de x y y, 7(»)-GCD(x,y) siy solosi (1) d es un 7(,)-factor en comun de z y y,
y (2) si ¢ es 1(»)-factor en comtin de x y y, ¢ tiene que ser un 7(,)-factor de d. Resulta
que la condicién (2) es muy fuerte, la misma evité que se garantizara la existencia del
Tn)-GCD. Ortiz en su tesis de doctorado di6 varias ideas acerca de como debilitar
la segunda condicién. Una de ellas consistié en reemplazar la condicién (2) por “si
c es un 7(,-factor en comin de x y y, entonces ¢ < d”. Esta nueva versiéon Ortiz
la denot6 el 7,)-MCD. La misma fue estudiada en el 2011 con Luna como parte
de un proyecto de investigacion subgraduada bajo la supervision de Ortiz. Ellos
encontraron féormulas para calcular el 7(,)-MCD, cuando n € {0,1,2,3,4}. Este
trabajo presenta una caracterizacién del 7(,)-MCD, cuando n € {5,6,8,10,12} y
un algoritmo para calcular el 77)-MCD. Ademaés, presenta algunas generalizaciones

y algunas ideas de como continuar en los casos cuando n € {9,11,13,14,15,...}.
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Motivated by the comaximal factorizations Anderson and Frazier created the
concept of generalized factorizations or the theory of 7-factorizations on integral
domains. Let D be an integral domain and 7 be a symmetric relation on the set D#,
the set of nonzero nonunits elements in D. An element x € D has a 7-factorization,
if v = Axy % * x z,,, where A € U(D) and x;7x; for any ¢ # j. Also, z is called a
r-product of x}s, and each x; is called a 7-factor of z (is to say that z; T-divide x).
As an example, Frazier considered the relation 7(,) on 77 defined by T T(n)x; if and
only if ; —x; € (n). It is important to recognize that the relation 7,y coincides with
the equivalence relation modulo n, when n > 2. With this relation Frazier allowed
to multiply two integers only when both of them are in the same equivalence class.

The new product defined opened the doors to many number theory questions.

In 2008, Ortiz generalized the algebraic concept of the greatest common divisor
in the theory of 7-factorizations. In case when considering the relation 7, define
d to be the greatest common 7(,-factor (7(,-GCD) of x and y, if and only if (1)d

is a common 7(,-factor of x and y and (2) if ¢ is a common 7,)-factor of = and y, ¢



must be a 7,)-factor of d. The condition (2) is very strong, the 7(,)-GC'D does not
exist in general. Ortiz in his dissertation gave several ideas about how to weaken
the second condition. One of them, consisted in replacing (2) with “if ¢ is a common
T(n)-factor of z and y, then ¢ < d”. This new version was denoted by 7(,,)-MCD. It
was studied in 2011 by Luna as an undergraduate research under Ortiz’s supervision.
They found formulas to compute the 7(,)-AMCD, when n € {0,1,2,3,4}. This work
presents a characterization of 7(,,)-MCD, when n € {5,6,8, 10,12} and an algorithm
to compute the 77)-MCD. Also, presents some generalizations and some ideas about

how to continue in the cases when n € {9,11,13,14,15,...}.
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Chapter 1
Introduction

The concept of the greatest common divisor (GCD) is also known as the great-
est common factor (GC'F'). During the ancient greek’s times, it was called greatest
common measure (GCM), because it was used to find the length of a segment of
greatest common measure between two line segments. This concept has been im-
portant due to the theoretical applications like the Bezout identity, the existence of
Diophantine equations among others. To compute the GC'D between two integers

there are several ways but the most known is the Euclidean algorithm.

Let a and b be integers with a # 0. It is said that a divides b (denoted by alb),
if there exist an integer ¢ such that b = ac. In such cases, a is called a divisor of
b and b divisible by a. If no such ¢ exists, then a does not divide b and denoted

by a1 b. Let x,y € Z* (the set nonzero integers). Then there are two equivalent

statement that define the GCD.

1. We say that d € Z* is the GCD of x and y, if d is a common divisor of x

and y and for any other common divisor ¢ of x and y, ¢ < d.

2. We say that d € N is the GC'D of x and y if d is a common divisor of x and

y and for any common divisor ¢ of z and y, c|d.



The assumption of d being a natural number is necessary in the second defi-
nition in order to both definitions be equivalent. Otherwise, the opposite of d is a
potential integer to be a GCD in the second statement and the staments will not

be equivalent.

Abstract algebra came as a reaction of number theory. It generalized the con-
cept of divisibility and the GC'D on an integral domain D. For the definition of di-
visibility, just replace the word “integer” with “element” and “d € N” with “d € D*”
(the set of nonzero elements) in the second statement of the definition of the GCD.
The algebraic definition of the GC'D obtained in this way is not unique, due to the
previous observation, that any associate of d (Ad, where A € U(D), the set of multi-
plicative invertible elements of the integral domain D) satisfies the GC'D definition.
Hence, it is unique up to associates or in the quotient structure D*/U(D). Since
our work is based on an unusual multiplication let us introduced basics concepts on

factorizations and this new product.

The theory of factorizations of nonzero nonunit elements of an integral domain
D into a product of irreducible elements has been widely studied. Lately, there
is a great interest of the study of factorizations into elements that need not to be
irreducible. For example, Mcadam and Swan [8] studied factorizations in terms of
comaximal elements, that is, elements that their respective principal ideals are pair-
wise comaximal. Such definition motivated Anderson and Frazier [1] to create the
concept of the theory of r-factorizations. Let D be an integral domain D and 7 be a
symmetric relation on D# (the set of nonzero nonunit elements of D). An x € D#
has a 7-factorization, if x = Axy * % * ,,, where A € U(D) and z;7x; for all i # j.
We also say that x is the 7-product of x; and each z; is a 7-factor of x. Here x x y

means the product of x and y in D which emphasizes the fact that z and y are



T-related, i.e. x7y; and x - y means the usual product of x and y in D. We also
consider = z and x = A\(A~'z) both to be (vacuously) 7-factorizations. These two

T-factorizations are known as the trivial ones.

This type of factorization generalized all the known factorizations. To see this,
let S C D7 a desire set of elements. Define 7 = S x S, then the 7-factorizations
are the product of elements in S. As an example Anderson and Frazier [1] consider
the integral domain Z and the equivalence relation 7,y defined by x;7,)z; if and
only if n|z; — ;. Formally, an x € Z#(= Z — {0, £1}) has a 7, -factorization, if
T = Fx1 * g * * * T, Where x;7yx; for all ¢ # j. Since U(Z) = {%1}, instead A,

we will use the “£” sign in the front of the definition of 7(,)-factorization.

Hamon in [4] characterized the 7(,)-products or the 7(,)-factorizations as special
case of the 7;-factorizations where 7; is defined by x7;y if and only if x —y € J
and J is a proper ideal of D. That is, Hamon considered J to be the principal ideal
(n) on the integer domain Z. Hamon identified the 7(,)-atoms (integers with no
non-trivial 7(,-factorizations) for n € {0,1,2,3,4,5,6}. The work done by Hamon
[4] and Juett [5] showed that every nonzero nonunit integer can be written as a
T(n)-product of 7(,)-atoms, when n € {0,1,2,3,4,5,6,8,10}. The reader must notice
that, the existence of such type of 7,)-factorizations does not guarantee that such
T(n)-factorizations are unique. In fact, they are not unique. Hence, the theory of

T(n)-factorizations is a little bit more complicated than it seems.

In 2008, Ortiz [9] generalized the definition of the greatest common divisor
using the concept of 7(,)-divisibility, defined as follows: z 7(,)-divides y if and only
if z is a 7(n)-factor of y. In such case, we write “x\(%))y”, otherwise we write

“x T(T(m) y” (meaning x is not a 7(,)-factor of y or & does not 7(,-divide y). He gave



4

different definitions of GC'D with respect to the theory of 7(,-factorizations. First
let see what he called the algebraic definition of the 7(,)-GCD. A positive number
is called the greatest common 7(,y-factor of x and y (denoted by 7(,-GCD(x,y)) if
d satisfies two conditions: (1) d is a common 7(,-factor of x and y, and (2) if ¢ is
a common 7(,-factor of x and y, then C’Tm) d. However, the second condition turns
out to be very strong. In general the 7(,)-GCD of two elements does not necessarily
exist. Ortiz in his dissertation [9], presented different ideas to weaken the second
condition. One of them is to compute the largest common 7,)-factor. This is done
by replacing the second condition on the definition of the 7,)-GCD with “for any
common T7(,-factor ¢, of x and y, ¢ < d”. Since the set of integers Z is a total
by ordered set, this definition makes sense and this will guarantee the existence of
it. In 2011, Ortiz and Luna [7] studied this new definition and they called it the
maximum common 7(,)-factor and was denoted by 7,)-M CD. They found formulas
of the 7(,,)-MCD for n € {0,1,2,3,4}. They also tried the case n = 5, but the
techniques used in the previous cases did not work for the case n = 5. New methods
were necessary to find the formulas of the 7(5-MCD. They also gave an algorithm
for finding the 7(,)-MCD, which consists in listing all the common factors, which
are bound by the GCD. Then checking for the largest 7,)-factor such 7,)-factor
will be the 7(,)-MCD. The process gave the existence of maximum common factor

Tn)-MCD for any n, but no other formulas were given.

This work presents a characterization of the maximum common 7(,)-factor when
n € {5,6,7,8,10,12} and some generalizations. One of the techniques used in this
study is the work done by Serna [10] about the relation 7, = {(£=, £y) : 27n)y},
that is an associative preserving extension of 7(,). At the beginning, we use a code
written in Sagemath to find the patterns. The patterns showed that the complexity

of the computation depends on the known Euler’s ¢-function or Euler’s number.



Since the Euler’s number gives the number of relative prime elements, which deter-
mine how the primes of the prime factorization of an integer are distributed. Serna’s
technique helps us to reduce the amount of sets in which the primes are distributed.
In the case when n = 7 we do not give a formula, but we present a procedure of
logical steps or algorithms which help us to compute the 7(,)-MCD in an easier way

than the way of looking for common 7(,)-factors.



1.1 Chapters summary

This work is about finding formulas of the 7(,)-M CD. In the second chapter, the
reader can find some notions in number theory, which are useful for our work. Also,
there is an introduction to the 7(,)-factorizations theory, the characterizations done
for the 7(,)-atoms when n € {0,...,6}. Also, the results of a study of the 7,,-GCD
and 7(,)-MCD. The notion and details of the associate-preserving extension T(/n) of

the relation 7(,) presented in [10] and its relevance in this work.

The third chapter gives a characterization of formulas for the 7(,)-M CD, when
n € {5,6,8,10,12}. First we present the case of n = 6, because most of the primes
are in two sets. Then the rest of the cases in order, which coincide with the order

of the complexity of the formulas and calculations.

The fourth chapter presents other contributions. The first one is the study of
the 7(7)-MCD. This case is more difficult than the cases in Chapter 4, because
¢(7) = 6. This means that all the primes, except 7, are distributed in 6 distinct set
(or 3 distinct set if using Serna’s work). We provide some algorithms to find the
7n-MCD. Also, there are some generalizations found to compute the 7,,)-MCD
for elements in [0](,), in [£1],) and the classes [+m](4m), where ¢ is a divisor of
6. There is a suggestion of how to use the results of the 77)-MCD to find the
T(n)-MCD when n € {9, 14, 18}.

Finally in Chapter 5, the reader can find our conclusions and future works.



Chapter 2
Theorical concepts

Number theory has been very important for the development of mathematics,
topics like divisibility and factorization of an integer. This chapter introduces a few
definitions, the fundamental theorem of arithmetic and other important properties
needed for our work. We divide this chapter in two sections, the first one talks

properties of the integers and the second about 7(,)-factorizations.

2.1 Notions in number theory
In this section we summarized the definitions of divisibility, GC'D and theorems

that are needed in this work. First let us formalize the definition of a factor in Z.

Definition 2.1.1. [6] Let a and b are integers, with a # 0. It is said that a divides
b (denoted by alb), if there exist an integer ¢ such that b = ac. If no such c exists,
then it is said that a does not divide b (denoted by a 1 b). If a divides b, then a is

called a divisor or a factor of b, and b is divisible by a.

It is well known that “

|” is a partial ordered relation on N. But on Z we loose
the antisymmetric property. That is, if a|b and b|a, then a = +b (not exactly b). In

abstract algebra this happens when a and b are associates (equivalently the principal

ideals generated by a and b are equal).



A positive integer whose only positive divisors are 1 and itself is called a positive
prime. On Z, a prime p is a nonzero nonunit integer that is divisible by +1, +p. For
this reason, we will always write positive prime to refer the usual natural primes.
The following theorem is called the Fundamental Theorem of Arithmetic which says
that any nonzero nonunit positive integer is either a positive prime or a product
of positive primes. As atoms in chemistry, the positive primes are known as the

building blocks of the natural numbers and hence the integers.

Theorem 1. [/ Fundamental Theorem of Arithmetic. Every positive integer

greater than 1 can be factored uniquely (up to order) as a product of positive primes.

A consequence of the fundamental theorem of arithmetic is the canonical fac-
torization of a natural (integer) number x. Since x can be written uniquely as the
product of positive primes, z = p; -+ - py (respectively, © = +£p; -+ - px), by putting
together the primes that are equal (respectively, that have the same absolute value)

T T

we could rewrite x as [[ pi* (respectively &+ [] pi"), where a; is the number of times
i=1 i=1

p; appears in the prime factorization. This form or expression is more known as the

product of power primes or the canonical factorization.

The fundamental theorem of arithmetic and the canonical factorization gives a
way to find all divisors of a natural (integer) number. For example if we consider the
number 30 = 2-3-5, then 1,2, 3,5, 6,10, 15,30 are all the divisors of 30. In general,
if z = p{*---pi*, the divisors of x are of the form plil o -pZ’“ where each 0 < b, < ay.
Several algebraist have studied many type of factors. Among them, the maximum

or greatest common factor (or divisor) of any two integers (not both zero).



Definition 2.1.2. Greatest common divisor [6] The greatest common divisor
(GCD) of two numbers a and b, not both zero, is the largest integer dividing both a
and b. It will be denoted by GCD(a,b).

When the GCD between two integers is equal to 1, the numbers are called
coprime or relatively primes. A way for computing their GC'D between two nonzero
integers is using their canonical factorizations, by taking the product of the common
prime factors to the minimum exponent that appears in the cannonical factorizations
of the integers of interest. That is, if x = pi* ---p;* and y = p™ - - - p**, then any
common factor ¢ of x and y, must have the form ¢ = plf e pﬁf where we have that
0 < l; < min{n;,m;} for 1 < i < k. For example, let z = 720 and y = 945. Their
canonical factorizations are z = 2*-32.5, y = 3% -5 - 7. The common prime factors
are 3 and 5 (the minimum exponent are 2 and 1, respectively). Obtain 3% -5 = 45

is the greatest common divisor between 720 and 945.

If very large numbers without their canonical factorizations are considered last
technique is not appropriated. For these cases, it is better to use the Euclidean
algorithm, which can be found in [6]. Now we introduce the definition of congruence

modulo m.

Definition 2.1.3. [6] If a,b and m are integers, we say that a is congruent to b
modulo m (denoted by a = b(modm)) if mla—b. If m 1 a—0b, we write a Z b (modm)

and say that a is not congruent, or incongruent to b modulo m.

The reader can notice that, the relation modulo m is an equivalence relation on

Z. The relation modulo m partitions the set of integers into m equivalence classes,
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the set of equivalence classes is denoted by Z/mZ = {[a](m) : 0 < a < m —1}, where

a € Zand [a)gn) ={r € Z:r =a(modm)}.

Algebraically, Z/mZ is a commutative ring with identity, with the operations
defined by [a](m) + [B]m) = [a + D]y and [alpm) - [b]m) = [ab)@m). The set Z/mZ,
also known as the set of residues modulo m, have many other properties. In this
document, we will cite several results, some with their respective proofs, needed for

our purpose.

Proposition 1. [6] Let a,b, ¢, m integers where m > 2 and k > 0. If GCD(c,m) is
different of m, then the following holds.
i. Ifa-c="b-c(modm) implies that a = b (mod #@M)

i. If a = b(modm), then a® = b* (modm), for any k € N.

Proof. For part (i.), assume d = GCD(¢, m). Then ¢ = d¢ and m = dm’. Notice
that it holds dm’|c(a — b) = dcd(a — b), thus m/|/(a — b). Since m' and ¢ have
no factors in common, m'|la — b, that is, a = b (mod w+w> The proof for

(ii.) follows using that a* — o* = (a — b)(a* ! + a*2b + - - - + ab*~2 + b*~1), hence

(a — b)|(a® — b¥) and by transitivity m|(a* — b*), then a* = b* (mod m). O

Theorem 2. (Fermat’s Little Theorem.)/6] Let p be a positive prime. Then

a? = a (modp) for all integers a. In particular, if pta, then a?~* =1 (modp).

Theorem (2) was proposed by Fermat 1640. In a letter from Fermat to his
friend Frenicle, but Fermat admitted that he could not write the demonstration,
because there was not enough space on the paper to write the proof. However,

in 1736, Euler did the proof of the “Fermat’s Little Theorem” using the notation
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of modular congruence. The proof of the theorem follows by induction and the

Binomial theorem. We recommend [6] for more details about the proof.

Definition 2.1.4. [6] A number a' is called the multiplicative inverse of a modulo
m if aa’ = 1(modm). And, we say a is invertible modulo m if it has an inverse.

The inverse of a will be denoted by a™(modm).

By Theorem (2) and Proposition (2.1), if p 1 a, then the inverse of a (mod p)
exists. In fact, an integer @ is invertible modulo m if and only if GCD(a,m) = 1.
Moreover, if a has an inverse, then it is unique modulo m. As an example, the

inverse of 3 modulo 10 is 7, because 3 -7 = 21 = 1 (mod 10).

Definition 2.1.5. [6] The cardinality of the set of invertible elements in Z/mZ is
denoted by ¢(m), where ¢ is called Euler’s Totient function or ¢-function, and ¢(m)

the Euler number of m.

The Euler’s Totient function ¢ function is a multiplicative function that is, if
GCD(n,m) =1, then ¢(n-m) = ¢(n) - ¢(m). This property allows us to compute
the Euler number for any positive integer. First, notice that if p is a positive prime
n > 1, then ¢(p") = p" —p"~! = p" (1 — %) First suppose n = 1. Since p is prime,
if a is a number such that 1 < a < p—1, then GCD(a,p) = 1. Hence, ¢(p) = p— 1.
Now, if n # 1, it is necessary to consider the number of multiples of p which are
less than p", it is L%J = |p"t]. Thus, ¢(p") = p" —p» ! =p" (1 - %) Now,
if m = pi*---p* is the canonical factorization of m, then we have that ¢(m) is
ﬁl¢(pf) = ﬁlpfi_l(pi —1)=m ﬁ (1 — pi) Euler theorem and its consequences

i=1 ¢

will help in the calculations. Hence we include Euler Theorem as Theorem (2.1.5).
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Theorem 3. (Euler) [6] If a and m are integers such that GCD(a,m) = 1, then

a®™ =1 (modm).

Proof. Let (a,m) =1, and let ry,..., 740y, be the invertible elements in the residue
system modm. Then ary,...,argu,) are all invertible, no two of which are con-
gruent modulo m. Therefore, (ari)(ars) - - (argum)) = rir2 - remm) (modm) or, by
rearranging the terms is obtained a®™pipy - “To(m) = T2 * T (m) (modm) which,

by Proposition (i), implies that a®™ = 1 (modm).

This theorems summarize the basic concepts and tools needed to do most of
the calculations of the 7,)-factors and 7(,)-MCD which will be formally define in

the following sections.
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2.2 The 7(,-factorizations
In this section we introduce the notion of 7(,-factorizations studied in [1, 4]
and some properties with respect to the relation 7, on 77 . Formally, we defined
(as in [1, 4]) 7(n) by @7,y if and only if x —y € (n); where (n) is the principal
ideal generated by (n) on Z. We assume that 7, is a relation on Z# and not on Z.
Such assumption was made in [1]. Notice that 7,y expanded on Z coincides with

the relation modulo n (for any n > 2).

Let us recall the fact 7(,) is an equivalence relation on 77, hence it partitions Z7 .
We denote the equivalence class of a € Z# by [a],,,, = {b € Z¥ : arn)b}. Notice that
{£1,0} € Z#, hence formally 0]+, [1]7,, and [=1];,, do not exist. For simplicity,

0]+, (vespectively [1], and [—1] ) will represent the formal equivalence class of

T(n)

(], (respectively [n + 1], , and [n —1]; ). And must be clear that 0 ¢ [0]

T(n) T(n)

(respectively 1 ¢ [1];, and —1 ¢ [—1]; ), because 0 ¢ Z* (respectively +1 ¢ Z#).

T(n)
Definition 2.2.1. (7(,-factorization.) An element x € Z¥# has a 7(n)-factorization

if ¥ = L2y % % * Ty and ;715 for all @ # j.

The product x1 * * * ., in Definition (2.2.1) is also called a 7(,)-product of
the zjs. Each z; is called a 7(,)-factor of , and we say that z; 7-divides = and write
Zil7.,,x. The expressions of the form x = z or x = —(—x) are 7(,)-factorizations
vacuous. They are called as the trivial 7(,)-factorizations of x. Notice that, if 7,
was defined on Z, then the definition of a 7,)-factorization needs the assumption
that each z; is in Z#. Otherwise the T(n)-factorization will not make sense, because

one could write an infinitive product of 1 and —1.
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For n = 0, aryb, if and only if @ — b € (0), which implies that a = b. If
T = T * * * Ty, is a T(g)-product of x, then each x; = x;. Thus the 7(o)-factorizations
of z are of the form +c™. If z = 144 = 2* - 3% then z = (2%-3) % (22-3) = (2%2-3)? is
a 7()-factorization of x. If n = 1, and ary)b, then a — b € (1), thus 1{a — b. Hence,
the 7(1)-factorizations coincide with the usual factorizations. For n = 2, a b is a
T(2)-product if and only if a and b both are even or both are odd (that is a, b € [0](2)
or a,b € [1]2)). The 7(,-products for n > 3 do not have another friendly and

equivalent definition, other than its formal definition.

If an integer does not have any nontrivial 7(,)-factorizations, then such integer
acts as a prime integer with respect to the 7(,)-products. Those integer are called
T(ny-atoms. In [4], the author characterized the 7(,)-atoms when n € {0,2,4,5,6}.
The main results of Hamon’s work includes a characterization of when every nonzero
nonunit integer can be written as a 7(,)-product of 7(,)-atoms. Hamon ruled out most
of the integers n (for which Z is not 7,)-atomic) by using Dirichelt’s Theorem of
infinite sequence of primes. Later, Hamon eliminated case by case until the list of
integers was reduced to n € {0,1,2,3,4,5,6,8,10, 12}. Several years later, Juett [5]
(Example 4.1.4), gave a counterexample showing that Z is not 7(;9)-atomic. Hence
it is very reasonable to first focus on studying the concepts of 7(,)-factors, when Z

is 7(,)-atomic, that is, n € {0,1,2,3,4,5,6,8,10}.

Table (2-1) contains a summary or characterizations, done by Hamon [4] of
the nonprime (which are of course 7,)-atoms) 7(,)-atoms when n € {0,2,4,5,6}.

Observe that the usual primes py, - - - py are 7(,)-atoms.
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Table 2-1: The form of the non-irreducible 7(,-atoms for n € {0,2,3,4,5,6}

T(n)-atom

j;p‘lll .. .pzk,

a; > 1 and GCD(ay,...,a;) =1
x = 2t, where 21t

x = 3t, where 311

x = 2t, where 21t

x = bt, where 51 t, £pi1ps - P,
5| pi # 5,p1 = £2(mod5)

and p; = £1 (modb5) for all j > 1.
6 | = at, where a € {2,3} and a 1 t.

Alwlo o |3

In Table (2-1), each p; denotes a positive prime, a; € N, and ¢t € Z#. Hamon

also gave sufficient conditions for an integer to be a 7,)-atom for n in general.

Lemma 1. /2] Let a € Z# and py, ..., pn be positive primes, then:
i. If a is a T(ny-atom where a # %1 (modn), then apy - - - py, s also a T(n)-atom
where p; are not necessarily distinct positive primes satisfying p; = +1 (modn).
. If pi Z £pj (modn), then £p;ip; is a T(n)-atom.
iii. Numbers of the form ap - - - pmq with p; = +1 (modn), a Z p; (modn), and

tap; ---py Z q(modn) are T, -atoms.

2.2.2 On common 7, -factors

From the point of view of number theory there are a lot of questions of which
results can be extended to this theory of the 7(,)-products. One of them is the
concept of 7(,)-common factors. It is clear that any common 7(,)-factor is a fac-
tor, hence the canonical factorization helps to recognized the form of the common
T(n)-factors (by looking the form as a factor). That is, if ¢ is a common 7,)-factor
of v = pi*---p¥ and y = pi"* ---p,'*, then ¢ must have the form ¢ = plt-- -pﬁc’“
with 0 < I; < min{n;,m;} for 1 < k (but not all zeros). This does not imply

that plf . -pif is a 7(,-factorization, but it does it inherites the form as a factor.
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Motivated by the common 7,)-factors Ortiz [9] developed the greatest common 7(,)-

divisor.

Definition 2.2.3. [9] Let d € Z#. Then d is called the greatest common T(,)-factor
of x and y (denoted by 7,)-GCD(z,y)), if (1) dl|r, @, d|,y and (2) if there is
a ¢ such that c|;,,x and c|; .y, then c|;, d. If x and y do not have a common

Tm)-factor, as a convention, we denote the 7(,)-GCD(z,y) = 1.

For example, let z = 16 and y = 48. Then, r =16 =82 =4%4 =2%2%2x2
and y =86 = 124 = 12% 2% 2 are the 7(y)-factorizations of x and y, respectively.
Observe that 8, 4 and 2 are 7(y)-factors of z and y, and 8 = 4 * 2 (therefore 4|, 8
and 2|, 8) which forces 8 to be the 7(,)-GCD(16,48). Unfortunately, in [9], Ortiz
proved that the 7(,)-GCD of any two nonzero nonunit integers does not always
exist. For example, let = 24 = 23 -3 and y = 36 = 3% - 22, Notice that,
r=06x4=2x12andy = 36 = 66 = 2 x18. The set of common 7(y)-factors
is {6,2}. But 6 {, 2 and 2 {;, 6, then 7(3)-GCD(z,y) does not exist. This
says that the second condition in Definition (2.2.3) is very strong. Ortiz in [9] in
his dissertation suggested to weaken it. The new definition considers to select the

largest common 7(,)-factor, by using an order relation as in the following definition.

Definition 2.2.4. [9] Let d € %, d is the 7(,)-MCD(x,y) if (1) dl, 2, d|+,,y and
(2) if c|T(n):z: and c|T(n)y, then ¢ < d. If there is no common T(,)-factor of x and y,

as a convention we will denote the 7(,)-MCD(x,y) = 1.

With this definition he obtained the existence of the 7(,,)-MCD(z,y) in Z# for

all n. Luna and Ortiz [7] gave a proof of it, but we formalize their idea in the
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following theorem.

Theorem 4. If z,y € Z#, 7,,)-MCD(z,y) exist for all n.

Proof. Let D(x,y) = {d; : d;|x and d;|y} be, the set of the common divisor of z
and y and denote Dy (z,y) = {d; € Z" : di|;, x and d;|,,y} the set of common
Tm)-factors of x and y. If D,)(z,y) = 0, then is denoted the 7(,,)-MCD(z,y) = 1. If
Duy(z,y) # 0, | Doy (z,y)| < |D(z,y)| < co. Since Z is well ordered and D, (z,y)

is finite, D(,)(z,y) has a maximum element. O

In the previous example, the reader may notice that the 79)-MCD(24, 36) = 6,
because D9)(24,36) = {1,2,6} and 6 is the maximum in the set of the common
7(2)-factors of 24 and 36. Until now, we have used the canonical factorization of
integers to provide examples of common 7,)-product. Unfortunately to figure out a
formula for the 7(,)-factors, we require to understand the behavior of the 7(,-factors
and look for patterns. For this, we wrote a program in sage (computer package for
symbolic computation), to helps us to analyze the patterns. An observation from
this patterns is that most of the positive primes are distributed in exactly ¢(n) sets.
These sets are the equivalence classes represented by an integer which is relatively
prime to n. Hence the Euler’s number determines the complexity of the behavior of
the 7(,)-products, because the elements are allowed to be 7(,)-multiplied if and only
if they are in the same equivalence class with respect to 7(,). The following Lemma

gives a tool to know the form of the 7,)-factor for some special cases.

Lemma 2. Let n = pi* - py* with p1 and ps positive primes and ny,ny € N. Sup-
pose x = pi™ - py2a’ where my and my are no-negative integers (no both zero) and
GCD(pip2,2") = 1. If a positive integer c T(n)-divides , then ¢ = Pl p - & with

1 <1l; <m; forie{1,2} and ¢ <2’
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Proof. Suppose that c|T<n)x7 then there are nonzero nonunit integers cy,co, ..., g
with = ek s%%cy. Since ¢z, ¢ = plpd with |2’ and 0 < I; < m; fori € {1,2}.
In order to finish the proof, we need to show that I; # 0 and l; # m;. Suppose by
contradiction that [; = 0, then ¢ = p22 - ¢/ Since z = p'™ - P2’ = ¢ % ¢ % ¢y * * * ¢4
and p; 1 ¢, then p|¢; for some i € {1,...,k}. Now ¢;7(»)c, so n|c—c¢;. By transitivity

of division p;|c — ¢;. Therefore p; must divide ¢, a contradiction. If [y = m4, then

c=p™M . p2 .. Again cTmyc; for all 4 € {1,...,k}, that means pi|c — ¢; for all
i € {1,...,k}. Clearly pi|c, hence pi|c;. This is not possible, because pi"|c. In

conclusion, l; # 0 and [; # my. Similarly, I, # 0 and Iy # ms.

Before we give a summary of the known maximum common 7¢,)-factor formulas

when n < 5, we pause to introduce an useful tool.

2.2.5 Associated-preserving extension of 7).

Serna [10] gave an extension of the relation, 7(,), denoted by 7, = {(£z, £y) :
xTy} such relation is called an associated-preserving relation, because if ;UT(’n)y,
then —xT(/n)y, ZBT(/n) — y and —a:T(’n) —y. It is also known that in fact, it is an
equivalence relation on Z#. The equivalence class of an integer a € Z” under the
relation 7(,, is defined by [a]T(/n> ={beZ*: br(,ya}. In fact, [q]

= la]7,,U[=al~,,

!
T(n)

Since [al;,, C [a]T(/n) and [—al;,, C [a]T(rn), then [a];,, U [—als,, C [a]T(xn). Now, if
there exist b € [G]T(’n)’ then either at(,)b or —a7(,)b. In the first case, b € [a],,, and in
the second case b = —a (modn) and b € [—al;,,. Therefore b € [a];,, U[—a],,, . For

simplicity, we will write [£a]s,) to mean [a].

= la];,, U [=a]s,,. We write [£1],)

(and [0](,)) to represent [n + 1],/ (respectively [n]. ); £1 ¢ [£1](,) (respectively

!
T(n) (n)

0 ¢ [0]()), because 1 ¢ Z# (respectively 0 ¢ Z#). The main reason of defining

this concept is contained in the following corollary.
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Corollary 1. (Serna [10]) If x,y € Z%, then

i. @|q,y if and only if :c\T(/n)y.

i. T i an Tyy-atom if and only if x in an T(’n)-atom.

Remark 1. The Corollary (1) is an important tool for our work, because m is
the T(n)-MCD(x,y) if and only if m is the T('n)—MC’D(x,y). Therefore, the prob-
lem of computing Tn)-MCD(x,y) is equivalent to the problem of computing the
T(’n)-MC’D(a:,y); which should be easier to find due to the number of equivalence

classes with respect to T(/n) are basically half than with 7).

2.2.6 The 7(,-MCD(z,y) for n € {0,1,2,3,4}

The authors in [7] gave a characterization of the 7(,,)-M CD for n € {0,1,2,3,4}.
In this section those the reader can see characterizations. For the case n = 0, let
xy € Z¥, if v =pit-- ppf and y = plf x ~p2k, where p; are distinct usual positive
primes. Suppose ¢ = o and y = ', where o and § are (the only) 7()-atoms
dividing = and y, respectively. Also, s = GCD(ay,...,ax) and t = GCD(by,. .., by).
Hence, in [7] the authors demonstrate that if z = o® and y = %, with |a| = |5], then
T0-MCD(z,y) = a®°PED . Otherwise 7(9-MCD(z,y) = 1. This result coincide
with the 7(0-GCD(z,y), a result of [9]. When n = 1, the 7)-factorizations are
the usual factorizations. Hence, if z,y € Z#, 74)-MCD(z,y) = GCD(z,y). For
n = 2, notice that a 7(,)-factor of an odd integer must be odd integer. Hence the
T(2)-MCD(z,y) = GCD(x,y), when both z and y are odd. On the other hand, if
x = 2"z and y = 2™y’ (where 2/ and y’ are odd) are both even integers, then by
Lemma (2) the 7(2)-MCD(z,y) is 2 to the min{n,m} — 1 times the GCD(z',y/').
If 2 is odd and y is even, then there is no common 7(y)-factor. When n = 3, the
formula for the 7(3-MCD(x,y) turned out to have a great similarity to the formula

of the 7(2-MCD. If x = 3"z" and y = 3™y’ are both divisible by 3 (2’ and y’ are not
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divisible by 3), then the 7(3-MCD(z,y) = 3™n{nmi=1. GCD(2/,y'). If x and y are
not divisible by 3, then 7(5)-MCD(z,y) = GCD(z,y). If x and y are not divisible
by 3 and y is not, then they de not have any common 73)-factor. If n = 4, then
there are several cases but the two main cases arose again. We summarize this case,
together to the previous ones in Table (2-2).

Table (2-2) summarized the work done in [7] for computing the 7(,,)-MCD,
when n € {0,1,2,3,4}.

Table 2-2: The 7(,-MCD(z,y), for n € {0,1,2,3,4}.

) | (2,9) T<n)-MCD(fgcyg( )
s gt o] = [B]: %P

o | 5 ] £ 3] 1
T | (£,y) GOD(z,y)

(2t$/ 25 ) 2mm{$’t}_1GCD(JZJ, y/)
7o) | (@ 2k+1) |1

204+ 1,2k+1) | GCD(z,y)

(3t:C/ 3s /) 3mi”{5’t}_1GC’D(:c’, y/)
T3y | (3%, 3k 4+ 1) 1

(Bl+1,3k+1) | GCD(x,y)

(QtI/ 9s /) .,

fe{2.3) 2GCD(x',y")

2t$/’ 2s ! il et}

IE’ 5> 4?/) 2 {s,t} QGCD(.TJ/,y/)

Wk + 1) |1
% 4k +2) |1

(4l + 1,4k + 1) | GCD(z,y)
(

(

A+2,4k+2) |1
A+1,4k+2) |1

Summary of 7(,-MCD for any x,y € Z#, when n € {0,...,4}

As a summary, the concepts of 7(,)-factorization seems to be a very naive and
easy concept, but at the same time the level of technicalities and the behavior of
the 7(,)-product become more complicated to put on a formula. The next chapter
will present the formulas of the 7(,,)-MCD(z,y) for n € {5,6,8,10,12} and when x

and y have a common 7(,)-factor.



Chapter 3
The 7,-MCD when n € {5,6,8, 10,12}

In [7], Luna and Ortiz found formulas for the 7(,,)-MCD when n € {0,1,2,3,4}.
Through the brainstorming of this work, we realized that the difficulty of 75-MCD
was based on how the prime factors are distributed in the equivalence classes of T(/n).
Hence, there is the need of understanding how the equivalence classes of T(/n) behave

among themselves.

In this chapter, we present the formulas of 7(,,)-M CD when n € {5,6,8,10,12}.
Since the primes distinct to 2 and 3 are located in basically two classes modulo 6,
first we present the case when n = 6. Later, we present the cases when n belongs
to {5,8,10,12}, because the T(,n) has the same number of equivalence classes that
contain almost all the primes.

3.1 The 74-MCD

In this section the reader will find our result obtained for the case n = 6.
The case was split into several subcases. Most (if not all) of the subcases will give
a characterization for the T(’n)—M CD, and so the 7,)-MCD is obtained through
Remark (1). Before we give the formulas of the 7(4)-MCD, let us explain how does

the T('6)—products behave.

Proposition 2. Let v = [ z; be a 7 -product. Then each x; € [0]) if and only if
i=1

x € [0]). If each x; € [£1]), then x € [£1]).

21
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Proof. 1f each x; = 0 (mod 6), then x = [[ x; = 0 (mod 6). For the converse, notice
i=1

that since z = [] z; is a /5 -product and x € [0](s), there is at least one of the z}s
i=1

must being in [0](g). Hence all of them are in [0]). Similarly if each ; = 1 (mod 6),
then [] z; = (£1)™ (mod 6) and so z = (£1)™ (mod 6) = £1 (mod 6). O

=1

Proposition 3. Let x = [[ x; be a 7'(/6) -product, where for b € {2,3} each x; is in
i=1

[:tb]((;), then x € [:tb](ﬁ).

Proof. Suppose that for all ¢ € {1,...,m}, z; = 2(mod6). If m is odd, then
x; = 2™ (mod6) and so x = 2™ (mod 6) = 2 (mod 6). If m is even, 2™ = 4 (mod 6).

i=1

Hence, x = £2(mod6). Now if each z; = 3 (mod6), then x = x; - - - z,,, (Mmod 6), so

x = 3"(mod6). Since 3™ = 3 (mod6), then x = + 3 (mod6). O

Now we are ready to present the formulas of the 7)-MCD. For it, we split the

result in several cases.

Theorem 5. Let x = 2™3™1" and y = 2™3™2y" where ny,no,my,my > 1. If

GCD(a'-y',6) =1, then 16)-MCD(x,y) = gmindnimi}=1 . gmin{n2m2} 1O D(a! o).

Proof. Let dy = GCD(x',y'"). Without loss of generality, suppose n; = min{ny, m;}
and my = min{ns, my}. We need to prove that 271 . 3m271d; is the maximum
common 7)-factor of z and y. Since dy = GCD(2',y'), there are 2” and y” such
that ' = dy - 2" and v/ = d; - y’. Since my = min{ng, my} and ny = min{ny, my},
there are t and [ non-negative integers such that ny = t4+ms and m; = [ +n;. Then
by Proposition (2)

r=(2m1.3m2 7))« (2 3 a)

(.

(.
-~ -~

[0](6) [0]¢6)
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and

Y= (2n171 . 3m271d1) * (21+1 . 3y//)

(. s\ i

~~

0o, 0l6)

are 7(g-products. Thus 2™~ . 3m71d;| = y. Now suppose that there exists a
common T)-factor ¢ of  and y, then by Lemma (2) ¢ = 2" -3™ - ¢1, n < nq,
m < mg and ¢|2,y’. Since d; = GCD(2',y'), ¢i|d; and ¢; < dy. Therefore,
c=2"-3".¢ < 2m71.3m"1. 4, Hence, the maximum common 7()-factor is

gmi—l. gme—1. dy. ]

Proposition 4. If x,y € [+1]), then 7)-MCD(x,y) = GCD(z,y).

Proof. Let d = GCD(x,y), then there exist 2’ and 3’ such that x = dz’ and y = dy'.
Since z,y € [*1](g), d € [£1](s), and 2’,y" € [£1](s). By Proposition (2) with suitable
signs, = (£1)d = (+2') and y = (+1)d * (£y) are 7(;-factorizations of = and y,
respectively. By Remark (1), we have that 7)-MCD(x,y) = GCD(z,y). O

Theorem 6. Let x = a™z' and y = a™y', with n,m > 1, a {2’ and a t ', where

a € {2,3}, then 16)-MCD(x,y) = amin{inm}=1GOD(2! | y).

Proof. Without loss of generality suppose that n = min{n, m}, and dy = GCD(z',y).
First, one needs to prove that " 'd; is a common T(’ﬁ)—factor of x and y. Since
dy = GCD(2',y') there exist ' and ¢ such that 2’ = d; - 2” and ' = d; - y”. Note
that dy, 2" and y” € [F1](g) (because d; is not divisible by 2 and 3). By Proposition

(2) z = (£1) (a" ' - dy) * (£a - "), with suitable choice of signs a"~!-d;|» . Anal-
—_———— —— (6)

[£a](e) [£a](6)
ogously, d; |T<16)y. If ¢ is a common T(’ﬁ)—factor of z and y, then by Lemma (2) ¢ = a'c/,

with ¢ < n and ¢'|d;. Therefore ¢ = a'c’ < 2"~'dy, and the 7(;-MCD(z,y) = a"'d,.

By Remark (1), 7)-MCD(z,y) = a™ 'd;. O
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The last theorem can be included as part of Theorem (5), but splitting it in this
way is clearer to prove without getting involve in many detailed cases. If there exists
x such that GCD(x,6) = 1, then d € [£1]). It implies that for x € [£1]) and
y ¢ [£1](s), then y € [a]) where a € {0,%2,£3} there is no common 7(g)-factors.
Hence, 76-MCD(x,y) = 1. If x € [£2],) and y € [£3](s), then = and y have no
common 75 -factors. Because by Proposition (3), the 7/ -factors of x are in [£2] )
and the 7(5-factors of y are in [+3]@). Hence 75-MCD(z,y) must be 1. As a
consequence of Hammon’s result [4] we have that the 7(4)-atoms, are either primes
or integers of the form: x = 2™ - 3" . 2’ with ny, ny € {0,1} where GCD(6,2') = 1.
If z is a 7(6)-atom and x J(%.) y, then x and y do not have common 7(6)-factor. Hence,

T6)-MCD(x,y) = 1.

Observe that an element in [+1]) can be written as 6k 4+ 1. In Table (3-1),

the results for the 74)-MCD are summarized.

Table 3-1: The 7’(6)—MCD

(z,y) T6)-MCD(x,y)

(2”3% 2m3vy’) | 2mintnmi—igmin{uri1GOD (2 y)
(2"3ma/, 6k £1) [ 1
@2"3md27y) |1
23", 37y) |1

(6l £1,6k+1) [ GCD(z,y)
(

(

(

(

(

6l+1,6k+2) |1
6+1,6k+3) |1
on g 27" /) Qmin{n’m}_lGCD(ﬂf/, y/)
2n I 3r /) 1
an/ 3m /) Smm{n’m}_lGCD(x/, y/>

The table summarizes the formulas for 7)-AMCD for elements in [0]e), [3]@) and
[+a]) where a € {1,2}.



25

3.2 The 7,,)-MCD when ¢(n) = 4
The solutions for the equation ¢(n) = 4, are n € {5,8,10,12}. In this section,
we present results about the characterization of the 7,)-MCD for these cases. Ob-

serve that there are 2 classes [+a](,) with respect to the equivalence relation T(/n),

with GCD(a,n) = 1.

3.2.1 The 7(5-MCD

In this section the reader can find a formula to compute the 75-MCD between
integers in [0](5). Also, there is a method for finding the T(/n)-M C'D with the elements
that are relative primes to 5. These elements are in the equivalence classes [£1]s)

and [+2](5). First, we need to see the behavior of the 7(;-products.

Proposition 5. Let v = [[ z; be a 7(5)-product. Then each x; = 0(mod5) if and
i=1

only if x = 0(modb). If each z; = +1(mod5), then x = £1 (modb5).

Proof. 1f each x; = 0 (mod5), x; = 5z} for some 2, € Z*. Therefore we have that
= [[z; =5"]]«, = 0(mod5). For the converse, notice that since z = [] z; is
i=1 i=1 i=1
a T(/5)—pI‘OdHCt, one of the x; must be a multiple of 5 and hence all of them. If each

x; = £1(mod5), then xq - -z, = £1(mod5), that is x = +1 (mod5). O

Proposition 6. Let x = [ z" be a T(’5)—p7“0duct, where each x; € [£2]).
=1

i. Then, > a; = 2k if and only if x € [£1] ().
i=1
. Then, Y a; = 2k + 1 if and only if v € [£2]).
i=1
Proof. (=) Since GCD(2,5) = 1, 22 = —1(mod5). Hence 2™ = 41 (mod5),
m—1
for any m € 7Z, so (i) follows. For (ii.), write x = (H :Uf) T, Notice that
i=1

m—1
( H x?) € [il](s) and z,, € [:f:2](5), then z € [:l:?](5).

=1
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m
(<) Note that ) a; is either even or odd. Hence, by the previous part the theorem
i=1

holds. [l

Theorem 7. Let x = 5%’ and y = 5"/, where 54 2/, 51y and s,t > 1. Then,

75)-MCD(z,y) = smlst=1GOD(', y).

Proof. Let dy = GCD(2',y") and without loss of generality, suppose that s < t.
First need to prove that 5°~!d; is a common 75)-factor of z and y. Since d; is
GCD(2',y'), there exist #” and y” such that, 2’ = d; - 2” and ¢y = d; - y”’. By

Proposition (5), o = 5°d12" = 4 (5° 'd;) * (£52”) and hence 5*~'d;|,. x. Since
(0] (0]
) 5)

s < t, there exist | € ZT such that t = [ + s. By Proposition (5), we have that z

’T<s>

is equal to 5'diz” = 5°Hdiz” = £ (557 'dy) * (£57'2”) and 5°~'d,
—_—— N——

[0](5) [0)5)
smin{st=1} . GC'D(2/,y') is a common 7(5)-factor of x and y. If there exist a common

|7 y- Therefore

7(s)-factor ¢ of x and y, by Lemma (2) ¢ = 5"¢, where 1 <r < s — 1 with ¢/|2' and
d|y’. Then we have that 5" < 5™™st=1 and ¢/|d;. Therefore ¢ = 5'¢ < 5*'d; and

571dy = 7(5-MCD(z, y). O

When n = 6, if € [£1]) and d|z, we had d € [£1]). In 7(;5), this fact does
not hold. Now, if € [£1];) and d|z, then GCD(d,5) = 1, which implies that

d € [£1](5) or d € [£2](5). This fact helps to prove the following theorem.

Theorem 8. If z,y € [£1]s), then 7(5-MCD(x,y) = GCD(x,y).

Proof. Let d = GCD(x,y), then x = dz’ and y = dy’ for some 2’ and 3. Since
x,y € [*£1](5), then we have GC'D(d,5) = 1, and either d € [£1]¢) or d € [£2]5). If
d € [£1](5), then both o’ € [£1]5) and ' € [£1]5) (because, by hypothesis, z,y are

in [£1](5)). In this case with an appropriate choice of signs, z = (£1) (d) *(£2')
- ——

(1) [Els
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and y = (£1) (d) * (%) are both 7(5)-factorizations of z and y, respectively. If
-~ ——

[Ele) [l
d € [£2]5) by Proposition (6), 2’ € [+2]) and y' € [£2];5). Hence we have that

z = (£1) (d) *(x2’) and y = (£1) (d) *(£y') are both 75)-factorizations of =
~— ~—— ~— S~
[£2]5y  [E2](5) (£2]5)  [EF2]¢5)

and y, respectively. Notice that d is the maximum common T(’5)—factor of x and y.

Because for any ¢ common T(’5)-factor of z and y, c|d, which implies that ¢ < d. By

Remark (1), the GCD(x,y) coincides with 7/5-MCD(z, y). O

Let © € [£2]5) and @y € Z#. If x|z, then ; € [£2];). Otherwise if
ry € [£1]), then o = £x; * * x 13, where each x; € [£1];) and by Proposition
(5), x € [£1](5). A contradiction, then each 7/;-factor of z must be in [£2];). If p
is a prime number different from £5, then either p € [*1]) or p € [£2](5) (the 2
equivalence classes determinated by ¢(5) with respect to 7/;)). Recall Il (z) = ﬁl Pt
the product of primes factors py of & where each py € [£b]i) and b € {_1,2}.

As a consequence, the factorization of a number x ¢ [0]) can be rewritten as

o s
r =1L (x) - y(x) = [] pii* - [] pia? (by reordering the primes, if it is necessary).
i=1 i=1

Proposition 7. Let x € [£bi) and d € [£2]5), where b € {1,2}. Suppose there
exist ', such that v = d - o', If ly(2’) # 1, d|,, z.

Proof. Since v = d -z’ and d € [£2]5). If o € [£1]), by Proposition (6) then
' € [£2](s5). Hence z = (£1)d*a’ is a (5 -factorization of z; so d|,, z. If 2 € [£2]5),
by Proposition (6) 2’ € [£1]5). Notice that 2’ can be rewritten as 2" = II; (2) - II5(2").

By Proposition (5), IT;(2') € [£1]). Therefore Iy(2") € [£1](5); and by Proposition
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(6), the amount of prime factors in [42]) is even. For a suitable choice of signs:

r = d-I(2") - y(2')
a2
= d-(2) - [ pis*
=1
= (1) d = (FI (2" )p12) * (£p12) * * * (EPay2)
~ ——— —— ——
[*2) [£2]5) 2] (5) (2] (5)

therefore d|. . O

Proposition 8. Let x € [+b]s) and y,c € [£2]i), where b € {1,2}. Suppose
d = GCD(z,y). If there exist ¢ € Z* such that d = ¢ - and Ily(c') # 1, then

c|T(/5)x,y if and only if c|T(/5>d.

Proof. (=) If d € [%£1]), by Proposition (6) ¢ € [£2]s), because ¢ € [£2]s).

Hence d = (£1) (c) * (c) , is a 7/5-factorization of d and c|T(/5)d. If d € [£2]),
[£2]5)  [E£2]¢s)
¢ € [£1](). Since IIx(¢') # 1, by the Proposition (7), c|T(/5) d.
(<) Suppose c|T(/r)d, hence c|d and by transitivity c|x and c|y. By Pproposition

(7), C|T{5)x,y. (Because ¢ € [£2](5) and Ily(c') # 1). O

The last proposition shows that the set of common 7()-factors of z € [£2]
and y € [£b](5), where b € {1,2}, is equal to the set of the 7(5-factors of GCD(z,y),
which are in [£2]). Hence, the following theorem gives a simpler way to compute
the 7(5-MCD(z,y), because we only need to look at the list of the T(’5)—factors of
the GC'D(x,y).

Theorem 9. If y € [£2];) and v € [£b]5), y € [£2|i5) where b € {1,2}, then

75)-MCD(z,y) = m, where m = maz{c € [£2]) : c|T</5)GC'D(x, y)}.
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Proof. By the Proposition (8), we have that the set of common 7'(’5)—factors of x
and y is A = {d € [£2]5) @ d|,,y}. Also, by Proposition (8), it holds that

= {c € [£2]p) : c|T GCD(:U y)}. Since 7(5-MCD(z,y) = max{d : d|7(x5)1: y}
which is equal to maxz{d : d € A}. Then the maximum common 7(s)-factor of « and

Yy is m. O

Observe that if x = 52" where 5 { 2/, x is a 7(5-atom. Hence if z = 52/,
where 5 1 2/, y € Z# and z J(T(B) y, then x and y have no common 7(5)-factors and
T(5-MCD(z,y) = 1. In the case of z|,, y, then 75-M CD(x,y) = z. If z € [0](5) and
y ¢ [0](s5), then x and y do not have 7(5)-common factors. Hence, the 7(5-MCD(x,y)
is 1. Table (3-2) summarizes the formulas for the 7(5-M C'D. Note that if an element

€ [*1]5) or x € [£2](5), then = can be written as = bk+1 or 5k +2, respectively.

In Table (3-2), for z,y € Z#, m denotes the maz {z; € [£2|) : Tilrs, GCD(2,y) }-

Table 3-2: The 7(5-MCD(z,y).

( ) 7—(5)_]\461D(‘/I7a y)

(551, 5t /) 5mm{s’t}_1GC'D(m',y')
(553: sk+1) |1
(5%, bk £ 2) 1
(
(
(

FES 5k+1) | GCD(z,y)
Bl+1,5k+2) | m
Bl+25k+2) | m

A summary of the formulas for the 7(5-M CD for elements of the form 5F.a' 5k £1
and ok £ 2.
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3.2.2 The 75-MCD

For n = 8, we have five equivalence classes, [0]s), [£1]s), [+2](s), [£3](s). The
equivalence classes [f1](s) and [£3]) behaves as it happened for the equivalence
classes [£1](5) and [2](5). So, we could use the results in Proposition (5) and (6) to
approach this cases. The other 3 equivalence classes have elements of the form 2"a’
where 2 1 2'. If n = 1 (respectively n = 2 and n = 3), then x € [£2](s) (respectively
x € [+4]s) and z € [£0](s)). If 2 { z, then either x € [£1]) or x € [£3](s) and so

its factors.

Theorem 10. Let x = 2"z’ and y = 2™y, where 2 1 2’y and n,m > 6. Then
T)-MCD(x,y) = 2minlnmi=3GQCD(2, ).
Proof. Let dy = GCD(2',y), then 2’ = diz” and vy = dyy” where 2" y" € Z*.

Without loss of generality, suppose n = min{n,m} and m = n + [ for some

I > 0. Then for a suitable choice of signs, x = £ (2" % -dy)*(£2®-2”) and

(. S\

[OT@) [OI&
y = £(2"7% dy) = (£2™ . y) are 7(g)-factorizations of z and y, respectively. If

. (. J/
-~

[0](s) [OT(,s)
there exist ¢ = 2 - ¢ with Clrg 2y, then t < n —1 and c[2',y’, which implies,

¢ < dy. Therefore, ¢ < (2" - d;) and Ty MCD(z,y) = omir{nm}=3GC'D (2, y')
and it is the 7()-MCD(z,y). O

Now, we will address the cases when at least the power of x and y is strictly

less than 6.

Proposition 9. Let x = 2"2', where n > 2 and GCD(2,2") = 1. If there exists

di|2’, then 2d; . .

Proof. 1f di|2’, there exist z” € Z* such that 2/ = d; - 2”. Since 2 { 2’ either

a' € [£1]) or 2’ € [£3]). So either dy € [£1]i) or di € [£3]s) and either
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2" € [£1]g) or 2" € [£3]). If 2’ € [£1](s), then by the results (applied on 7(y))
of Proposition (5) and Proposition (6) d; and z” are in a same equivalence class,
in order for 2’ € [£1]s). That is, d, 2" € [£a]i) for a € {1,3}, in both cases we
obtain that (2-d;) and (2-2") € [£2](s). If 2’ € [£3](s), then by the results (applied
on 7()) of Proposition (6) di and 2" are in different classes, in order for 2’ € [£3]).
That is, di € [£als) and 2" € [£b]s) with a # b € {1,3}. See Table (3-3) where

there is a summary about these results.

Table 3-3: Class options for 2 - d; and 2 - 2"

x dy z" 2-dy 2. 2"

[l | [Ele) | [Fle) | [F2e | [F2e)
[Flw) | [F3le) | [F3le) | [F2e) | [F2)e)
[£3ls) | [Elle) | [E3ls) | [EF2ls) | [F2e)
[£3l) | [E3]es) | [Fl@) | [E2Ds) | [£2]s)

By a suitable choice of signs,

x=2"-dy- 2" = (£1) (2-dy)*(£2-2") % (£2) % % x (£ 2)
——

—— N~ ——
[£2](s) [£2](s) [£2](s) [£2](s)
Then (2 - d1)|T(/8)x and by Remark (1), (2 - dy)|r - O

As a consequence of Proposition (9), if z = 222’ and y = 2™y/, where GC'D(2, z'y/)
is 1 and m > 1, then we have that 75-MCD(z,y) =2 - GCD(z',y).

Theorem 11. Let z,y € [0]s). Suppose x = 22’ and y = 2™y, where 2 { o', 3/,
n € {3,4,5} and m € {3,5}. Then 75)-MCD(x,y) =2-GCD(2',y').

Proof. For simplicity denote d; = GCD(z',y'), then there are z”, y” such that
g’ =dy - 2" and y' = dy - y”. By the Proposition (9) 2d;|,,z and 2d;[;,y. Need
to prove that 2d; is the maximum common 7(g)-factor between x and y. If there

exist ¢, such that c|, z,y, then by Lemma (2) ¢ = 2" - ¢; with 0 < ¢ < min{n,m}
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and c;|z’,y’. Then there exist ¢, ¢” € Z* such that 2’ = ¢; - ¢ and ¢ = ¢; - ¢". By
definition of di, ¢1|di, and hence ¢; < dy. Then ¢, c” € [£1](g) U [£3](s).

i. If m = 3, then ¢t € {1,2}. In the case of t = 1, by the inequality ¢; < dj,
we have ¢ < (2 -d;). Now, we may assume t = 2. Since y = 23 - ¢; - ¢, note that
(2%-c1) € [+4](), but (2-¢") € [£2]g). Then ¢ {,, y, a contradiction. Hence t = 1.

ii. fm =5 te€{1,2,3,4}. Suppose t = 1, since ¢; < dy, ¢ < 2-dy. If t > 2
¢ 1rs Y as in the above case.

For any common 7(s)- factor c of x and y, ¢ < (2-d;). Hence the 7(g)-MCD(x,y) is
2-GCD(2,y). O

Theorem 12. Let x = 2%’ and y = 2™y, where 2 { 2’,y’ and n is even, n > 4.

Then 1(5)-MCD(z,y) = 2°GCD(',y').

Proof. Let dy = GCD(2',y'), then there exist z”,y" € Z*, such that 2’ = dyz” and
y = dvy". Since GCD(2',8) = 1, then either dyi, 2" € [£1]i) U [£3]s). The Table

(3-4) gives all the posibilities for 2/, dy, 2", 2%z and 22d,.

Table 3-4: Class options for 22 - d; and 2% - 2

.CC/ dl .T” 22 . dl 22 . SL’H
(1) | [Ele) | [Ele) | [F4e) | [F4e)
(1) | [E3]e) | [E3]e) | [F4]e) | [F4e)
[£3]) | [El]s) | (3]s | [Els) | [F4]e)
[£E3ls) | [E3ls) | [Els) | [F4ls) | [F4s)

With a suitable choice of signs x = (£1) (22-d;) * (£22-2") is a 7(s)-factorization
of x. Since n is even and n > 4, then y = (£1)(2%d;) x (2% y") % (£2%) x %% (£2?) is a
T(’S)—factorization of y (for a suitable choice of signs). If there is a common 7(g)-factor
¢, of z and y, then then by Lemma (2) ¢ = 2'¢ where |2,y and 1 < ¢ < 3.
By definition of dy, ¢ < dy. If t € {1,2}, ¢ < 2?2 -d;. For t = 3, notice that

/

a' = - for some ¢’ € [+1]5) U [£3]). Then 2% - ¢ € [0]s) and 2- ¢ € [£2]3).
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Hence ¢ {r, z. In conclusion, 7(o-MCD(xz,y) = 22GC'D(7',y'). By Remark (1),
2)GCD(2',y') = 175-MCD(x,y). O

Theorem 13. Let x = 2%/, y = 2™y, with 2 { 2',y/, and n an odd integer with
n > 3. Then 75)-MCD(x,y) =2 - GCD(a',y).

Proof. The proof is analogous to the proof of the Theorem (12). O

Theorem 14. If x,y € [£1](s), then 75)-MCD(x,y) = GCD(x,y).

Proof. Let d = GCD(x,y). Then there are 2’,y’ € Z*, such that x = da’ and
y=dy'. If d € [£1]s), then 2’y € [£1](), in order for x € [£1]). On other hand,
if d € [£3](s), then by the result in Proposition (6) 2’,y" € [£3]). In both cases,

= (£1) d*(+a'), y = (£1) d = (+y') are 7(4)-factorizations of z and y, respectively.
By Remark (1), 75)-MCD(z,y) = GCD(z,y). O

Observe that, if p is a positive odd prime, p € [£1]x) or p € [£3](s). Let us
recall IIy(z) = H pit denotes the product of positive primes that divides x, with

the property, ps € [£b](s), for b € {1,3}.

Lemma 3. Let x € [£b](s), where b € {1,3}. Suppose d € [£3](s) such that d|z. If

[3(5) # 1, then d|, .

Proof. Since d|z, then x = d - 2 for 2’ € Z*. Let us rewrite 2’ = % into a product

of primes in [41]g) and primes in [+3]). So the canonical factorization of z’ is

o =TI () - 3(2') = Hp““ le“ then z = d- a2’ =d- Hp““ Hp““. Since

=1
() # 1, 2 = (£1) (d) » (£ pis) ¢ (£p19) # 5 # (£pony). Hence, dly_z and
N Y——— S—— S—— ®)
[£3](s) [£3](s) [£3](s) [£3](s)

by Remark (1) d|; . O
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Lemma (3) showed that given any divisor d € [£3](s) of # with GCD(z,2) = 1,
with some positive prime factors equivalent to [43](s) is a 7(s)-factor of z; similar as

in Proposition (7). The next result is very similar to Proposition (8) and Theorem

9).

Theorem 15. Let x be a relative prime integer with respect to 2 and y € [£3]s).
Suppose d = GCD(z,y) and c|d where ¢ € [£3]g) and 113 (%) # 1. Then Clrg T,y if
and only if C|T(8) GCD(z,y). Moreover the mazimum common T(s)-factor of x and y

is the maz{c € [£3]() : ¢l GCD(z,y)}.

Proof. Since c|d, there exist ¢ € Z* such that d = c- .

(=) If d € [£1]), ¢ € [£3]s) (because ¢ € [£3](s)). Therefore c|T(8>d because

d= (1) (¢) (%), is a 7(g)-factorization of d. If d € [£3]s), ¢ € [£1]). Since
- ——
[£3]s) [E3l(s)

II3(c) # 1, by Lemma (3), |5, d.
<) Now suppose that c|, . d, hence ¢ divides d. By transitivity c|x and c|y. Since
®)
€ [£3](s), then by Lemma (3), ¢, #,y. For the second statement notice by Lemma
3) that, {d : d|, x,y d € [£3]w) : d|-,z,y} and by the first statement
(8) (8)
d: d|,.z,vy c € |3 1 ey GCD(2,y Since 7(g)-MCD(x,y) is the
{ ®)

maximum of the common 7'(8)—fact0rs of x and y, then
Ts)-MCD(z,y) = max{c € [£3]) : ¢|r,, GCD(x,y)}.

]

Note that if x € [£2](s), © = 22" where 2 { 2/, then x is a 7(5)-atom. In the case of
y € Z* and x|,y y, then 75-MCD(z,y) = x, otherwise the 7g-MCD(x,y) = 1. If
y € [£b]s) where b € {1,3}, the 7g)-factors of y are in [£b](s). Hence, if x ¢ [£b](s)
then 75-MCD(x,y) = 1.
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The following summarize the formulas found for the 7(s)-MCD of elements in
Z# when the 75)-MCD # 1. The tables (3-5) and (3-6) show the results found
for elements in [0](s), [4]s) and [£b]s) for b € {1,3}, respectively. If a number

x € [0](s), then = 2" - 2’ where n > 3 and 2 { 2.

Table 3-5: The 7(5)-MCD for numbers in [0]s)

(272, 2™y/) Ty MCOD(z,y)
n,m >3 gmintem} =3 . GCD(', y)

n 223{53} %ﬂd 2-GOD(«',y')

N — zf;oinkdzngz 2k 22.GOD(2',y)
na: (jldznfmzllbirl 2. GODW&.Y)

If a number = € [+4](s), then z = 2%z’ where 2 t 2/. Hence, when a number
x € [+4](s) and other number y is of the form 2™y’ for m > 2 and 2 { . Then the

maximum common 7(g)-factor of z and y is 2- GCD(a',y/').

Note that if a number x € [£1]) or © € [£3](s), then & can be written as
8k £+ 1 or 8k + 3, respectively. Table (3-6) summarizes the formulas found for the
7(8)-MCD between numbers that are in classes whose representatives are relative

primes to 8, that are the classes [41](s) or [£3]s).

Table 3-6: The 7(s)-MCD for numbers in [£b]s) where b € {1,3}

(x,y) T(5)-MCD(x,y)
Rk L,8[£1)| GCD(Sk+1,8 +1)
(8k £ 1,80 £ 3) m
(Sk £3,81 £ 3) m

Where m denotes the the max {z; € [£3]) : |-, GCD(x,y)}.
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3.2.3 The 7(50-MCD

In the previous section, we developed a pattern of the 7g)-MCD. The approach
used to study the 7(10)-MCD is very similar. The main differences is the number of
equivalences classes with respect to 79. But as for n = 8, there is two clases that
are very similar to [41](5) and [£2]) and they are [£1]x0) and [£3]0) respectively.
First, we find pattern when z,y € [fa)uo) and GCD(a,10) # 1. In these cases,
the patterns are divided into 4 distinct cases to be analyze individually. Finally
the cases, when GCD(a,10) = 1, should be very similar to the results in Lemma
(3) and Theorem (15) from previous section or Propositions (7), (8). But first let
us study, how the equivalence classes of 7'(’10) behave and the connection with the

T(’w)—products.

Proposition 10. Let © = ﬁ x; be a Tao)-product, where each x; € [£b]1gy and
be{2,3,4,5}. Then: -
i. If b=2 and m is odd, x € [£2]n0),
. If b=2 and m is even x € [£4]n0),
. If b =3 and m is even x € [£1](),
w. If b=3 and m is odd, x € [£3]10),
v. Ifb=5, x € [£5]qg), and

vl Ifb = 4, T € {:l:4](10)

Proof. First note that 32 = —1(mod10) and 3* = 1(mod10). Hence 3*" =

+1 (mod 10) for any n. If m = 2l for some | € N, z = [[z; = 3% = +1 (mod 10)
i=1

and in the case of m = 20 4+ 1, then = = ﬁ r; = 32 = 43 (mod 10). Hence
(77i) and (iv) follows. Also, observe that 22:[15 +4(mod 10). So if m = 2l and
each z; € [£2)0), * = 2% = £4(mod10). On other hand if m = 2I + 1, then
r= 22t =2%.2 = +4.2 = +2(mod 10). Therefore, (i) and (i7) follows. For (v)

and (vi), note that a" = £a (mod 10), where a € {4,5}, for any n € Z*. O
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According to Proposition (10), if x = 2"2" where GCD(2’,10) = 1 and n is an

even number, then x € [+4]10). As a consequence, ' must be in [£1]).

Corollary 2. Let x € [4]10) and x = ¢y * * * ¢, be a T0)-factorization of x.
o Then, k is odd if and only if c; € [£4]q0).

o Then, k is even if and only if ¢; € [£2](10).

Proof. By Proposition (10), each ¢; must be either in [£2]q0) or [+4]q0). Now if k
is even and ¢ € [£4]nq0), then  is not in [44]10). So if & is even, then each ¢; must

be in [44](10). Similarly, if k& is odd, thne each ¢; must be in [£2](¢). O

If z is an integer in [0]qg) and ¢ is a 7(1p)-factor of z, then by Lemma (2)
¢ € [0]aoy. Suppose & = 2™ - 5™z’ with ny,ne > 1, and GCD(2',10) = 1. Then as
a result of Lemma (2) ¢ = 2™ - 522" 'my < ny, my < ny and z”|z’. The following

Theorem is similar to Theorem (5).

Theorem 16. Let xz,y € [0]qg), where x = 2M5™z" and y = 2™ 5™y’ with

ni, g, my, mg > 1. Then 7(10)-MCD(z,y) = 2mimimmit=l.gmin{nama}=1GC D (2!, ).

Proof. Let di = GC'D(2',y'), and without loss of generality we suppose that n; =
min{ny,m;} and my = min{ny, my}. We claim that 2" ~1-5m271¢, is the maximum
common 7 p)-factor of x and y. Since d; = GCD(2',y'), there are integers " and y"

such that, 2’ = d;-2” and y' = d,-y". Notice that x = (2"~ - 5™271d) % (2 - 52T 1z")

(. J

~~

[0](10) [0]2:0)
and y = (2™~ 5m27 g, ) % (2 5y”). Thus 2™t - 5m271d, |, =z, y. Now suppose

|-
. A 7 (10)

[0]‘(,1(» [U]Tm)
that there exists ¢, a common 7(10)-factor of x and y, then by Lemma (2) ¢ = 2"-5™¢

where 1 <n <ny, 1 <m < mg and ¢|2’,y'. Since d; = GCD(2',y’), by definition

of di, ¢y < dyandc < 2m1.5m71.d;. Hence 2"~ 15" .dy = 730-MCD(z,y). O
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Under the assumption that x € [+a]n0), where a € {2,5}, x can be written as
x = a™z’ with n > 1 and 2’ not divisible by 2 and 5. If there exist c|T(w)x, then by

Lemma (2) ¢ = a™c with 1 <m < n and |2’

Theorem 17. Let © = 5"2', y = 5™y, where n,m > 1, GCD(5,2'y’") = 1, then
T10)-MCD(x,y) = smr{nmi=1GqC D (2, y).

Proof. Without loss of generality suppose that n = min{n, m},let d, = GCD(z',y).
Then there are integers 2" and y” such that 2’ = d;-2” and v/ = d;-y”. Note that by
Proposition (10) 2’,dy, 2" and y” belong to either [41](10) or [£3]10) (because d; is
not divisible by 5 nor 2). Since d; € [£1]10) or di € [£3]10), 5-di € [£5](10). There-

fore, x = (£1) (5" ' -dy) * (£5 - 2”) for a suitable signs and d;

[£5](10) [£5](10)
di] 7,0 y- If there exist a common 7(;9)-factor ¢ of z and y, then by Lemma (2) ¢ = 5t

| 7102 Analogously,

where 0 < m < n and c|d;. Hence, ¢ = 5'¢ < 5" 1d;. So T('lo)—MC'D(m, y) = 5" d.

By Remark (1), 7(10)-MCD(x,y) = 5" 'd;. O

Proposition 11. Suppose that x = 2"z' and 2 { o'. If v € [£2]qq), then the
following holds.
i. If n is even, 2’ € [£3](10)-

“. If nis odd, ' € [E1]x0).

Proof. Since x € [£2]q0y and 2 1 2/, then GC'D(a’,10) = 1. So either 2’ € [£1]0 or
2" € [£3]10). By Proposition (10), if n is odd, then 2" € [£2]q) and 2’ € [£1]q).
Otherwise, if 2" € [£3]0), then x € [£4]1). A contradiction to the assumption of
& € [£2|n0). Now, by Proposition (10), 2" € [44](10) only when n is even. In order

for x € [£2]0), ' must be in [£3]10). O
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Suppose x € [£2]ng), © = 2"z’ where 2 { 2’. If there exists c|,,, ¥, then by

Lemma (2) ¢ = 2! - ¢, where 0 <[ < n and /|2’

Proposition 12. Let x € [£2]10). Suppose that v = 2"z’ where 21 ', c|,, ©, that

is © = (£1) cxcy x x x . Then c € [£2]q0) and k is even.

Proof. First note that by Lemma (2) ¢ = 2! - ¢/, where | < n and |2’. If ¢ is not in
[£2](10)- Then ¢ must be in [£4](1). But Proposition (10) implies that z € [£4](10), a
contradiction to the assumption of « € [£2]0). Therefore ¢ € [£2](10). On the other
hand, if % is even, there is an odd number of 7(;p)-factors of x and by Proposition
(10), x € [£2]n0). Otherwise, if k is odd there is an even number of 7¢)-factors of

x and by Proposition (10), z € [£4]10). O

Theorem 18. Let x,y € [£2]|q0). Suppose that x = 2"a', y = 2™y', with 2 { o',y
and min{n,m} is an odd number . If dy = GCD(a',y), then T10)-MCD(z,y) is
i. 2mintnmi=2d, when dy € [£1](0), or

. 2min{n7m}—3d17 when dl c [ig](lo)

Proof. Without loss of generality, assume that n < m, then n is odd. There exist

t € Z", such that, m = n+t. Suppose m is odd, then ¢ is even. By Proposition (10)

2" = +4 (mod 10) and by Proposition (11) 2’y € [£1]10). Since dy = GCD(2',y'),

there are 2” and y” such that 2’ = d; - 2” and v’ = d; - y”. For the first statement,

suppose d; € [£1]0), and Proposition (10) forces both " and y” belong to [£1]x0).

Hence, z = 2"2"2 . dy - 2" = (£1) (2"7% - dy) * (£2 - dy) * (£2) and (2772 - dy) 7, 7
—

———
[£2](10) [£2](10) [£2](10)
Since ¢ 4+ 1 is odd, 2'** € [£2]19). Therefore, we have y = 2"72%2. 4, . ¢/ and

y = (£1) (2" - dy) * (£27 - y")

[i;]?m) [iQ}(m) [+2](10)
If m is even, ' € [£3]x10). Since dy € [£1]n0), then y” € [£3]n0). Note that ¢ is odd.

—
n
(N}

N——
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By Proposition (10) 2! = 42 (mod 10), so y = (£1) (2”72 - dy) » (£2'71 - ¢/") * (£2).
NS -~ > NS ~~ > N s
[£2](10) [£2](10) [£2](10)

With a suitable choice of signs (2% - d1 )|+, @, y-
Suppose there exists a common 7(;0)-factor ¢ of x and y. By contradiction suppose
c> (2"72.d;). By Lemma (2) ¢ = 2!, where 0 < [ < n, by the definition of d;, c/|d;,
then ¢ < d;. By the assumption of ¢ > (2"72-d;) and ¢ < dy, 2! > 2"~2. Therefore,
n—2 < | < n. The only possible integer is | = n—1, which [ is even. By Propositions
(12) and (11), ¢ € [£2]qg) and ¢ € [£3]qg). Since c|2’, there is ¢ € [£3]0)
(because 2’ € [£1](19)) such that, 2’ = ¢’-¢/. Then z = (2"7'¢)-(2- ") =¢-(2- ),
but (2-¢”) € [+4]x0), a contradiction because c is a 7(10)-factor of x. Therefore,
22 dy = T(10-MCD(x,y).

In the case di € [£3]n0), 2”,y" € [£3]a0). Suppose m is an odd integer. Observe
that 2”3 € [£4](10), because n — 3 is an even number.
Sox = (£1) (2"%-dy) * (£2% - 2") * (£2) and 2773 - d,

|70y %- We can observe that

N - N - 7 v
[+2](10) [+2](10) [+2](10)
242 = 44 (mod10), hence, y = (&£1) (2" -dy) * (£2"2 - ¢") x (£2) and 273 .
N - > - 7 N J/
[+2](10) [£2](10) [£2](10)

di] gy y- If mis even, y” € [£1]10) and ¢ is odd. Hence this is a 7(19)-factorization of

y, y = (£1) £2”_3 : dl)J* (£2142. y”)j* (£2) and 2"7% - dy|;,, y. Therefore 2”2 - d,

[£2](10) [£2](10) [£2](10)
is a common 7(1p)-factor of x and y. If there exist ¢ another common 7(;¢)-factor of

x and y. Suppose by contradiction ¢ > (2" - d;), then by Lemma (2) ¢ = 2"72 - ¢;
orc=2""1.¢.

By proposition (12), ¢ € [£2]19) and ¢1|2’, 9/, hence ¢1|d; and dy = ¢1k. In the
case ¢ = 2" l¢;, we observe that n — 1 is an even integer, hence ¢; € [iB](lo). As
a consequence, «' = ¢; - ¢’ and x = (2" - ¢y) - (2 ¢”). Since 2" - ¢ € [£2]q)
and 2 - ¢ € [£4]0), ¢ = 2" - ¢ 1 2. Now assume ¢ = 2"72 - ¢, n — 2 is odd
and ¢; € [£1](10). Since di = ¢1k and dy € [£3](10), then k& € [£3](10) and 2"73d; is

2" 2¢) + 2" key — 2 %¢; = 2" %¢; (14 §(k — 2)). Notice that (1+ (k —2)) >0,
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because k > 3. Therefore 2" 3d; = 2" 2¢; - | > 2" 2¢;, where | = (1 + %(k — 2))

This concludes the proof. O

Theorem 19. Let z,y € [£2]q0), with x = 2"2', y = 2™y, 212,y and min{n, m}
an even number. If dy = GCD(x',y"), then T710)-MCD(x,y) is
i. 2mindnmi=3q. phen dy € [£1] 10y, or

gi. 2mirlnmd=2q, “when d; € [£3]x0)-

Proof. Without loss of generality, suppose that n = min{n, m}. Then n is an even
number. Hence, there exist ¢t € Z*, such that m = n + ¢. In the case of m to be an
even number, then ¢ is even and, 2' = 44 (mod 10), if m is odd, then ¢ is odd and
2! = +2(mod 10). By hypothesis d; = GCD(z',y'), then 2’ = d;-2” and v/ = d; -y".
By the proof of Proposition (11), 2’4 € [£3]10) when both n and m are even. And
Y € [£1]0), if m is odd.

For (i), suppose that d; € [31](1¢), then either both 2", y" € [£3](10), or 2" € [£3]x0)
and y" € [£1]q0). Since 23 € [£2](10), an analogous proof of (i) in the previous
theorem gives the proof for this case.

Similarly for (i7), if di € [£3]a10), 2", y" € [£1](10) U [£3](10)- Since 22 € [£4](10),

an analogous proof of (i) in the previous theorem does the work. O

Theorem 20. Let z,y € [£4]q0), where x = 2", y = 2™y, If GCD(a'-y',10) = 1.
Then 7(10-MCD(z,y) = 2m™nm=1GCD(a,y/).

Proof. Suppose that n = min{n, m} is an odd number (respectively, an even num-
ber), and m = n + ¢ for some positive integer t. By proposition (10), 2’ € [£3]0)
(respectively 2’ € [£1]1g)). Let di = GCD(a',y'), then o’ = dy2” and y' = dyy”,

note that, either d; € [£1]n0) or di € [£3]n0). So, we split the proof into two cases:
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Case 1. If dy € [£1]n0), 2" € [£3](0) (respectively z” € [£1]0)). Then 277" .

dy € [£4] 10y (respectively, 277! - d; € [£2](10)) and z = (£1) (2" - dy) % (2 - 2”),
—— Y—
[£4](10) [£4](10)

(respectively z = (£1) (2" -dy) *(2-2")), thus (27! - dy)|,,,,v. Observe that
—_—— Y—

[£2](10) [£2](10)
m could be either an odd or an even integer. If m is odd, then y' € [£3]uo)

|"’(10)

and 3" € [£3]0). Therefore ¢t is an even number (respectively, odd number),

then 2¢ € [£4](10) (respectively, 2 € [£2](1)) and y = (£1) (2" - dy) = (271 -y,

[ J/

[:tz]?lo) [:tz]?lo)
(respectively y = (1) (2" -dy) * (2" -¢")). If m is an even number, then we

S/ \a

[i;]?m) [i;]?w)
have that 3 € [+1]g) and y” € [£1]n0) therefore ¢ is odd (respectively, even),

2! € [£2](10) (respectively, 2 € [+4]10)) and y = (£1) (2" - dy) * (2" ¢") (re-

(.

-~ -~

(4] (10 (4] (10
spectively, (y = (£1) (2" -dy) * (271 - 4/”))). Hence, in both cases 2"7! - d; is a

N S/ \a

[12‘]?10) [i;ﬂm)
common T7(jg)-factor of x and y.

Case 2. If dy € [£3]x0), then 2" € [£1]n0) (respectively, 2" € [£3]x10)). There-
fore we have 21 - d; € [£2]0) (respectively, 2" - d; € [+4]q0)), obtaining

v = (£1) (2" - dy)*(2-2") ( respectively, z = (£1) (2" -dy)*(2-2")) , and
— S——

—— —_———
[£2](10) [£2](10) [£4](10) [£4](10)
we have that (2"~ - d) |, 2.

If m is odd, then y' € [£3]uo), ¥" € [£1]o) and ¢ is an even number (re-

spectively, odd number). Hence 2" € [+4]qq) (respectively, 2 € [+2])) and
J = (£1) (2 d) (27 -y, (respectively, y = (£1) (2" - dy) # (2 - 47).

(. / (.

[iQ‘],(m) [iQ‘],(m) [i‘;],(m) [i‘;],(m)
If m is an even number, then y' € [£1]u), ¥ € [E£3]0) and t is odd (respec-

tively, an even) integer. Therefore, 2° € [£2](1g) (respectively, 2" € [£4]q0)) and

g = (£1) (27 )« o), (respectively, y = (£1) (20 -dy) # (271 ).
(2] (10) [£2](10) [+4] (10 [+4] (10

So, (2771 dl)]mo)x, y.

If ¢ is another common 7(;0)-factor of z and y, by Lemma (2) ¢ = 2¢/, where |2/, y/

and 1 <[ <n— 1. Therefore, ¢ < d; by the definition of d;. So ¢ < 2" !.d;. This



43

shows that that 7(,,-MCD(z,y) = 2"~1.d,. By remark 7(10-MCD(z,y) = 2""'-d;
(1). O

Corollary 3. Let v € [£2]) and y € [+4]no), with v = 2"z, y = 2™y, with
212"y Ifdi = GCD(2',y'), then T(10)-MCD(x,y) is given by one of the following
formulas.
i. 2mininmi=2q, - when dy € [£1]40y and min{n,m} is odd.
gi. 2minlnmd=3q, when dy € [£3]10) and min{n,m} is odd.
gii. 2mm{nmd=3q, when dy € [£1)10) and min{n,m} is even.

qv. 2mmnmi=2d, when dy € [£3]10) and min{n,m} is even.

Proof. The proof is analogous to the proof of the Theorems (18), (19) and (20). O

Proposition 13. If z,y € [£1]u0), then T110)-MCD(z,y) = GCD(x,y).

Proof. Let d = GCD(z,y), then there are integers ' and y’ such that x = dz’ and
y = dy'. Since z,y € [£1]), d € [Fajqo) with a € {1,3}. If d € [£1]0), then
o' € [£1]0). If d € [£3](10), then 2’ € [£3]10). In both cases, for a suitable choice
of the signs @ = (+1)d * (+£2) is a 7,y -factorizations of . Analogously, dl,, v.
Therefore, 7(10)-MCD(x,y) = GCD(x,y). O

Lemma 4. Let x € [£b]n0), where b € {1,3}. Suppose d € [£3]n0) such that d|x.
If13(3) # 1, then d; .

Proof. Since d|z, then x = d - 2’ for 2’ € Z*. Let us rewrite 2’ = % into a product

of primes in [£1]n0) and primes in [£3]n0). So the canonical factorization of 2’ is

o =TI () - T3(2') = Hpa“ HpZ'S then z =d- -2’ =d- Hpa“ Hp’m’. Since
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(@) # 1 & = (£1) (d) * (£ 10 pig) # % % (£pes) 5 5 # (£payy). Henee, dlyy, x and
SN—— S——

———
[+3](10) [£3](10) [£3](10) [£3](10)
by Remark (1) d|;,, . O

Lemma (4) showed that given any divisor d € [£3](s) of + with GCD(z,2) =1,
with some positive prime factors equivalent to [£3](10) is a 7(10)-factor of z; similar as

in Proposition (7). The next result is very similar to Proposition (8) and Theorem

(9)-

Theorem 21. Let x be a relatively prime integer with respect to 2 and y € [£3]q0)-
Suppose d = GCD(z,y) and c|d where ¢ € [£3]0) and 115 (%) # 1. Then Clra0) T Y
if and only if |, GCD(z,y). Moreover, the mazimum common T(10)-factor between

x and y is the maz{c € [£3]qo) : clr,,, GCD(z,y)}.

Proof. The proof is analogous to the proof in Theorem (15). O

Now, we present a summary of the formulas for the 7(;0-MCD of elements in
Z# when they have a common 7(jg)-factor. The Tables (3-7) and (3-8) show the
results found for numbers that are in classes whose representatives are not relative
prime to 10, that are [0]x0y, [®5](10), [£2](10) and [£4]qg). Suppose z = 2" - 5™a,
where GCD(10,2') = 1. If n,m > 1, then € [0]0). Notice that for n = 0,
& € [£5](10) and in the case of m = 0, x € [£2]0) or © € [+4]10). The first table

summarizes the formulas for the 7(10-MCD when the elements are in [0}y and

[£5](10)-

Table 3-7: The 7(10)-M CD for numbers in [0](19) and [£5]
([L‘7 y) . 7-(10)‘]‘\4611)('1‘17 y)
(27L5ux/7 2m5vy/) Qmm{n,m}‘—15mzn{u,v}—1C:c«l)(x/7 y/>
(5“.%,, 5vy/) 5mzn{u,’u}—1GCD(x/7 y/)
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If both numbers are in [£2]¢), notice that these formulas depended of the
parity of the least power of 2 and in which equivalence class is dy = GCD(2',y').
Moreover, if a number is in [£2]0) and the other number is in [£4](p), then the

results are summarized in Table (3-8).

Table 3-8: The T(lo)-MCD when (.Z‘, y) c [j:Q](m) X ([:l:Q](lO) @) [:l:4](10))

(CL‘, y) 7_(1(])_‘]\4C(D(l‘7 y)
(22’ 2™y") 2"73dy, when d; € [£1]no)
n is even and n < m | 2" 2d;, when d; € [£3]0)
(22’ 2™y") 2"2dy, when d; € [£1]no)
n is odd and n < m | 2"73d;, when d; € [£3]qo)

Here d; = GCD(2',y/)

When both elements are in [£4]0), then
Ta0-MCD (2", 2"y) = 2" GOD ().

Since the behavior of [£1](19) and [£3](1¢) is similar to the behavior of [£1](s) and
[£3](s), the results for the 7(10-MCD(x,y) and the 7(10)-MCD(x,y) are also similar.
Then the results found between elements of [+1]s) and [£3]0) can be observed in
Table (3-6), and does not need for another table. The reader must notice that the
cases left out are the ones of pair of integers such that they do not have common
Tio-factors. With this case we have found all the formulas of the 7,)-MCD for each

n that makes Z 7,)-atomic.
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3.2.4 The 7(32-MCD

As seen in the cases of n € {5,8,10}, when n = 12, there two equivalence classes
that will follow the same behavior as [£1]) and [£2]5). This classes are [£1]19)
and [£5](12), respectively. For the other equivalence classes of 7'(’12) need to be study
case by case, hence we develope several propositions and theorem to address those

cases and to see the behavior of T(/IQ)—factors on such equivalence classes.

Ifz = ﬁ z; be a T(19)-product and x; € [£1]12), then x € [£1]12). The converse
is not true izljlgemelraul7 because the product of two integers in the equivalence class of
[£5]10) will give an element in the equivalence class of [£1]n0). This result is very
similar to what happen with [42];¢y and we formalize in the following proposition.

Proposition 14. Let x = [] ; be a 112)-product, where each x; € [£5]n2), then
i=1
i. m is even if and only if x € [£1]n9), and

. m is odd if and only if v € [£5]a9).

Proof. (=) Since (£5)* = 1(mod12), hence if m = 2k, 5™ = 41 (mod12), for

m—1
any m € Z, so (i) follows. For (ii.), write x = (H xz) Tm, and notice that
i=1

m—1
( II a:l) € [+1]12) and x,, € [£5](12). Therefore x € [£5](19).
i=1
(<) Recall that each x; € [£5]n2) and note that m is either an even or an odd

integer. We have that 5% = +1 (mod 12), and 5***1 = 45 - 5% (mod 12). O

Proposition 15. Let x,y € [£1]q2), Ta2)-MCD(z,y) = GCD(x,y).

Proof. Let d = GCD(z,y), then x = d2’ and y = dy’ for some 2’,y" € Z* . Since
€T,y € [:l:l](lg) either d € {il](lg ord e [I|Z5] 12)- Ifd e [:l:l](lg) then 2/ € [:l:l](12)

and 3 € [£1]12) (because x,y € [£1]12)). In this case, with an appropiate choice
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of signs, x = (£1) (d) *(+a’) and y = (£1) (d) *(xy') are 7(12)-factorizations
~ —— —~ ——
[+1]a2y  [Ela2) [F1a2y [z
of x and y, respectively. If d € [£5]12), by Proposition (14), 2’ € [£5]n9) and
Y € [£5]a2) which implies z = (£1) (d) *(£a) and y = (£1) (d) *(£y') are
—~ —— ~ ——
[+5]12)  [£5l(12) [+5]12)  [£5]12)
Ta2)-factorizations of x and y, respectively. If there is a 719)-factor ¢ of x and y.
So it is a factor and therefore ¢ < d. This shows d = 7(12)-MCD(x,y), in both

cases. O

Proposition 16. Let x € [£b|n9) and d € [£5]n2), where b € {1,5} and d|x. If
M5 (2) # 1, dlry .

Proof. Since d|z, x = d - o'. If v € [£1]2), 2" € [£5]q2), (because d € [£5](12)).
Hence = (£1)d * (£2') is a 79 -factorization of x. If x € [£5]n9), hence we
have 2" € [£1]19). Now rewrite 2’ = Iy (') - II5(2’). Notice that, II;(2') € [£1]q2),
this forces Il5(z") = le's € [£1]g). By Proposition (14), fa% = 2k. Since
II5(2") # 1, then -

= (£1) (d) *(£IIy - p1s) * (Epis) * * * (EPass )
~ —— —— ——

[£5](12) [£5](12) [£5](12) [£5](12)

is a 7(19)-factorization and d|T(12)x. )

Proposition 17. Let x € [£b]12) where y,c € [£5]ag) and b € {1,5}. Denote the

12)
GCD(z,y) as d. If c|d, and 115 (%) # 1, then Clrpy @ if and only if |, d.

Proof. Let d = c- ¢, for some ¢ € Z#. By hypothesis II5(c') # 1.
(«) Suppose that c|;, d. Hence c divides d and by transitivity c|z and c|y. Since
€ [£5](12), by Proposition (16), c|;, .

(=) If d € [£1]2), ¢ € [£5]ag). Sod = (£1) (c) * (£) is a T12)-factorization
- =~
[£5](12)  [E5]a2)



48

of d and c|,, d. If d € [£5]2), ¢ € [F1]ag). Since Il5(c') # 1, by Proposition (16),
Clr1s, - O

Theorem 22. If x € [£b]n2) where b € {1,5} and y € [£2]12) , then the mazimum

common Tz)-factor of x and y is m, where m = maz{c € [£5]y) : c|r,, GCD(z,y)}.

Proof. The proof follows by the fact that {c € [£5]2) : |-, GCD(x,y)} is the set

given by {c €: ¢/, T, y}. O

Observe that, if @ € [£4]q0), « can be written as x = 2"z’ where n > 1,
GCD(a,2') = 1 and a € {2,3}, then by Proposition (14), either 2’ € [f1]uy)
or ¥’ € [£5]uy. Hence, if there exist ¢ such that c|;,, @, then by Lemma (2)

Cc = 2tC/ € [:l:2](12) (lft: 1 ) or c € [:|Z4](12)( ift>1 )

Proposition 18. Let x = 22" and y = 2™y'. Then the following holds.
i. If n=2orn=3, 112-MCD(z,y) =2 -GCD(z',y).
i. If n,m >4, 119-MCD(z,y) = gmi{nm} =2 D (2! ).
Proof. Without loss of generality, assume that n = min{n, m} and we denote d; as

the GCD(2',y'). So dy € [£b]2), where b € {1,5}. For the first statement, suppose

that n = 2. Observe that (2-d;) € [£2]12)). Therefore z = (£1) (2 - dy) * (£22")

(£2]12)  [E2]ag)

and (2 - dy)|r 2. Now, y = (£1) (2~ di)* (£2y") * (£2) * * x (£2), then (2-d)
—— —— ~——
[£2]12)  [£2]12)  [F2]12) [£2](12)

is the maximum common 7(9)-factor of x and y. Similarly, if n = 3, (2 - d1)|T(12):z:.
It is the maximum common 7(;9)-factor of # and y. Otherwise, there exist ¢ such
that ¢ > 2 - dy, with the form ¢ = 22¢. But such integer is not a T12)-factor of
x. Thus, 2 -dy = 712-MCD(z,y) if n = 2 or n = 3. For (ii.) we need to show

that 2"72d; is a common 7(jz)-factor of x and y. Since d; = GCD(/,y’), there
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exist ” and y” such that 2’ = d; - 2" and v = d; - v".

Note that by Proposition
(14) dy,2" and y" € [£a]paz) where a € {1,5} (because d; is not divisble by 2

nor by 3). Then z = (£1) (2"2-d;)*(£2%-2") for a suitable choice of signs

O\

-~

[iz]?n) [£4] (12)
di|r 7. Analogously, dil;,,y. If there exist a common 7(;3)-factor ¢ of z and y,

then by Lemma (2) ¢ = 2'¢/, with 1 < ¢ < n and |d;. By contradiction suppose
c > 2"2.dy, then t = n — 1, because |2/, (due to ¢|d; and dy|2') 2/ = ¢ - .
Now, z = (2" - ¢)(2 - ¢") where (2- ") € [£2]1g) and 2" - ¢ € [£4]1z. A
contradiction, because such decomposition must be a 7(12)-factorization. This prove

that 7'(12)-MCD(I', y) = 2n—2d1. ]

Now, we study the case when z,y are both in [£3]2). These numbers are of
the form 3"2’, where 2’ is relative prime to 12. Notice that 3" = £3 (mod 12) for all
n. Hence, if there exist a 7(;2)-factor of an integer of the form 3"x', such 7(;2)-factor

must be in [£3]2).

Proposition 19. Let x = 3"z’ and y = 3™y, where GCD(12,2'y’) = 1. Then
Tay-MCD(z,y) = 3mminmi=LGCD(2,y'). In other words, if x,y € [£3]12) of
such form, then 7(19-MCD(z,y) = 3™m{nm=1GCOD (2, y').

Proof. Without loss of generality suppose that n = min{n, m}, and dy = GCD(a',y’).
Since d; = GCD(2',y'), there are integers x” and y” such that z/ = d; - 2" and
y' = d; -y". Note that di,z"” and y" € [£a]n9), where a € {1,5} (because d; is not
divisible by 2 nor by 3). Thus di|, ., z, because x = (£1) (3" - dy) * (£3-2") is a
—_— ——

[+3](12) [£3](12)
T(’IQ)—factorization for a suitable choice of signs. Analogously, d1|T(12)y. If there exist

‘7(12)

a common 7(12)-factor ¢ of  and y, then by Lemma (2) ¢ = 3'¢, where t < n and

d|dy. Then ¢ = 3'¢ < 3"7'd;. Hence, 7(19-MCD(z,y) = 3" 'd;. O
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If © € [+4]q2) and y € [£3]nq2), then 719)-MCD(x,y) = 1, because due to
Lemma (2) the 719)-factors of x are in [42](19) or [£4](12) and the 7(12)-factors of y

are in [£3](12).

Proposition 20. Let x = 2"-3™ -2/, where GCD(12,2') =1, n > 2 and m > 1. If

dlz’ and n <m, then (2-3-d)|;, .

/ : " A R/
* Y - ?
Proof. Suppose that d|z’, then there exist z” such that x d-z" and we have

r = (£1)(2-3-d)*(2-3-2")%(2-3) % % %(2-3)%(2-3™""2). This shows that
—— ——

—_—— —_—— ———
[£6](12) [£6](12) [£6](12) [£6](12) [£6](12)
(2-3-d) is a T19)-factor of x. O

Proposition 21. Suppose that x = 2™ - 3" - z' and y = 2™ - 3™ . o/, where
GCD(12,2"-y') =1 and x J(T(m y. If ny € {2,3}, then ny < ny and my < my if and
only if T12)-MCD(x,y) # 1. Moreover, the following holds.

i. If ni =2, 7(15-MCD(z,y) =2 gman{na=lmz=(mi=0} . GOD(a/, /).

it. If ny =3, T(’12)—MC’D(I,y) = 2. gmintnz=2ma=(mi=U} . GO D (2, o).

Proof. (<) Suppose by contradiction that ny > ny or m; > ma. If ny > ny, we have
that x € {2232',2%3%2',2%32'}. Therefore x is a 7(19)-atom. Since = {;, v, hence
Ta2-MCD(z,y) = 1, a contradiction to the hypothesis. If m; > my, then y can not
have 7(1)-factors in [:|:6](12), because the amount of 2’s is greater than the amount of
3's in y. But all the 7(19)-factors of  are in [+6](12). Therefore the 7(19)-MCD(z,y)
must be 1, a contradiction.

(=) Suppose that dy = GCD(z',y'), then exists 2 and y” such that 2’ = dy2” and
y = dyy". For (i), we claim that 2 -3min{n2=tma=(m=1}. 4, i5 a common 7(;9)-factor

of v and y. If min{ny—1,my—(m1—1)} =ny—1,s02 = (2-3™"'-dy)*(2-3-2")

N / O\

-

[£6](12) [£6](12)

is a 7(19)-factorization of z, so (2- 3"~ . dy)|,, z. Since ny —1 < my — (my — 1),

|T(12)

there is a nonnegative integer ¢ such that my — (m; — 1) = (ng — 1) +¢. Observe
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that m; —1 <my — 1+t =my— (ny — 1), so the amount of 2's is less or equal than

the amount of 3's in 27~ . 3m2~("2=1)_ Hence (2 - 3"27" - dy)l,,, y, because

y = (2 X 3712—1) . (27711—1 . 3m2—(n2—1))

= (2-3"271 . d) % (2-3-9") % (2-3) k% % (2-3) (2 3m2 (2= D=(mi=2)),

J/ N

-~

[£6](12) [£6](12) [£6](12) [£6](12) [£6](12)

In the case of the min{ny —1,my — (m; — 1)} = my — (my — 1), then we have that

= (2-3™ MY . q)% (23" 2"). Notice that ny = my — (mq — 1) + [ where [ is

[£6](12) [£6](12)
a nonnegative integer. And

y = (2 . 3m2—(m1—1)) . (2m1—1 . 3m1—1)

= (2-3m MDD g% (2-3- 9 )k x%(2-3).
[\ ~ 7\ ~ 7 N’
[£6](12) [£6](12) [£6](12)

In both cases we have that 2 - 3m2~(m=1 . 4, is a common T12)-factor of x and
y. If there exists ¢ a common 7(1-factor of z and y, then by Lemma (2), ¢ is
2 - 3¢y (because the common 7(19)-factors of z and y must be in [+6](2)), where
¢ divides to 2’ and y'. Therefore ¢; < d; and k£ < min{ny — 1,mg — 1}. If
min{ny — 1,my — (my — 1)} = ny — 1, then ¢ < 2-3™71d;. Otherwise if the
min{ny — 1,my — (my — 1)} = my — (my — 1) and ¢ = 2 - 3k¢; > 2. 3m2=(m=bq
then k > my — (m; — 1). But y = (2 3%¢;) (2™~ . 3m27%¢) and my — k < my — 1,
which implies that the amount of 2’s is greater than the amount of 3's, and ¢ can
not be a 7(19)-factor of y. For (ii), ny = 3, then we need to split the 2's otherwise
would obtain a factor in [£6]n9) and the other in the equivalence class of [0](2).
Therefore when considering the minimum of the powers of 2, we must choose among
ny — 2 (to assume that the 7(12-MCD only has 2 and it is not divisible by 4) and

ms — (my — 1). The rest would follows as in the previous case. O
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Theorem 23. Let x = 23"y and y = 2™3™2y" with ny,my > 4 and mo,ny > 1.

Then T(19-MCD(z,y) = 2mir{mmi}=2. gminfnoma}=1GCOD(2/, )

Proof. Without loss of generality let dy = GCD(2',y'), n1 = min{ny, m;} and
my = min{ny, my}. Claim: 2™~2.3™272(; is the maximum common 7(2)-factor of
x and y. Since d; = GCD(2',y'), there exist ” and y” such that, ' = d; - 2” and
y' = dy-y". Since my = min{ny, mo} and ny = min{n,, my}, there are t,l € Z* such
that ny = t+n; and m; = [+n;. Now we can rewrite x and y as follows z = 271 ~2+2.

3tmeq, g and y = 24+ .3m24, .. Hence x = (2" 2 - 3™ 1d) % (2 - 32722") and

N J/ J/

[0]7:2> [OT(TQ)
y = (2m72.3™7 ;) x (212 - 3y”) are 719)-factorizations of x and y respectively.

N J/

-~ -~

[0](12) [0}(12)
Thus 2™ 2. 3m2_1d1\7(12):c, y. Now suppose ¢ = 2" - 3¢, is a common 7(9)-factor of
x and y. Then by Lemma (2) n < ny, m < my and c¢;1|2’,y’, which forces ¢; to be

less or equal than d;. Hence 272 . 3™~ . d; = 745-MCD(z, y). O

An element x € [42](19) is of the form x = 22’ where 2 { 2’ and 3 { 2/, hence
the elements in [£2](12) are 7(19)-atoms. On the other hand, if € [46](12), then
x = 23" with GCD(a',12) = 1, then x is a 119)-atom. If x € [Fa(2), where

a € {2,6} and y € Z#, with x {,, y. Then 719 MCD(z,y) = 1.

As a summary are presented the tables (3-9) and (3-10), where are the formulas
found for the 7(19)-MCD(x,y) when 712-MCD(zx,y) # 1. Since the numbers in
[+1](12) and [£5](12) are relative prime to 12 and these classes have the same behavior
than the [+1](s) and [£3](s). And the formulas found also are similar, the reader can
observe the Table (3-6) for a summary of these formulas. On other hand, suppose
x = 2"3"z" where GCD(12,2'y") = 1. If x € [0](12), then n > 2 and m > 1. In the
case of x € [+4](12), m = 0 and if & € [£3](12), then n = 0. Table (3-9) summarizes

the results found for the 7(;2)-MCD for elements in [0]10).
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Table 3-9: The 7(12-M CD for numbers in [0](2

(2m3n2g! 2mi3m2y) Ta9)-MCD(z,y)
ny =2 9. Bmin{nz—l,mg—(ml—1)}GCD(x/, y/)
ny =3 9. 3min{n2—2,m2—(m1—1)}GCD(:E/’ y/)
ny,my > 4 2min{n1,m1}72 . 3min{n2,m2}71GCD(l,/’ y/)

In Table (3-10) there are the formulas for the 7(12-MCD(x,y), when both
T,y € [j:b](lg) for b € {4,3}

Table 3-10: The 7(12-MCD when (x,y) € [£b]q¢) for b € {4,3}

(x,y) T12-MCD(z,y)
(ing{gmg}) 2.GCD(, y)
(27:%7;; 2;‘1{) gmir{nm}=2 . qCD(a! 5
(?;;x?;; ?gg/) gmir{nmb=1 . qCD(a!,y)

In this section we had address the formula of the 7(,)-MCD for an n for which
Z is not 7(,)-atomic. But it turns out that it behaved very similar as the case when
n € {5,8,10}. This is because as expected they have the same level of difficulty,
determined by the Euler Number of 12 (respectively, 5,8, and 10) which is 4. The
main difference appears on the equivalence class of [0](12), which needed more atten-
tion, because the element of in such equivalence classes are the ones that makes 7Z
not 7(1z-atomic. The next non-7(,)-atomic case happens when n = 7. This case is

studied in the next chapter.



Chapter 4
About 7(,-MCD when ¢(n) =6 and some
generalizations

In this chapter there are three sections. The first section is about the study
of the 7(7)-M CD of the numbers that are not divisible by 7. The second section is
about some generalizations done, which help us to find the 77)-MCD, for any n.
For the last section the reader can find some results when n satisfies the equation

¢(n) = 6, that is n € {9, 14, 18}.

4.1  On the 77-MCD

In this section, we present a characterization of the 7(7)-M C'D between two inte-
gers in Z#. The complexity of the case n = 7 is higher than when n € {5,8, 10, 12},
which is given when Z is not 712)-atomic. The complexity arise because the tech-
nique used depends on the distribution of the prime integers distinct from 7. In this
case, the positive primes are distributed in the other six equivalence classes modulo
7. Using 7'(/7), they are reduced to 3 distinct equivalence classes, given by [£1]),
[+2](7) and [£3](7). The cases analyzed before only deal with at most two distinct
equivalence classes with respect to 7'(’7). Hence the need to understand, how the

elements of these three equivalence classes interact among them.

54
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Proposition 22. Let x = ﬁ T, where each xy are in the same equivalence class
[+a](7y for a € {1,2,3}, the;;:;he following holds.

1. If o =3m, x € [£1]).

2. If a =3m+1 and xy, € [£a(r), then x € [£al7y, where a € {2,3}.

3. If a =3m+ 2 and xy, € [Fa)(r), then x € [£b](7), where a # b € {2,3}.

Proof. Let a € Z*. By the Euler’s Theorem a®™/2 = 41 (modn). This says
a®™ = a®? = £1 (mod7) for any m € Z, so (1) follows. For (2), let us re-write x =

a—1 a—1
(H mk) To, then [ zp-287 " € [£1](). Then z, € [+a](7 if and only if z € [+a]().
k=1 k=1

Similarly for (3), let aj,ay € {1,...,a}, then z = (H T/ (Tay -xa2)> (TayTay)-
k=1
Notice that, if xq,, Ta, € [*a]r), then (z4,24,) € [£D]r). Hence z € [£b]r),

because [[ zr/(2a, - Tay) € [£1](7). O
k=1

We recall the previously used notation II,(z) = la_li b, where each py, is a
positive prime factor of x and py, € [£b](7), with b € {k1:,12, 3}. With this notation,
the canonical factorization of a number z that is not divisible by 7 can be rewritten
as, r = II;(x) - IIy(x) - TI3(x), and note that II;(z) € [£1]¢). But the product of
primes in [£2]7) and [£3](7) have other patterns and we study how this affects the

7(n)-factors of x. The following propositions addresses this situation.

Proposition 23. Let x € Z#. Suppose that x = 11,(x) - ly(z) - T3(x) (as in the
(%) a3

notation in the previous paragraph) and ) ape = 3m+j and > axs = 3n+i. Then
k=1 k=1

J = (i +1t)(mod3) if and only if x € [£(1+t)]¢) fort € {0,1,2}.

Proof. (=) Assume j = (i+t) (mod3). The proof follows by dividing it into several
cases. First, let us split into 3 cases (based on whether ¢ € {0, 1,2}).
First case t = 0 or j = i(mod3). We need to show that x € [£1](). For this, let

us show it again by exhausting all the possible cases.
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e Case 1.1 Suppose j = 0(mod3). Since i = j(mod3), then i = 0 (mod3).
Therefore the number of primes in the classes [+2](7) and [£3](7), is a multiple of
3. By Proposition (22), [Iy(x) € [£1]¢7) and I3(z) € [£1]7), so x € [£1]).

e Case 1.2 Assume j = e = i(mod3), where e € {1,2}. Then this forces
Iy(z) € [£b](7y and I3(z) € [£al(r), for a # b € {2,3}. Since Ily(x) - [I3(x) is in
[+1](7), then x € [£1](7).

If t =0, x € [£1](7), in all the cases .
For the second case assume t = 1, j = (i + 1) (mod 3). The proof follows similarly
as in the previous case.

as
e Case 2.1 Suppose, 7 = 0(mod3), then i = 2(mod3). So > ap = 3m
k=1

and %3 ars = 3n + 2. By Proposition (22) IIy(z) € [£1]) and II3(x) € [£2].
Therl:;cl)re, r € [£2]7).

e Case 2.2 Now let us assume, j = 1(mod3), then i = 0(mod3). Hence
Iy(z) € [£2](7) and I3(x) € [£1]7). As a consequence, = € [£2]).

e Case 2.3 For the lasta case let j = 2(mod3). Then ¢ = 1(mod3). So
Yoriiame = 3m+2and > % apgsy = 3n+ 1. Since Iy(x) and II3(z) are in
(3], © € [£2] ).

Therefore, if j = (i + 1) (mod 3), then x € [£2]7).
For the case 3, t =2 or j = (i +2) (mod3). A similar technique is used.

e Case 3.1 If j = 0(mod3), i = 1(mod3). Therefore, IIy(z) € [£1](7) and
3(z) € [£3](7), and hence x € [£3](7).

e Case 3.2 Now, suppose j = 1(mod3), then i = 2(mod3). This conditions
force I, € [£2](7) and I3 € [£2]7), and hence x € [£3](7

e Case 3.3 Finally assume, j = 2(mod3) and ¢ = 0mod3. By Proposition
(22), & € [£3);n,.

Therefore, if j = (i 4+ 2) (mod3), then x € [£3]7). These cases concludes this

direction.
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(<) The converse follows by the previous construction. Suppose x € [£1](7. Now,
there are three options for j. The possibilities are j = i (mod3) j = (i+1) (mod 3)
or j = (i+ 2)(mod3). The last two options force v € [£2]7y and = € [£3]7),
respectively. Therefore, the only possible choice is j = i (mod3). Similarly, if
x € [£2](7), then the only one possible option is j = (i + 1) (mod3); and for

& € [£3]r), the only one option is j = (i + 2) (mod 3). O

Proposition 24. Let x € [+1]z). If dilz and dy € [£1]z), then dil,,, .

Proof. By hypothesis = dy2’, for some 2’. Since x € [£1](7) and d € [£1](7), this
forces o' € [%£1](7), then with an appropriate choice of signs, (£1)d; * (£2') is a

7(n)-factorization of x and d1|T(7)x : -

If © € [£b](7) where b € {1,2,3} and di|z with d; € [£cx), ¢ € {2,3}. We
denote uc(j—l) = Z age, the sum of the power of the prime positive numbers in the
k=1

factorization of -, which are in [£c|). We said that 4 satisfies the condition Cj :

x
dy’

i (£) +u (£) #1.

Proposition 25. Let x € [+1]7) and dy ¢ [£1]r). If - satisfies the condition C1,
then dl’r<7)$~

Proof. By hypothesis © = dy2’, for some 2’ = dﬁl. Since x € [£1](7), is necessary

to consider two cases for d;. First case, di € [+2](7). A priori 2’ € [£3](7). Notice
a2
that 7 = 1I; (d%) -1y <;—1> - 13 <%> By Proposition (23) on o', if I;&kz =
a3
3mo+j and Y ars = 3ng+i, then j = (i42) (mod 3). First subcase, j = 0(mod 3).
k=1 - ,
Consequently ¢ = 1(mod3), and hence >  aye = 3m and > ax3 = 3n+ 1. By
k=1 k=1

as as
hypothesis > ars + > ars = 3m + (3n + 1) # 1, hence m # 0 or n # 0. Now,
k=1 k=1
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Suppose m = 0, then n # 0. Let p and ¢ two prime factors of Il (;—1) Then we

a3
have that [[2, pis* = (p - q) HpZ’;f’/p -q |. Therefore,
S~ \_

k=1
[£2](7) « y

-

[£2](7

= dy - (I (2) - Hp(2")) - (3(2"))

= dy - (IL(2') - Ty(2')) - (H pZ§3/PQ> - (pq)

o3
= (£1) di *<H1(w')-H2(x')HPZ§3/m>*(pq)-
~— ~

£2l(7) k=1 o[22y

[£2](7

Note that this method also works whether m = 0. Now, if n = 0, by hypothesis

m # 0, then the following gives a 7(7)-factorization of x.

x = dy -2
= dy - (Ii(2") - Ta(2) - p13)
= di- (Hl(x,) * P13 (p12 'p22)) * P32 Pag2

= (£1) (di) * (£IL(2) - prs - (P12 - paz)) * (£ps2) * * % (£Pay2)-
—~~ ~ — ———
(£2](7) [+2](7) [£2](7) [£2](7)

For the second subcase, suppose j = 1(mod3) and i = 2 (mod3). By Proposition

(22), IIx(2') € [£2](7) and I3(2") € [£2](7). Hence di|;,,x, because

r = dy-a
— - () - L) - ()

= (£1) % (dy) * (£ (2") - Ha(2")) * (£1T5(2)) .
~~

(. J

[+2] (7 [ig],w) [ig]rm
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For the last subcase, assume that j = 2 (mod3) and i = 0 (mod 3). By Proposition
(24) Iy(2") € [£3](7) and H3(2") € [£1](7), thus

x = d-x

= () To(e) - To(a)

— 4 (L) () - p) - ] 22
1 P13
a3 pakS
= (&) (d)) * (I(a') - Ta(a') - pus) | [T 22 ).
M h N~ - \j; P13
[£2](7) [£2](7)
[£2](7)

a3 a
Note that ] szlg € [£2](7), because the amount of primes in this product is of
k=1
the form 3n — 1 = 3(n — 1) + 2, with a suitable choice of signs, di |, .
Finally suppose d; € [%3](7), hence 2’ € [£2]). As a consequence we can
(D) a3
rewrite 2’ as o’ = II;(2') - Iy(2') - [I3(2’) where Y age = 3mgo +j, > axz = 3ng + 1,

k=1 k=1
and j = (¢ + 1) (mod3). Once one again we need to consider three cases when

j €{0,1,2}.

If j = 0(mod3),i= 2(mod3). Now (i Clkg) —1=(3n+2)—1=3n+1. By

k=1
a3 a
Proposition (24) Iy(2') € [£1]7), H3(2’) € [£2](7) and (k;Hl p;f) [£3](7). Hence,

we have d; is a 7(7)-factor of x, with a suitable choice of signs:

r = (+1) @ * SiHl(x’)Hz )p13) (iH )

P13
[£3] (7 [13](7)

[£3](7)
If we suppose j = 1(mod3), i = 0(mod3). By hypothesis the condition C says

a9 as
that: > ape + > ars = Bm + 1) +3n # 1, then m # 0 or n # 0. First, we

k=1 k=1
suppose that m # 0 and let p and ¢ are prime factors of IIy(z’). And notice that

(3m +1) — 2 =3(m — 1) + 2. By Proposition (22) Ily(2")/pq € [£3](). So we get,
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(.

x = (£1) (di) * (£ (") - T3(2") - Ta(2") /pg) * (£p - q) -
~— ~— ——

[£3] (7 [£3] (7 [£3](7)

Suppose n # 0. As in the proof of the previous cases, if m > 0, d1|T(7)x.
If m = 0, then Ily(z') = pia. Let p and ¢ prime factors of II3(z"). Note that

a3
3n—2=3(n—1)+1,s0 [] pes/pq € [£3]7).
k=1

as
x = (£1) (dy) *\(iHl(a:/) ‘p-q 'p12)1* (:t sz’gf/pq)
M ~ k=1
[£3]r) 3] 7, N g .
[£3](7)

and di |, z.
If j = 2(mod3),i= 1(mod3). Therefore Iy (z") € [£3](7) and [I3(z’) € [£3](7).
So x = (£1) (di) * (FI1i(2') - My(a")) % (£3(2")), thus dyl,, z. In conclusion, if

— i N
[£3](7) [+3](7) [£3](7)
di € [£3](7), dq is a common 77)-factor of z. O

Proposition 26. Let x € [£1]7y and di ¢ [£1]7). If d;

condition C1 : us (%) + us <£> #1.

N :
vy @, then - satisfies the

Proof. Since di|,,..x, there exist ds,...,ds such that x = Ad; % dy * * % dg, where

‘7(7)

A€ {l,—-1}. If dy € [£a](7), then each d; € [£a](7). Now, T =dyxoxds € [£b](7),

where a # b € {2,3}. Note that u, (%) = uy(dg) + -+ + uu(ds). Suppose by

contradiction that wu, (dil) + Uy (d%) = 1. That is, u, (%) =0 or uy (j—l) =0. If
Uq (%) = 0, then wu, (%) = 1. Hence, there are no primes factor of - in [£a](7) and
there is only one prime factor of 7= in [£b]7). Thus for all i € {2,..., s}, up(d;) =0,
except for one of them. Suppose uy(dy) # 0 and rewrite dy = I1;(dg) - prp. Since
dy, € [£b](7), du frm © & contradiction to the assumption of the hypothesis of di |-, .

Now, if uy (%) =0 and u, <%> = 1, then there is no primes factors of - in [£b](7
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and only one prime py, € [£a(7). So =1L (%) “ Pra € [Fa](r). Hence & € [£b])

that is a contradiction, because x € [£1](). O

Corollary 4. Let x € [£1]7) and dy ¢ [£1](7), with di|x. Then d;
z'fi satisfies the condition C : us ( ) + us ( ) # 1.

x, if and only

’7(7)

Notice that if = € [£1](7), di|z (with di € [£1](7)) and - does not satisfies the
condition C, p; - 31 satisfies the condition C;, where p;; € [il] and p;1|d;. The
condition C; will help us to compute the 77)-MCD between two numbers in VA
We did not find a formula to compute the maximum common 7(7)-factor between
two integers in [1]7), but found a procedure of logical steps is presented, or an

algorithm to compute the 7(7)-MCD.

Algorithm 1 7(7-MCD for elements in [£1])
Input: z,y € [£1]7
Output: 7(7;-MCD(z,y)

L dy < GCD(x,y)

2: if dy € [:I:l](7) then

3:  return d;

4: else

5. while d1 #1do

6: v Fandy +
7 if o and Yy satlsﬁes condition C; or dy € [£1](7) then
8: return d;

9: else

10: dy < dy/pa,

11: end if

12:  end while

13: end if

The Algorithm (1) takes as entry two integers x,y € [£1]) and returns the
T7y-MCD(x,y). From lines 1 to 3, the algorithm verifies whether GCD(z,y) is in

[+£1](7). In case it is affirmative, then GC'D(x,y) coincides with the 77)-MCD(x,y),
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(which was predicted by Proposition (24)). From lines 6 to 12, the algorithm asks
if d; satisfies the condition C or d; is in [£1]¢). If d; satisfies the condition then
Cy or dy € [£1](7), immediatly d1|T(7>x and d1|T(7)y, (proved in Corollary (4) and
Proposition (24)) : and d; is the maximum common 7()-factor, of x and y. If d;
does not satisfies (', then d; is divided by pg,, where pg, is the smallest positive
prime factor of d; that is not in [+1]7), (ps, exists because otherwise all prime
factors belong to [£1](7). While d; # 1, the process from line 6 to 12 is repeated.
For example if we have x = 3%-2%.17%-19? € [+1];) and y = 2% - 3- 172 € [£1](7,
so GCD(v,y) = dy = 2°-3-17° € [£3]z). Hence ;- =3-19” and J = 2. And
u2< >—|—u3< > =241 =3 and 11 satisfies C7. But, u2( )+U3(d1) =1
and - does not satisfies C'. Now, taking ps, = 2, let dy < d1 =2-3-17% Then

T =3 19%2.2 and & & satisfies C1. And = 22, souz< >+U3( ) =2and ¥

satisfies Cy. Therefore, d; =2-3-17% = 7(7)-M CD(z, y).

Proposition 27. Let x € [*c|x) and di|z if di € [Fa]r) where a # ¢ € {2,3}.

Then d1|T(7):c.

Proof. Suppose x = d; - o', for some 2. If x € [£2]7), di € [£3](r). This forces

" € [£3](7) which implies that (1) d; * (2') with an appropriate choice of signs
is a 7(7)-factorization of x. Now, If x € [£3]7), di € [£2]¢7). Hence, 2’ € [£3]).
Therefore (1) d; * (£2) with an appropriate choice of signs is a 7(7)-factorization

]

of z. In conclusion, dl\m)x.

Suppose x € [£b](7) and d; € [£c|(7), where ¢,b € {2,3}. If b # ¢, by Proposition
(27), dilry,
Coa (1) uy (%) # 0orusy ¢ {0,3) and (2)w, (£) ¢ {01} orusy (£) £ 1.

x. In the case of b = ¢, we say that N satisfies the following condition
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Note that the choice of the subindex 5 — ¢ was made so that if ¢ = 2 (or 3) then

u — b = 3 (respectively 2).

Theorem 24. Let x € [£b](7) where b # ¢ € {2,3}. Suppose di|x and dy ¢ [£1]3).

a7 = () ()1 (2) = (o) (o) (foe).

satisfies the condition Cy 3. Then, d;

|T<7> )
Proof. Suppose x = dy-2’, that is 2’ = T and d; € [£b]() or dy & [£c](7). Notice that

by Proposition (27), di|,.,x, because dy € [*c|r). If di € [£b](7), then 2" € [£1](7).

|T(7>

ap
So > aky = 3mp + j and Z age = 3ng + 4, where j = i (mod 3). Hence, there are

3 cases:

Qap [0 %)
e Case1.11Ifj = 0(mod3),i = 0mod3, hence Y ag, = 3m and > ax. = 3n
k=1 k=1

then if m # 0, dy|,..x, because

[7er
r = (£1)dy ( Hpakb Hpakc>
= (1) d ( Hpkc plb) (ﬁ pZi)

w1 P1b
= (£1) (dv) - (I (x )‘Hc( ") o) * () * % * (EPays)-
~ ~ o N—— ——
[£b](7) [£0] (7 [£b](7) [£b] (7

If m =0 and n > 1. Suppose n = 2t, for some t € Z* > ¢, ay. = 3(2t) = 6t.
Take primes in [f¢|(s) and put them in pairs, that is of the form (p;,cpi;c), which
are in [£b](7). Then,

oo )

= (£1) (d) = (iﬂl(l’ ) (Pl - Piae)) * (EDige  Prac) * * * (ipzi,c 'plj,c>
~—~ 2 L

[£b](7) [iz]rm [i;i7)

[£b](7)

with a suitable choice of signs, dy|,. z. If n = 2n; 4+ 1, for some ny, and n > 1

7o

then n; # 0. And 3n can be rewritten as follows
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3n = 32m+1)—5+5
= (6n1+3-5)+5
= (6n; —2)+5
= 2(3n; —1)+5

— (Snl — 1) + (3n1 — 1) + 5.

71 2
Therefore, there are 7,7, such that > ar. = 3n; —1, > ag. = 3n; — 1 and

k=1 k=n1+1
a3 71 V2 Q¢
>~ ag = 5. These arrangements force all [] pie, [[ pike and [ pi to
k=v2+1 k=1 k=vy1+1 k=v2+1

belong in [+b](7). This gives a 7(7)-factorization of x

71 Y2 Qe
x = (£1) (dy) * (:I:Hl(x’) . HpZ’(jC) * (i H pZ’;C> * (:I: H pZﬁc) .
[Ib}’(:) =1 . k=1 +1 k=na+1

-

[£b](7) [iz]rm [i;’],(ﬂ

x. Note that n = 0 and m = 0 is not possible, because + satisfies

Therefore, d; 7

|T(7)

the condition Cj 3.
e Case 1.2 If j = 1(mod3), then i = 1(mod3). Hence, Zb agy = 3m + 1
k=1
and i are = 3n + 1. Observe that II,(2') € [£b](7) and Il.(2') € [£c|(7). Now, if
k=1

m # 0,
r = (£1) dy *(£IL(2") - Ta(2") - (p1p - paw)) * (£p3p) * * * (£Pays)-
— ™ -~ e N e
[£b](7) [£b] (7 [£0] (7 [£b](7)
then di [, x. If m = 0, there is only one prime in [+b](), without loss of generality

suppose that this prime is p;;. On the other hand, n > 0 and we have that

3(n)+1=(3(n—1)+2)+2. Then there exist 7; a nonnegative integer such that
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Oc Y1 Qe
the following holds > ag. = <Z akc) + ( > akc> = (3(n—1)+2) + 2, then

k=1 k=1 k=vy1+1

r = (£1) @*(i—ﬂl( " P1b) (ﬂ:Hpa’“> ( H p'”“).

k= 1
[£b](7) [£b](7) —— ——— wi
[£b(7) [+8](7)

Hence, d1|T(7)a:. Note that, m = 0 and n = 0 is not possible, because < satisfies

dy
Ca3.

o Case 1.31If j = 2(mod3), i = (2mod3) and di|,, =, because:
akb
ro= (1) (d) *(FL(2) 10 iH Prb_ ) s (puy).
S~~~ Py ~——
[£b](7) [ib]m ﬁ_/ [£b](7)
[£b](7)
In conclusion, di|, . O

x, then £

Proposition 28. Let x,dy € [£b]7), where b # ¢ € {2,3}. If dil,,z, T

satisfies the conditions Cy 3 :
(1). ub< )%0 oruc<—>¢{0 3}, and
(2). ub< ) ¢ {0,1} oru, (%) # 1.

Proof. Suppose x,d; € [£b]z), where b € {2,3}. Since di|,, z, there is a 7(7)-
factorization © = Ady * * * dg, where each dj, € [£b](7) and T =dy-ds € [+1] (7).
By contradiction suppose that % does not satisfies the condition Cy3, that is:
(1) uy (%) = 0 and (u, (;—1> = 0or u, <d£1> =3or(2) <ub <d11> =0 or up <d11> = 1)
and u, (dﬁ) — 1. Tfu (d—) — 0 and u( ) — 0, then for all k, uy(dy) = 0 and
uc(dr) = 0. This implies that dy € [£1](7), a contradiction. If w, (;—1) = 0 and
Ue (I) = 3, there are no primes in [£b]7), (for all k, u;(d) = 0) and there are 3

primes in [4c|(;y. Without loss of generality, let us call these prime factors of +-

DPic; P2c, P3e- SO> ;_1 = 1_[1 (%) *Pic - P2c * P3e- SIHCG = d2 dka then plcap2mp3c’dja
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for some j < s. If d; = II;(d;)pic, for some [ € {1,2,3}, then d; € [c|(), a contra-
diction to the fact that d; € [£b](7). In the case of d; = II1(d;)picpac, dj € [Eb](7).
But there exists d; = II,(d;) - psc € [£c|(7) a contradiction. Hence piopacpsc|d;, but
this says d; = II;(d;)picpacpse € [£1](7), a contradiction. Now, if u, <%> =1, (that
is 1T, (%) = p1p) and u, <d£1> = 1, (that is Il. (;—1) = p1c). For some j < k,
dj = Ii(dj)pic € [, or dj = Ii(dj)puwpic € [£1]n. If w (%) = 0 and
Ue <;—1) =1 (that is, II. (ﬁ) = pic). For some j < k, d; = II1(d;)p1c € [Ec|rr), a

contradiction. Both leads to the hypothesis of d1|7(7>:v. O

Corollary 5. Let x,d € [£c|(7), where ¢ € {2,3}. Then dil;,z if and only if &
satisfies the condition Cy 3 :

(1). uy (d%) # 0 or u, (;—1> ¢ {0,3} and

(2). w, (d—) ¢ {0,1} or u. <d—) 241

Algorithm 2 77)-MCD for elements in [£b](7
Input: =,y € [£b](7)
Output: 7;)-MCD(z,y)
1: di + GCD(z,y)
2: if dy € [:i:c](7) with b # ¢ € {2,3} then
return d;
else
while d; # 1 do
v’ Fandy + L
if 2’ and y' satisfies the condition Cy 3 or d; € [£c](7) then
return d;
else
10: dy < di/pg
11: end if
12:  end while
13:  return d;
14: end if

The Algorithm (2) takes as entries two integers z,y € [£b](7), where b € {2, 3},

and returns the 7(7-MCD(z,y). From lines 1 to 4, the algorithm verifies whether
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GCD(x,y) € [£c|(7y where b # ¢ € {2,3}. In case it is affirmative, then GCD(x,y)
coincides with the 7(7-MCD(x,y). This is true by Proposition (27). From lines 6
to 12, the algorithm asks whether d; satisfies the condition Cs 3 or d; € [Fc|¢r). If dy

satisfies the condition Cy3 or d; € [*c](7), immediately dil,,, 2 and di|, y, (proven

7o

in Corollary (5) and Proposition (27)), and d; is the maximum common 7()-factor
of x and y. If d; does not satisfies Cy 3, then d; is divided by pg,, where pg, is the
smallest positive prime factor of d; that is not in [41]z). While d; # 1, the process
from line 6 to 12 is repeated. For example if is considered, z = 32-22-172.19%2.11 €
[+3](7y and y = 2% -3-17%- 31 € [£3](5), GCD(x,y) = dy = 2° - 3-17% € [£3](r).

Hence £ = 3-192- 11 and £ = 2-31. Andu2<d£1> +u3(%> — 2492 =4 and
& satisfies Cy 3. But, ug <j’—1> =1 and us ((%) =1 and d—yl does not satisfies Cs 3.

Now, let dy = & =2-3-17%. Then # =3-19%-2-11 and - satisfies Co5. And

dll = 22.31, 50 usy (dll) = 2 and us (%) = 1 and é’—l = satisfies Cy3. Therefore,

dy=2-3-17 = 7)-MCD(z, y).
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4.2 Some generalizations

In this section, the reader can find some generalizations of propositions and
theorems. With these generalizations is possible to compute the 7,)-MCD between
two integers, for any n. We also consider other cases when both numbers either in
[0](ny, [£1](ny Or [£4](n), Wwhere n = rq and r|6. First, we consider elements in [0],,

k> 1, n=p" and p a positive prime integer.

Theorem 25. Let x = p"x’ and y = p™y’, where p is a positive prime integer and

pta,y. If n,m > 2k, then 7w -MCD(x,y) = printnmi=k GO D (2 y), for any k.

Proof. Let dy = GCD(2',y"). Then 2/ = dyz” and 3 = dyy” for some 2", y" € Z*.
Without loss of generality suppose n = min{n,m}, m = n + [ for some integer

[ > 0. The following x = (p" % -dy)* (p*-2") and y = (p" % -dy) * (p'™* - y") are
—_———

N O\

R/_/ ~~ ~~
(0] ) (0] iy (0] ) [0) ok
T(n)-factorizations, of x and y, respectively. If C\T(pk>x, y, then by Lemma (2) ¢ = p'-¢,

where 0 < t <n — 1, and ¢ must divide 2’ and 3. Hence ¢’ < d;. So, ¢ < (p"~!-d;)

and T(/pk)—MCD(JJ, y) = p"Mn R GOD (! y) = Tpr-MOD(x, y). 0

In Theorem (25), elements 2 = p"a', in [0](,+), such that n > 2k were considered.
But, the theorem does not consider all the cases when both 2 and y are in [0],
for example when k& < n < 2k. The formula for the 7,)-MCD of these elements is
different from the one given in the above theorem. On other hand, if are considered
p® and p°, such that 0 < a < b < k, then p® and p® are in different equivalence classes

with respect to the relation T(/pk). Such case is addressed in the following lemmas.

Lemma 5. Let x € 0], where x = p™a’ and GCD(x',p) = 1. If ¢ = p'c; with

= j:f—ll = +1 (modp*~t) and t a proper divisor of m, then C\T(pk)x.
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/!

Proof. Since t|m, then m = ta. Also, ' = ¢; - . /!

Hence x = p™a’ = p'® . ¢, - .

Thus, z = (p' - c1) - (p* - ") (p) - -+ (p'). By hypothesis, ¢; = £’ = £1 (mod p*~t),
~——

(a—2)—times

then p'-c; = +p'- ¢’ = 4p' (mod p*). Then, x = (p'-cy)* (£p'- ") * (Lpt) *** (£p')

is a T(’pk)—factorization of z. By Remark (1), c|T(pk)x. O

Lemma 6. Let x = p™2’, where k <m < 2k and pta'. If c = p'c; and c|7pkx, then

t is a proper divisor of m.

Proof. Suppose by contradiction that ¢ is not a proper divisor of m. Note that
' = ¢; - and note that ¢ < m. So either k > ¢ or k < t. First assume,
k < t. Since t < m, m = t + rg, where 1y < k (because k < t < m < 2k).

Therefore, x = p!*o

cr -’ and x = (p'-ep) - (p' - ¢”), note that p* - c; € [0] ),
but p - " ¢ [0]k). Hence, a 7k -factorization is not possible, with ¢ = p' - ¢
as a Tm-factor. Now, suppose k > t. By the division theorem, there exist ¢ and

0 <r <t, with m =qt+r. If assumme r # 0, then

r = pqt+r ey - C//

= (") )
= (pt . Cl) . (pt> .. (pt) (pr . C//)
(g—1)—times

= (¢)-(p")--- (") -(p"- ).
———

(g—1)—times
Note that for any integer a, t(¢ — 1) +r > t (because r > 0), and we have
that p™*"¢" ¢ [£p" - c1]pr), and ¢ can not be a 7(,m-factor of x. Hence, r = 0 and

m = qt. O
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Definition 4.2.1. Let x,y € Z¥, we define the greatest common proper factor of x
and y (denoted by GCPD(x,y)) as the greatest common factor strictly less than x

and y.

Notice that this definition was motivated by Lemma 5. Such result was used in
several results and in (25): in which it is assumed that ¢ < n — 1 instead ¢t < n. At
the moment it was important to recognize that if x J(T(n) y, then the proper powers

naturally arise. This concept is used to prove the following theorem.

Theorem 26. Let x = p™ -2’ and y = p"2 - ¢/, where 2 < k < ny < 2k and

/ /

GCD(z'y',p) =1. IfGCD(z',y) = GCD:”(Z,’y,) = GCDy(x,’y,) = 1 (mod pF~GCPDnm)),

Then Tyry-MCD(z,y) = pfePPm)GOD(2,y'), where GOD(ny, my), is as in
Definition (4.2.1).

Proof. Let di = GCD(2',y'), then there are z” and y”, such that 2/ = d; - 2"

1/

and y = dy - y”. For simmplicity denote GCPD(ny,m;) = m. By Lemma (5),
- d1|T(pk)x and p™ - d1|T(pk)y. If there exist ¢, such that c|T(pk)x,y, then ¢ = pley,
where ¢ is a common divisor of 2/, y'. By definition of d, ¢; < d;. By Lemma (6), ¢

is a proper divisor of n; and mq, thus ¢ < m. Therefore, ¢ = p' - ¢; < p™ - d,. Hence

Th-MCD(z,y) = pierPmIGCD(x, y). -

If n = 22, that was a case studied in [7], the results for elements = 2%z’ in [0]4),
where a € {2,3}, coincide with the result of Theorem (26), because 2’ = £1 (mod 4),
and satisfies the condition of the Theorem. Also, if n = 23, the Theorem (11), studied

in Chapter 3, coincides with the above theorem.
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Theorem 27. Let x,y € [0]n), where n = pi*---pp*. If & = pi*---ppFa’ and
y = pitepp® with ng,m; > 2a; and GCD(p;, 2" - y') = 1. Then, the mazimum

common T(,)-factor of x and y is prrimtnematzan L min{ngme—ak

Proof. Let dy = GCD(2',y'). Since d; = GCD(2',y/), there exist 2 and y” such

that, '’ = d; - ” and v = d; - y”. Notice that,

T = \(p;nm{m,ml}—m o .pzlm{nk,mk}—ak i dll*gp§1+a1 % p};}c‘f‘akx//)l
[(;](rm [OT(:O
and
y = (pTin{n17m1}—a1 . .pz’tin{nk,mk}—ak . dlz*gplil-i-al . ‘ka—i—(lky/ll
[0]‘(,71) [OT(rn)
are 7(,-factorizations of x and y. Hence, if m = (jon{m’ml}_a1 . -p;:m{n’“’mk}_a’“ -dy),

then m is a 7(,)-factor of z and y. Now suppose that there exists ¢ = pi" ---pFeq,
a common T(,-factor of x and y, then s; < min{n;,m;}, and ¢; < d;, because

o',y and dy = GCD(2',y'). Since c|z, thereis [; > 0 for i € {1,...,k}, such that

Uk //)

n; =8 +1;, and x = (pi* - - piFey) - (plt - -pd”). Suppose by contradiction that

¢ > m, then pi* - - - pife; > me{nl’ml}_al . -p;nm{n’“’m’“}_a’“ - dy holds. Since ¢; < dj,

then ﬁpf’ > ﬁplmm{"“mi}_ai. Then there is at least some s; > min{n;, m;} — a;.

Withz):ult loss 02; igenerality, suppose ny = min{n;, m;}. Now, n, — a; < s; < ny, and

so 8y = (ny — a;) + r for some r > 0. On other hand, if s, + I; = ny, then [, = a; — .

This mean that [, < a,. Since c]T(n)x, then o = ¢ * ¢y * * * ¢, where each ¢; € [0](,).
e a1

Therefore, co*- - % ¢, = pi -+ piic”, but ca%- %, € [0](n), and pi' - plkd ¢ 0] (),

koo
a contradiction. Hence, 7(,)-MCD(z,y) = [] primtrmiTa Gop(xy). O
i=1

Theorem (27) generalized because Theorems (5), (7), (16) and (23) presented

in Chapter 3. Note that the proof of Theorem (27) also generalized Lemma (2), for

__ a1 (e73
any n = pi' - ppt.
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Lemma 7. Let x,d € Z#, where v € [£1](n) and d* = £1 (modn), then d|,, x

Proof. Since d|z, there exist 2’ such that = d-2’. Since x € [£1](,), d and n are rel-
atively prime and d~!(modn) exist. By hypothesis d* = +1 (modn), which implies
d = +dY(modn). Since d- 2’ = +1(modn), d"' = 2’/ (modn). And transitivity, we
obtain that d = 2’ (modn). Therefore, x = d * (£2') is a 7(,-factorization of x

xT. O

and d|T(fn)x. By Remark (1), d

T(n)

As consequence of Lemma (7), if z,y € [*+1],) and GCD(z,y) € [£1](,), then
GCD(z,y) = Tn)-MCD(x,y).

Corollary 6. Let 2,y € [£1],), and d = GCD(z,y). If d*> = £1(modn), then
d = Tn)-MCD(z,y).

Proof. By Theorem (7), d|,,,z and d|,,y. Hence d = 7(,)-MCD(z,y). O

By Euler’s theorem if ¢(n) = 4, then for all a, with GCD(a,n) = 1, a*> =
+1 (modn). In particular if z,y € [£1]x,), and d = GCD(x,y), then GCD(d,n) =
1. Hence d*> = +1(modn), as consequence of Corollary (6), we have that d =
T(n)-M CD(x,y). This is the reason why in the cases n € {5,8, 10,12}, the GCD(x,y)
coincides with the 7(,,)-MCD(z,y).

Lemma 8. Consider 2m, with GCD(m,2) = 1. Then m* = m (mod2m) for all
keZr.

Proof. Since GCD(m,2) = 1, for all nonnegative integer k, m*~! = m (mod?2).

Thus, m* = m (mod 2m). O
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Lemma 9. Consider with GCD(m,3) = 1. Then m* = 4+m (mod3m) for all
keZt.

Proof. Since GCD(m,3) = 1, for all nonnegative integer k, m*~! = +m (mod 3).

Thus, m* = m (mod 3m). O

Lemma 10. Consider with GCD(m,6) = 1. Then for all nonnegative integer k,

m* = +m (mod 6m).

Proof. The proof follows from Lemmas (8, 9). O

Theorem 28. Let n = qt where q 1t for q|6. If x,y € [t]m) with x = t™a,

y=t™y'. IfGCD(z,y) = j:‘”—',) =+ (mod q). Then the maximum

GCD(z'y m
common T(n-factor of v and y is trar{nmmi=lao D! gf).
Proof. Without loss of generality, suppose n; = min{ni, m;}. Let d; = GCD(2',y/),
then 2’ = di2” and ¢/ = d;y”. We claim that "1 . di]r, T, Y-
Since, z = (t"~d;) - (¢t - 2”), by Lemma (10) and t"*~! = ¢ (modn). By hypothesis
di = 2" (modq), hence td; = tz” (modn), and t"™~'d; = ta” (modn). Hence,
we have that z = (£1)(¢"'dy) * (¢t - 2”) a 7(n)-factorization of z. Analogously,
"=t dy|;,,y. If there exist ¢ a common 7(,)-factor by Lemma (2) ¢ = pc’, with
Clry @y, then ¢ < dy and r < min{ny,mi}. So, ¢ < tmmtmmI=IGOD(x,y).

Therefore, ¢mm{mm=1GCD (2!, y') = 7,)-MCD(z,y). O

The above theorem, is the reason why, Theorem (28) and the Theorem (17)
work well. If any other prime ¢, satisfies ¢* = £q (mod qt), for all k, it is possible
to find the 7 M CD as in the Theorem (28).
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Remark 2. Let n = p*, with p a prime number. Then the elements in [£p] (), are
Tn)-atoms. Because, x = p - (p1---pr), where p; & [Ep|wmy. If v € [£p|n), hence
is not possible to find any 7(n-factorization for x. Now, if y € 77 in the case of

|7, Ys then 7(,)-MCD(z,y) = x. Otherwise, 7(,)-MCD(z,y) = 1.
4.3 About the 7(,)-MCD when ¢(n) = 6.

Notice that ¢(n) = 6, whenn € {7,9, 14, 18}. In the first section of this chapter,
was studied the 7(,)-MCD, when n = 7. With the above section it is possible to

find a characterization of 7(,)-MCD, for some cases when n € {9,14,18}.

For elements in [0](,) when n =9, with Theorems (25) and (26), it is possible
to find the 79)-MCD. If n = 14 and n = 18, the 7(,)-MCD, can be computed with
Theorem (27).

For elements in [£1](,) we provide a method to find the 7(,)-M CD. If an element
d> = £1(modn), immediately by Theorem (7), d|, . As a consequence of Euler
Theorem, d® = 41 (modn). So, at least 3 T(n)-factors are necessary, to having d as a
T(n)-factor. The other 7(,)-factors depend on 7. One needs some conditions for %, to
guarantee the existence of ds, ..., dg, such that d; are in the same equivalence class
of d, with respect to the relation T(/n). For ¢(n) = 6, if u, (5) + up (%) # 0, then the
Tmy-factors d; exist, where a = b~ (modn). The algorithm (1), can be modified for

these computations.

By Remark (2), the elements in [£3](9) are 7(g)-atoms. With elements in [3%] s,

and [7](14) is possible to apply Theorem (28) for finding a formula for the 7(,-MCD.



In the case of the classes [fal(,), where GCD(a,n) = 1, since @ = 3,
then there are 3 equivalence classes which elements are relative prime to n. Let
{1,a1,a2} be the set that represents the equivalence classes with respect to T(/n)
(where GC'D(a;,n) = 1). Then a? = ay (modn) and a® = 41 (modn). The be-
havior of the elements of these classes is like the behavior of the elements in the

classes [£1](7), [£2](7) and [£3](7). Therefore, the theorems and algorithms of the

first section of this chapter, can be modified and can work for finding the 7,)-MCD.



Chapter 5
Conclusions and future works

In the first section of this chapter, the reader can find a summary of the main
results of our work. In the second section, there are some advices for future works

about the maximum common 7(,)-factor.

5.1 Conclusions

After reviewing Ortiz and Luna [7] preliminary report on the cases when the
Euler’s number ¢(n)is4 and n € {0, 1,2, 3,4}, there are two general conclusions: the
T(n)-M C' D of two nonzero nonunit integers is not easy to compute and its complexity
depends on the Euler’s number ¢(n). Finding the 7(,)-MCD(x,y) formula, for
integers with the same Euler’s numbers (as ¢(n)), required similar techniques. When

x,y lies on an equivalence classes represented by a relative prime integer to n.

This work confirms and coincides with the results of Ortiz and Luna [7] for
the cases when ¢(n) = 2. Also, it uses a similar technique to find the formula of

76)-MCD, with the exception that it requieres more individual cases.

One of our main results, is the formula of the 7(,)-MCD when ¢(n) = 4. The
case when n = 5, basically served as the background to develop the techniques
to analyze the 7,)-MCD when ¢(n) = 4. That is when n € {5,8,10,12}. One

must note that by finding the formulas for n = 5,8 and 10, the characterization
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of formulas of 7(,)-MCD for which n makes Z 7(,)-atomic (every nonzero nonunit
can be written as a 7(,)-product of 7(,-irreducible elements ) is complete. This was
one of the item goals of Ortiz and Luna [7] in 2011. Juett [5] proved that Z is not
Tag)-atomic. The problem arose in the equivalence class of [0](12), which difficulty

was studied by splitting it into several cases.

Another result was the identification of the following patterns summarized in
the following 3 theorems:

e Let z € [£b](,), where b € {1,a}, with a # *1(modn) and o® = +1 (modn). If
there exist d|z and TI, (%) # 1, then d|, .

o Let x € [£b](n) and y € [£a]w), where b € {1,a}, with a # =1 (modn) and
a’* = +1(modn). Suppose d = GCD(z,y) and there exist ¢, such that c|d. If
I1, (3) # 1, then c\T(/n):v,y if and only if c|T(/n)d.

o Let x € [£b]n) and y € [*a]nm), where b € {1,a}, with a # %1 (modn) and
a* = £1 (modn). Then 7,)-MCD(z,y) = max{d; € [£a]wm) : dil5, GCD(z,y)}.

Such patterns can be applied in future cases. As for example, it happens when
n = 3, 73-MCD(x,y) when z,y € [3]i). In other words, this will always work
with multiplicative closed equivalence classes. In this case the theorems just address

when z € [£a|,) and y € [£b](,) where a® or b* are equivalent to +1 modulo n.

Finally, there are some results when n = 7. Including two algorithms to find
the 77»-MCD(x,y) when = and y can not be both in [£1]7). Both algorithms are
based in conditions C; and Cs3. This conditions can be used to apply a similar
algorithm when n = 9,14 and 18, by identifying who is playing the roles of the

equivalences classes of [£2]7) and [£3](7). For example, when n = 9, the roles are
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given by [£2]) and [+4]o, respectively. When n = 14, the equivalence classes are
[£3](14) and [£5]14.
5.2 Future works
As a future work, the idea is to continue to find a formula or a general algorithm
to find the 7,)-MCD. To accomplish this, it will be necessary to spent more time
studying case by case for each n. Try to find a pattern between classes for the cases

when ¢(n) > 6.

One must recognized that the study of the behavior between equivalence classes
requires more mathematical machinery. Some suggestion are results in additive
partitions of an integer and Lagrange polynomials. It seems that both theories will
give some other options or point of views to further analyze the cases when ¢(n) is

greater than 6.
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